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PROOF OF EQUATION (A.1): The first part of the proof follows the proof of
Theorem 4.2 in Johansen (1995). We shall provide some details, but for a full
account we refer to Johansen (1995).

We use the result from Lemma 4.1 in Johansen (1995): if ¥(z) =), ¥z’
is convergent for |z| < 1+ & for some § > 0, and ¥ and ¥#(z) are defined
by V¥ = Z; i1 Wy and W#(z) =Y Wz, respectively, then ¥#(z) is also
convergent for |z| <1+ 8 and ¥(z) = V(1) + (1 — 2)¥P#(z2). If ¥(z) is a poly-
nomial, so is ¥#(z).

From the proof of Theorem 4.2 in Johansen (1995) it also follows that if
X = (XY B,AX, ;",é 1), the recursion defined in Algorithm 1 may be expressed
as

AL)X; = (&, 61) (€] + fuo + &pit)

for a suitable polynomial.

We then use the fact that the zeros of det[/Al(z)] =0 are equal to 1 or are
outside the unit circle when T is large enough. This follows from the fact
that Assumption 1 implies that det[ A(z)] = 0 has exactly p — r solutions at 1
and the rest of the solutions are outside the unit circle; see Corollary 4.3 in

Johansen (1995). The definition of /](z) implies that det[/Al(z)] = (0 has at least
p — r solutions at 1; see Johansen (1995, p. 16). Because the estimators of the

coefficients are consistent, the solutions of det[/Al(z)] = 0 must converge to
those of det[A(z)] = 0. Thus when T is large enough, p — r of the solutions

det[/Al(z)] =0 are equal to 1 and the rest are outside the unit circle.
Lemma 4.1 of Johansen (1995) can now be applied to C(z) = A(z)~". The
reason is that det[/Al(z)] =0 and det[/Al(z)] = 0 have the same roots except

for z =1 and that det[A(1)] # 0. An argument is in Johansen (1995, p. 51).
Because, as noted previously, det[A(z)] = 0 has no root inside the unit circle,

all the roots of det[A(z)] = 0 must be outside the unit mrcle when T is large

enough. Now, because det[A(z)] is a polynomial, det[A(z)] = 0 has a finite
number of solutions. Sl~nce all roots are outside the unit circle, there must exist

a 8 > 0 such that det[/Al(z)] # 0 when |z| <1+ 6. Hence, we can argue as in
Theorem 11.3.1 in Brockwell and Davis (1991) to verify that C(z) = /Al(z)‘1
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satisfies the condition of Lemma 4.1 of Johansen (1995). Then

.. ( BX;

ALY (&, &,) (&7 + o + apit)

I
(@

(L)(&, &.) (&F + fuo + &pit)

C()(&, &1) (& + fao + &pit)
x# - -
+C (L)(a, &) A(e" + fig + apyt). Q.E.D.

PROOF OF EQUATION (A.2): We first consider the linear part and start with
the decomposition

—_ [ —_ —_
(82)  X;=B.B. ) AX;+BBX;+B.B.X;.

i=k+1
Whereas (0, 8,)C(1)(& &) = C = (&, 'B.)'&,, the first term in (S2) is

equal to

$3) BB Y Ax;

i=k+1

L =  z# B
=C > (& +fuo+apii) + (1 — k)0, B)C (1)(&, &) ap,

i=k+1
% z# I
+(0,8,)C (L)(a,a1) (& — ).
For z # 1 and ;1(2) nonsingular,

F A — A1) %
($4) € (2)A(z) = (2)1_2() A(2)

1-z
_ AW [A(2) — AD)]

1—2z

% #
= A(l)_lA (2).
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S #
Therefore, C 1) = A(l) 1A (I)A(l) 1. However, 4 (1) = ——A(z)lz 1=

—A(1) The expression (0, BL)C (1)(a ou) ap, equals CFBpl,WhICh follows
from Equation 37 in Rahbek and Mosconi (1999). The contribution to the lin-

ear term from (S3) is thus (¢ — k)(@ Lo + cr E p1), and the contribution from
BR X is (B,0)C(1)(&, &) apit = B& (I'C — Dapit = —Bpyt. Summing, this

is seen to equal (t — k)7 — ,Bplk.
We now have considered the linear part of the lemma and have shown that

X = CZE +#(t—k)+VTR:

i=k+1

where

VTR ;= (0, B (L)(&a,)/(e) — &)
+(B,0)C()(& &) (] + )
FB0VE (L)(E, &y )Ae + fio + )
—Bpik +B.B.X;
(0. B (L) a) (e — )+ (B.OC() (&,
L B0 (L)@ &y yAe; — Bpik
+(B,0)C(1)(& &) fio
L B0 () aLyap + BLBLXL Q.E.D.

