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THIS DOCUMENT provides reiteration and proofs of Lemmas A7, A19-A21,
and A23, which were omitted from the Appendix to the main article. The no-
tation is the same as that used in the Appendix and equation numbers not
preceded by “S” refer to equations in the main article.

LEMMA A7: The goods market clearing condition (ixA) is implied by the other
conditions for an equilibrium in Definition 2.

PROOF: First note that the household budget sets (2)—(5) imply

+ qz/* : K/Zh,s(e; a, q*y w*) : [1 - dz(,//,’s(e; «, q*’ w*)]

Lh,s(e;a,q*,w*),s
=[e(1 —yh) —a(e — emn)(1 —h) - d}, (€;a,q", w")] - w*
FE—L6) [ —d:, (e g w)l.

Then aggregating over all households yields
(S1) /{c;f,h’s(e; a, g, w")
i, g ibins(€ o g w1 —d, (e, g% w)]dp')
+ f {eo —d;, (e;a, g7, w)]} du’
= /{[e(l —vh) —a(e — emn)(1— h) - d; , (e;a,q", w")]- w*
+e-[1—d;, (e;a,q", w)]}du*.
Condition (v) along with (S1) implies
/{Cf,h,s(& o, g, w)
i, g sLons(€ 0 ¢ W = dy, (e, g, w)]dp')
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2 CHATTERIJEE, CORBAE, NAKAJIMA, AND RIOS-RULL
+ /{é(S)[l —d;, (eia, g, w)]}du
= /{[e(l —yh) —a(e — emn)(1 —h) -d; , (e; 0, q*, w")] - w*
+e-[1—d;, (e a,q,w)l}du

+ / { [1—d, (e q"sw)L(s)

+d;, (e a,q", w') max{(, 0}—%}

or
(52) /{CZ,h,s(e; a, g, w")

+q(i’*, (e;a,q* ,w*),s Zhs(e a, q w )[1_d2hs(e a, q w )]}
§(S)d,u*

m*

= /{[e(l —vh) —a(e —emn)(1 —h) -dj, (& a,q", w")] - w*
+e-[1—-d;, (e;a,q",w)]}du

+ [ e g,y maxe, 0

Since dj , (e; a, ¢*, w*) = 1 implies £, (e; @, q*, w*) = 0, it follows that the
product ofﬁZ ns(€ o g, w*)and dy j(e a,q*, w*)is0forall ¢, h, s, e. Hence,
the left-hand side of (S2) can be written

* . * * * * 1% . * * *
‘/cl,h,s(e’ o, q,w )d/*‘“ +/‘ql?h S(e:a,q*,w*),sel,h,s(e’ o, q,w )d,u

§(s*) d

Next the first term on the right-hand side can be written
w* [/ edu” — y/ e (de, 1,ds,de)

—a/(e — emin) - dy (€5, ", w)Hu(dL, 0, ds, de)]
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Finally, the remaining term on the right-hand side of (S2) can be written

(S3) ZZ/(l —d;, (e;a, q" w ) (L, dh, s, de)
L,s

+ Y [ dpeaq wew e dhs. de)

£>0,s

:Zz/mz,dh,s, de)
l,s

- Z 14 f d;h’s(e; a, q*, w*)l-‘b*(ea dh" S, de)

£<0,s
= ZE/M*(Z,dh,s, de)
£>0,s
+ Z L f(l — d;f’h7s(e; o, g, w)u (L, dh,s,de).
£<0,s

Next, observe that for x # 0, we have from (x), (6), and (vii),

/M*(x,dh’,i, de'; q", w)

:p/|:1{(z,h,s,e):z;fh_x(e;a’q*’w*)_x}

x Y H'(t, h,s,e: h/)/d’)(e/la)de/l“(s; 0'):| du*
E

h/
=p /[1{(l,h,s,e):£/* (e;a,q*,w*):x]F(S; U)]M*(dga dha dS, de)

Lh,s
=pY a. I(s:5),

where for ease of notation we have replaced s_; with §. Hence, the first term
in (S3) is

Z x/pf‘(x,dh,i, de) = Z poafmF(s; )

x>0,5 x>0,5 K
=p E xay E I'(s;3)
x>0,s s

- *
—p Y xa,.

x>0,s
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Now consider the second term in (S3):

/(1 - d;,h,g(e; a, q*’ w*))l-"*(x7 dh7 ga de)

= / w(x,dh,s, de) — / d;,s(e;a, q", w)Hu*(x,dh,s, de).
We can rewrite the latter part of this expression as

/ d;,s(eia, g, wu(x,dh, 5, de; a, g*, w*)
- / |:1((e,n,S’a)zz‘;fﬂ,S(S;q*’"’*)_X} ZH(£7 n,s, &, h)
h

X/di,h,g(e; a,q", w)PD(els)de I'(s; 5)}
E
x u*(de,dn,ds,de).

Since x < 0, it follows that n =0 and # = 0 so that H(¢,0, s, e;0) =1 and
H(,0,s,¢e;1)=0VL,s, . Therefore,

/di,h,;(e; a,q", w)Hp (x,dh,s, de; a, q", w")
= p‘/‘|:1((l,0,s,s):l’z0 S(s:q*,w*):x} / ZH(ev Oa S, & h)
B B -

xdy,s(e;a,q", w)D(els)de'(s; E):|,u*(d£, 0,ds,de)

= p/|:1[(Z,O,s,s):(’zuys(s;q*,w*)—x} / d;o,}(e; «, C]*, U)*)@(€|§) de F(S, §)j|
E
x u*(de,0,ds, de).

Let p* = fE d;oj(e; o, q*, w)P(e|s) de be the probability of default on a loan
of size x by households with characteristic 5. Then

/d;h,i(e; «, q*a w)u*(x, dh,s,de; a, q*a w*)

= Zp/[1{(Z,O,s,e):l’zms(e;a,q*JU*)_X)pf‘r(S; 5)]
X /"L*(dz’ 07 S, de’ a? q*’ w*)
= prj‘fF(s; 5)ay,.



UNSECURED CONSUMER CREDIT 5

The second equality follows from (vii), recognizing that w*(Z) =0 for all Z €
L__ x {1} x § x B(E). Thus the second part of (S3) can be written

> x/p,*(x, dh, s, de)

x>0,5
+ Z x/(l — d;m(e; o, ¢, w))u(x,dh,s, de)
x<0,5
=pY xd,,+py xa, - > xpy pil(s:)a,,
x>0,s x<0,s x<0,s s
= p[z xa;kf,s + Z xajc,s(]‘ - p;kc,s)j|
x>0,s x<0,s

Thus, rewriting (S2) we have

* . * * * * 1% . * * *
/Cl,h,s(e’ a,q,w )dlu’ +/ql’l*hX(e;a,q*,w*),sgl,h,s(e’ a,q ,w )d/“l’

+/ §(S*) A

m

:w*/edpu*—yw*/e;u*(d@,l,ds, de)

— / (€ = emn) - 2 (€ 0, " W) (dE, 0, ds, de)
+ pzeaz,s(l - pzs)'
l,s

But

* 1% . * * *
/q@’zh’s(e;a,q*,w*),sel,h,s(67 a,q ,w )dM

= Z / 1(((,h,s,e):lzh7s(e:a,q*,w*):l’]ql’,se//“(‘* (dt,dh,ds,de)
[/
= Z qz’,saz’,s[
s
=K*,
where the last inequality follows from (20). Another implication of (20) is

(I+r=8K'=p Y (1-p;)a; L.

0,s)eLxS
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Thus, we have

s
/czh,x(e; a, g, w)ydu + K"+ % du’

=w'N* — yw* / ep*(de,1,ds,de)+ (1 +r*—06)K*
=F(N*,K*)+ (1-686)K*— yw*/e;uf*(dﬁ, 1,ds, de)
— aw” /(e — emin) - dy (€ 0, g, W) (de, 0,ds, de),

so that the goods market clears. Q.E.D.