PROOF OF EQUATION (A.3): When o=, =0,
= 3* o ~ ~ 7 A 2 A
VTR ;= (0, B)C (LAWK — X))+ BBX; +BLBLX;
% 2 % w# ~ ~ 2 A
=BB'X; + (0,8 ) AN A (L)(X; - X;) + BB X},

where the first equality follows from (S1) and the second follows from (S4).

Note that A (z) is a polynomial, where the coefficients are functions of the
parameters, so that R,  only involves a finite number of the generated X; as
T — . Q.E.D.
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PROOF OF EQUATION (A.4): By a well-known argument (see, e.g., Hall and
Heyde (1980, p. 53)),

( max | X*|/v/(T — k)>n>

k+1<t<(T—k)

:P*(m XXX > V(T - k)] > n2>

t=k+1

T—-k

1 1

< —E*[ Z X:XA(X!| > ny/(T —k) )]
t=k+1

1

T
= T & A

t=k+1

so it suffices to show that

T
Z EXX"X)? =0

t=k+1

(S5) T 52

in probability.

In Equation 4.13 in Johansen (1995) it is shown that the relationship between
A(z) and A(z) is given by (&, ) A(z) A(z)(B BL(l —2)) when z # 1.
Therefore A(O) (a aL) (,8 BL) = (a aL) (B Bl), so that A(L)X* =
(a a L)/a* may alternatively be represented as B(L)X * (B [3 1)'er, where
B(z) is a polynomial of order k with B(O) =

Introduce X = (X7, ..., X,.,), ki = (B Br) e, k' =(x¥,0,...,0), and
the matrix

B oo o . B
. I 0 - - 0
B=|" o

0 I o

Then
X =BX  +«', t=k+1,...,T
Solving the equation backward, we therefore have

t—(k+1)

Xi= Y B, +B VX =V +V5,
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Whereas E*(X;'X;)? < E*(X; X} < 8(E*(V} V3 )* + (V3 V3 ), (S5) and
hence (A.4) will follow from

1 a /T %
(S6) (T — k)z Z E*(K}k,th,z)z g 0’ l= 17 2’

t=k+1

in probability. Consider first the case [/ = 1.

The equations det[f?(z)] =0 and det[/Al(z)] = 0 have the same solutions,
and the eigenvalues of B equal the inverse of these solutions. Therefore all the
eigenvalues of B must be smaller in modulus than 1 when T is large enough,

because the coefficients of the polynomial 121(2) tend to those of /~1(z), and the

solutions of det[lzl(z)] = 0 have moduli larger than 1 by assumption (see, e.g.,
Johansen (1995, p. 51)). Then

E'VI VL)

t—(k+1) 2
* w0 DI DIk
=E < Y «B Bﬁz—i)

i,j=0
t—(k+1)
* DRI L DRI
<E E ﬁ;_jB B Et_jﬁt_/’B B K
j=0

t—(k+1)
w DRIk % DR
+2 E \ Et—jB Bﬁr—iﬁz—jB Bk, ;
i<j
t—(k+1)
w0 DI DLk DD
+2 § Et—jB Bﬁt—iﬁt—iB Bﬁt—j
i<j

t—(k+1)

+2 > ﬁi’jB/’Bjﬁfjﬁf’iB/iBiﬁfz-)-
i<j

For a vector x = (xy,..., x,)’, consider the norm | x||,, = max,-;-, |x;| and

for an n x n matrix C = {c;}, let ||C||« be the induced norm, which equals

max; -, Z};] lc;il. Then ||x||%, < x'x < n| x|, and if all the eigenvalues of C

have modulus less than 1, ||C™||,, < const|A|"™?, where A is an eigenvalue that

has maximal modulus; see Corollary A.2 in Johansen (1995).
Because in our case n = pk, then