LEMMA A19: (i) @,(ES" ") < #59, (i) &ED" ") < (1 — ), and
——(t',0) ——=(0,1) —(0,1) — _
(i) Yoy DUES T+ D(ES )+ D H)=1=3,, %0+ 1.

. . ——(l',d) ’
PROOF: To prove (i), we first establish that ES CUr (Niem ES;f Dy,
) N —==(.d) / . _ Q) n _
Consider ¢ € ES "~ . Then qbﬁﬁ”h%(e;o, g, w) — Max g .q) qu,;,d;(e;o,q,
w) > 0. By Lemma A2, it follows that there exists N (&) such that for all
m = N(é)s d)Eﬁ,’]z)d)(é’ Uy Gms wm) - max(i’,tj)#([',d) (;bzf/h,,dd)(év Uy dms wm) > 0.
Therefore, é € (;.ye ES; . Hence we must have & € [J5r_ (Mo ES ).

Next, observe that for each m, (., ES\"* is Borel measurable since it is
. . N =<
a countable intersection of Borel measurable sets. Therefore, @, (ES ) <

DU, (Meam ESE)) = im0 @,(N)o, ESL). The last equality follows
because the sets ﬂkZmESffl’d) are increasing in m. Next, observe that
@As.(ﬂkZmESﬁf/’d)) < O (ESD) = x%;‘fz(am,q;,w;), where the last equal-
ity follows from Lemma A8, which implies the set E(-% N (ESfﬁ/’d))” is

finite and therefore of @, measure 0. Thus, lim,,_ @S(ﬂkZmES,(f”d)) <

. @, d) —(,d) ot d) —(¢,d) .
lim,,,_, o Xygms (Qmy @y W) =X, 70 Therefore, ®,(ES ) <Xy This estab-

lishes (i).
To prove (ii) we first establish that ED' " € U (M EDY). Consider

N =) 'y A = - Pd) oA = -
e ED . Then d)ﬁﬁ’h;)(e; 0,q,w) — max .4 d)fh’d)(e; 0,g,w) < 0. By
Lemma A2, there exists N(¢é) such that for all m > N(e), ¢Eﬁ,}i2)(éi Wy G

@,d) 5. 5 (,d)
W) — MAX G gyser .y Posd (€ Ams Gm»> Wr) < 0. Therefore, e € (- y, ED; .
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Hence we must have é € | J_ l(ﬂ,meD“’ ). Next, observe that for each
m, (NeamE D(Z Y is Borel measurable smce 1t 1s a countable intersection of
Borel measurable sets. Therefore, ®,(ED' ") < &, (Un (Mo E ED{"")) =
lim,,, . « @s(ﬂkszDﬁf D). The last equality follows because the sets
ﬂkZmED,(f”d) are increasing in m. Next, observe that d‘)s(ﬂkszDEfI’d)) <
@S(Efo’d)) = xffhdi(am, q:,, w:), where the last equality follows from
Lemma AS, Wthh implies (E"*?)° N (ED'"*)¢ is a finite set and, therefore,
of @, measure 0. Thus lim,,_, @S(ﬂkszSf”d)) <lim,,_[1 — x; (@, G

w)l=1- )'cf/h’d,). Therefore, CD,(@MJ)) <1- xffh‘f) This establishes (ii).

To prove (iii), consider the set (|, ., ES Es"UES""uT"! ))‘ A member of

this set is any e for which there is more than one 0pt1mal actlon, none of which

involves default. By Lemma AS, this is a finite set and, therefore, of &, mea-

sure 0. Hence @,(| J,., E ES“VUES"" uT" ])) = 1. Since any pair of sets in the

union is disjoint, it follows that )", _, @ (ES( ¢ )) + GDS(E_S(O’I)) + (Ds(7(0’1>) =1.
Next, consider the set (|, ES!" ) UESYY)c. A member of this set is any e
for which there is more than one optimal action. By Lemma A8 again, this is
a finite set. Therefore, @,(J,., ES%/’O) UESY") = 1. Since any pair of sets in
this union is disjoint, it follows that »,_, (I)S(ESff’O)) + QDS(ES;?’D) = 1. Since
ESY® and E“-9 can differ by at most a finite set of points (by Lemma A8), it
follows that 3", X\, (@, g w5) + X1 (@, g1, w3,) = 1. Taking limits on

both sides yields )", * ;‘,}’3 + )_ciohl) = 1. This establishes (iii). Q.E.D.

LEMMA A20: For all (€,h,s) € L there exist measurable functions
cens(e), £, ,(e), and dyy(e) for which the implied choice probabilities
fEI%M(e):(/,dl’m(e):d}@(de|s) = xEMdl) and the triplet (c;s(e), ¢, (),

dl,h,s(e)) € Xl,h,s(e; O, 6’ w)

PROOF: The decision rules are constructed for two mutually exclusive cases.
First, consider the case where @,(I®") = 0. For this case construct the deci-

sion rules as follows. Assign to action (¢',d) all e such that e € ES“ ). This
. 0.1 (0 .
step leaves unassigned the set I~ U (UU,.., I : )). To complete the assignment,

. —0,1 . .. .
assign all elements of I~ to (0, 1) and assign any remaining elements to actions
in any manner provided that each element is assigned to an action only once

and an element is assigned to an action (¢', d) only if it belongs to I ’d). Since
ES“" are disjoint, the assignment maps each e to exactly one action (¢', d).
Let ¢, , ((e) and d, s(e) be the resulting decision rules for ¢' and d, and let
c.n.s(€) be the decision rule for ¢ implied by the household budget constraint
given ¢, , (e) and dops(e).
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We will now establish that these decision rules are measurable, optimal, and
imply the limiting choice probability vector x. To establish measurability, it
is sufficient to establish that for each action (¢',d) the set {e: (], (e) =¥
and d, ; (e) = d} is Borel measurable. For (0, 1), the correspondmg set is the

union of E_S(O’1 and 70’1), both of which are Borel measurable and, there-
fore, the union is Borel measurable. Furthermore, @,({e: ¢, , (e) = 0 and

dops(e) = 1}) = BLES™") since &,T"") = 0. For (¢,0), the correspond-
ing set is the union of E_SM’O), which is Borel measurable, and some sub-

set of 7([/'0) By Lemma AS, 7“/’0) is a finite set and, therefore, any subset
of it is Borel measurable. Hence {e: ¢, (e) = ¢ and d,;(e) =0} is also a
union of Borel measurable sets and, therefore, Borel measurable. Further-
more, ®,({e: ¢, , (e)=¢ and dops(e) =0}) = P (E_S )s1nce<1>(7 )—O
(being a finite set) The decision rules are optlmal by construction. Flnally, note
that by Lemma A19(iii), we have Z[,GL[Q(ES Oy _ x O+ (@ (ES™") -

xiohll] = 0. By Lemma A19(i), each term in this sum is nonnegatlve. It fol-

lows immediately that <15 (E_S ) = %9 Hence, ®,({e: ¢, ,.(e) =1 and
dyis(€) = dy) = B(ES ") = 250,
Next, consider the case where @, (I 0’])) = 6 > 0. The assignment has to dis-

. =01 . . e
tribute members 7 in such a way that choice probabilities induced by the

assignment are the limiting choice probabilities x. To begin, we first claim that

. . - . =01 Z,
there must exist exactly one action (¢', 0) for which 7 eh 7" Suppose there

were two such actions (¢, 0) and (¢, 0). Then I,feh O &, 0)((), g, w) 2 ™7, 1mply-

ing that [ l(zh ? (.0 (0, g, w) has strictly positive measure, which, by Lemma AS,

is impossible.
(l ,0) _(0 1)

Next, we claim that @ (E_S(O’l)) + GDS(I ) + @ (ES ) =X+ xi[hms To

see this, suppose that @ (ES< l)) + @S(T( Y+ D (ES ) < x4 @0 Byt
ES"") > ¥, 247, which

by Lemma A19(iii), this implies that }_,_; ®(ES
contradlcts the bound in Lemma A19(i). Suppose then that @, (ES(0 1)) +
®,[1"")+@,(ES" )>x(0’1)+x<‘v0).ByLemmaA19(111) S B(ES) <
>0 £50. But this implies Y, [1 — B(ES )] > ¥,,0(1 — 2501, which
contradicts the bound in Lemma A19(ii). This estabhshes the claim.