E* (E;H_jé/jéjﬁf_jﬁfl_jé/jéjﬁt_j) = E*[(Ejl_jé/jéjﬁt_j)z]
< (pk)’E*(|B'k;_II%)
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< (PRIBIZE" (15112,

DNy
< (pkYIBILE (k] K ;)]
= (pk)’|BIZE*(Ix;_["),

but ||B [# is less than the product of the eigenvalue of B that has the largest
modulus to the power 2j and a constant, and this eigenvalue value converges in
probability to a number with modulus less than 1. The existence of the fourth
moments of the elements of &, will assure that E*(|«*|*) converges and there-
fore that (S6) holds. A similar argument works for the case / =2, because the
eigenvalues of B have moduli that are less than 1.

The last statement in the lemma follows by the consistency of the estimators
because E*[&]e]] = = ZiT:k-H 28 Q.E.D.

PROOF OF PROPOSITION 1: The proof in Johansen (1995) is based on a
slightly different model, i.e., with unrestricted constant and no linear drift so
that p; = 0 in model (1). The main ideas apply also in the situation we consider.
The first step is to show that the p — r + 1 smallest solutions of

(S7)  det[AS], — S,85S:,1=0

converge to zero. This follows from Lemma S1, which follows.

To find the asymptotic distribution, we use the representation in Lemma 1
and an argument similar to Johansen (1995) to show that the p —r + 1 smallest
solutions multiplied by 7 converge weakly in probability toward the distribu-
tion of the solutions of

1 1 1
(S8) ‘p / GG — / GdW)a, (d Oa,)'d, / (dW)G/'zo.
0 0 0

This is a consequence of the continuous mapping theorem and Lemma S2 (fol-
lowing text). Proposition 1 will now follow by defining B = (&, Qa )2/, W,
which is a standard Brownian motion.

LEMMA S1: Under the same assumptions as in Proposition 1 and if n > 0,
P (1155 — 2ol > m) — 0,
P*(|S5B* = Zgll > m) — 0,
and
P*(I 'S}, B — Sggll > 1) — 0

in probability, where || - || denotes the matrix norm ||C|| = [tr(C'C)]V2. Here 3y,
Sop, and 3 g are the limits in probability of Sy, S %, and B* S1, 8%, respectively.
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LEMMA S2: Under the same assumptions as in Proposition 1 with norming
BL 0 )

matrix Cy = (_%/EL i

1

1
ZCrsiCr— / GG’
0

and
1 A1 o « Q# A/ ! ’
TCT(SHJ_SMB a)—>/ G dwy,
0

where W = fol W(u)du, G(u) = (W (u) — W)’CB_L, u—1/2), and the conver-
gence is weakly in probability. Q.E.D.

PROOF OF LEMMA S1: We consider only the first part; the others are proved
in a similar manner. Note that S;, = M}, — M;,M}; ' M, where

M* = (M(;‘O MJZ)
M, M,

is the (pk +1) x (pk +1) matrix Y°,_,,, Z: Z" /(T — k) and Z! = (AX7, ...,
AXY D), t=k+1,...,T. Let M be defined similarly in terms of the orig-
inal observations, where Z, = (AX7,...,AX, ., 1), t=k+1,...,T. By the
ergodic theorem, M — 3, say, in probability, as T — oo. The lemma will
follow if, for all n > 0,

(S9) P (IM* =3yl >m)—0
in probability.

Whereas |M* — 3,||* is equal to the sum of squares of the elements of
M* — 3, it is sufficient to prove that (S9) is valid for each element.

We now verity that the variables Z, and Z* have a moving average represen-
tation. The model (1) may be written

AX, = CK,B#/Xil +0HAX,  +-- Fk—lAXt—(k—l) + o + &
After some manipulation, this is seen to imply

BAX, +pi(t+1)= I+ Ba)BX, 1+ pit) + B AX,
+ ...+ ﬁ'ﬂ,]AXt,(kq) + ,B/IJ«O + B,St-
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Arguing as in Hansen and Johansen (1999, p. 311), the stochastic vector