We can now proceed with the assignment. To (¢, d) distinct from (0, 1)

N . —@0 -0, .
or (¢,0), assign all e such that e € ES( ' . Next, partition the set [ " into

two dls]01nt (measurable) sets I, and I, such that @ (EST UL = xélhoi and

GDX(ES U L) = xi, s (since @, is atomless, such a partition exists). Finally,
assign in any manner all remaining elements provided that each element is as-
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signed to an action only once and an element is assigned to an action (¢/, d)
only if it belongs to 7"

These assignments assign each e to exactly one action (£, d) and, therefore,
imply decision rules ¢, , (e), d, 5.s(e) and, via the household budget constraint,
ci.ns(e). The measurability of these decision rules can be established by ex-
pressing the sets {e: ¢, , (e) = ¢ and d,, (e) = d} as unions of measurable
sets as was done for the first case. By construction, the decision rules are op-
timal. Finally, note that by our earlier claim, Y, [®; (ES“ 0)) 'fhox)] =0.
By Lemma A19(i), each term in this sum is nonnegative and, therefore,
@,ES"") = x;‘fh(” for ¢ # . Hence, ®,({e: £}, ,(¢) = £ and dy,(¢) =
d})) = CDS(ES ) = ';fhd?, where the first equality uses the fact that the set

{e:t,, (e)=¢and d,, (e) = d} differs from the set E_S([’d) by at most a finite
set of points. Finally, by construction ®@,({e: ¢, , (e) = ¢ and dons(e)=0}) =
)_cfh(? and @,({e: ¢, , (e)=0and d; . (e) =1}) = _thli Q.E.D.

We now establish the analogues of Lemmas A12 and A15 for the sequence
{an, qF,, wi } converging to (0, g, w).

LEMMA A21: Let 7 4m be the invariant distribution of the Markov chain P
defined by the decision rules (¢, (e),dns(e)). Then the sequence a,, gz, w3,
converges weakly to T 5w

PROOF: We apply Theorem 12.13 in Stokey and Lucas (1989). Part (a)
of the requirements follows since £ is compact. Part (b) requires that
P i wi (L By s,), <] converge weakly to Pogml (4, h,s), 1 as (€, hy, Su,

A, @y W) — (€, h,s,0,q, w). By Theorem 12.3d of Stokey and Lucas
(1989), it is sufficient to show that for any (¢', #’, s"),

hm Puzn Ons wn)[(eny hrn Sﬂ)’ (Zl, h/a S,)] = F(O;a,m)[(& h7 S)7 (Zl, h/a S,)].

By definition,

P*

(Cm, G > Win

L, hys), (8, R, 8))]

= |:pf l{l/l*h J(e:ozm,q;‘n,u);“,,):Z’}I_Izkam,qj‘mw;‘”)(ea ha s, e, h,)@(deb‘)r(s, S/)
E Jh,

+-p) / Lo =00 (S, de/)j|
E
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and
, ifdr

£,h,s

(e;q,w) =1,
, ifd;, (e;q,w)=0and h=1,

1
H, (& hys,e, i =1)= 1A
0, ifd;, (e;q,w)=0andh=0,
0
1
1

; ifdy, (e;q,w) =1,
H, (€ hs,e,k =0)= 11—, ifd;, (e;q,w)=0and h=1,
, itd;, (e;q,w)=0and h=0.
By construction, the Markov chain P is
PL(¢, h,s), (€, 1, 8]

[ /1(5’,, ()= wH(Uqw)(E h,s,e, h"®(de|s)I (s, s")

+1 - P)/ Lo =00 (8, de’)],
E

where HY 20 (s h,s, e, h') is determined by d, ; ;(e).

Since L is finite, without loss of generality consider the sequence (., g7,
w’ ) — (0, g, w). Since the second term on the right-hand side is independent
of (a, g, w), it is sufficient to consider the limiting behavior of the integral

/ L, ccamaitiytHan g5 (6 15, € YD (dels).