(X,B*,AX,_,,...,AX, ,,,) canbe represented as an AR(1) process
Br X} B*XE, B' 1o Be:
AX: AX[—I Mo &y
: - : I
AXt—k+1 AX,_k 0 0

where the matrix @ has the form

Ba+1 BIL, - - BT,
« n - - I
(S10) @ = 0 I
0 T 0

By also expanding the state space, (X/B*,AX, ,,...,AX, ) has such
a representation. The process is stationary. Here we need the assumption
that o, I'B, has full rank p — r. Furthermore, (X,B%,AX| ,,...,AX )
can be represented in terms of the errors ¢, &,_g,.... To see this, we note
that the term Y, in (5) corresponds to 8Z, in Equation (4.7) in the proof
of Theorem 4.2 in Johansen (1995). Furthermore, from Equation (4.16) in
the same proof, the term denoted by Z,, and therefore Y, here, is part of
an autoregressive process that can be expressed by the errors g, &1, ....
This implies that all terms, apart from A, in (5) can be represented in this
way. However, A4 cancels in AX, ;,j=1,...,k, and because B'A4 =0, all
terms in (X,B*,AX,_,,...,AX,_,) can be represented in terms of the errors
&, &1, .... The process is therefore causal and has a characteristic polynomial
with determinant that has zeros outside the unit circle; see, e.g., Theorems
3.1.1 and 11.3.1 in Brockwell and Davis (1991). Whereas the eigenvalues
of the matrix in the AR(1) representation are the inverses of these roots,

(X/B*,AX,_,,...,AX|_,)' has a moving average representation of the form
(XI/B#7 AX;_lv L] AX;_]{)/ =" + Zzo gint—iy Where N = (823’ 8;7 07 LR 0)/a
{y =1, and (i, ... are matrices such that the maximal eigenvalue of ¢; is
bounded by A’ for some 0 < A < 1, uniformly in i =1, .... The elements of the

[r+ (k —1) p]-dimensional vector can be expressed as functions of the parame-
ters of (1) . Thus, Z, = v, + Y -, G{;im,_; for a suitable matrix G and vector v,.
Each element of Z,, which we also denote by Z, (dropping the index), has a
moving average representation

o0
!
Z,=v3+ E &e,
i=0
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where |&;| < constA’ uniformly in i =1, .... Similarly,

_V3+Z§1 [la

where || < constA’ uniformly in i = 1, ... when T is large enough and 75 de-
notes v; with the estimates for the unknown parameters plugged in.

Now E(M) = E(Z, — v3)’] = 3% 26 and E*(M*) = E*[(Z] — 5)’] =
%, Er&; so that E*(M*) — E(M) in probability. Whereas [|[M* — 3| <
|M* — EX(M*)|| + |E*(M*) — 3], (S9) will follow from

P*(IM* — E*(M*)|| > n) —> 0
in probability. Hence, by Chebychev’s inequality it suffices to show that

Var' (Y, 22 Y (1= 1/T)Cov'(Z32, Z7?)

(S11) (T —k)? o T -k

-0

in probability as T — co. However,

Cov'(Z2, Z7*) < Var'(Z3*) < EX(Z})

[Z(f’s D2 (Eet )€ }

O<i<j

Now, we use that (égs’ji)z < |$,«|2|s’ji|2, that |&| < constA’,i=1, ..., when T is
large enough, and that E*(||&/||)* — E*(||&/|])* < oo in probability by the weak
law of large numbers and the existence of the fourth moments of the elements
of &, Then (S11) will follow. Q.E.D.

PROOF OF LEMMA S2: The proof relies on the continuous mapping theo-
rem in the same way as the proof in Lemma 2 in Johansen (1994). The same
functionals are involved, so it suffices to prove that the process { X[, ;,/ VT:0<
u < 1} converges weakly in probability as element in D[0, 1]7.

By the results from Lemma 1, it follows that the remainder term R’ vanishes,
and it is sufficient to consider the linear part and S;(u) = E"?H et//T. The
linear term is treated as in Lemma 2 in Johansen (1994).

To prove that S} — W weakly in probability, it is convenient to follow the
approach of Pollard (1984) and exploit the fact that the limit is continuous.
Hence, one can work with the uniform norm in DJ[0, 1]? and show that

E*[f(SP]— E[f(W)]

in probability for all bounded continuous functions f. This is explained in more
detail for the one-dimensional case in Swensen (2003). Q.E.D.
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