For 4 =0 and A’ =0, this integral in P* is

«',0) * *
/ l(Zl s (€;am, Qi Win)=C' dz‘hs(a am,q;‘nﬂufn):ﬂ}@(dels) - x([ 0 3)(am’ qma wm)

and in P it is

/ L, o g (650, 5, €, 0)(dels)
E

= / 1{[’6’0”‘,(e):l’,dzvg,s(e):O}(p(de|S) .
E

By Lemma A20, we have

(',0) —(¢',0)
hm x(( 0 5)(ama qm7 w, ) - x(( 0,5) — ‘/;1{[%Yhys(e)=l/,d[yh’5(€)=0)®(de|s)'

Hence

hm P

(@m Q> Win)

[(E’ 07 S), (El’ 05 s/)] = F(O;ﬁ,ﬁ)[(g’ 07 S), (El, O’ S/)]'
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The remaining cases can be dealt with in exactly the same way. We simply
note here which choice probabilities are involved in each case and omit the
details.

For h =0 and A’ =1, the integral in P* is

/ Lz, (eiamanwi=t.df o (e:amgiuiy =1 P(de]S)
E

_ @ P
- x(i,(],s)(am’ qm’ wm)'

For h =1 and 4’ =0, the integral in P* is

(1-=2) / Ly, (ciam it d; | (eamqiui=0 P(de]s)
E

_ L0 * *
- x(l,(],s)(am’ qm’ wm)'

For h =1 and A’ =1, the integral in P* is

/ [1(43*1 X(QQCvaq*m,w;kn):[/,d}F 1 S(elamﬂfmwfn):l}
E 21, ¢,1,

F AL, (camaiwin=e.d: | (camainuin=0 | P(dels)

,1,s

., (',0)
= [x([»,],é')(am’ an’ w;kn) + /\X([’]J)(am, qtn’ wfn)]~ QED

LEMMA A23: Let Kogm = X gerxs o i, o1l gm(dL; dh, s,
de), Nogw = [ editggm)>and pogml,s) = [dpoys(e)P(e'|s)T (s;ds)de'.
Then (i) lim,, K (a, q%,, w%) = K g.m), (ii) lim,, N (e, g5, wi) = N g.m), and
(iii) limy, pay,,gs, w50 (€5 $) = Pogam (€5 5)-

PROOF: To prove (i), note that we know by Lemma A13 that
/ l(ézhys(e;am,qﬁ,,wﬁ,):l’}“(am,q:‘n,wi‘n)(dz7 dh7 S, d€)
= Z/ Lz, (amaimut=e) P(Ae|S) T o, gt (€5 11, 5).
eh U E
By Lemma A20,

im | L (eiamgiou=e.dr , eamgioug - Pdels)
E

nj— 00

- /E L, @=t.dp ) 0= P(de]s).
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Since
/1<e;f,,,s<e;am,q;,,w,*n>—e'>q’(de|S)
E
= Z /I{th’x(e;am,q;‘,,,w;‘")_l’,dzh’s(e;am,q;‘,,,w;‘,,)_d}q)(de|S)5
defo,) Y E
then

lim l[l/g*hJ(eQQm,q;n,wfrz)=l,]q)(de|s)

ng—>oo fp

= Z ‘/;l{z;’h,x(e)—w,dz,h,s(e»—d)(p(de|s)=‘/El{z’ms<e)—z’}(p(d€|s)-

def{0,1}
Next, by Lemma A21,

lim W(um,qjmwfn)(z, h, S) = W(Q,q,w)(e, h, S).
Therefore, lim,, o Kap.q5.0) = Ko,gm- To prove (ii), simply apply Lem-
ma A21. To prove (iii), note that by Lemma A20,

lim | d; (e anm,q,, w,)P(de|s) = / dyoy(e)D(de'|s).
E E

ny— 00

Thus,

lim d; .y (€; am, @, w,)D(de'|s' ) (s; ds')

m—o0o ExS

=/ dyoy(e)D(de'|s) (s;ds). O.E.D.
ExS
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