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APPENDIX B: AUXILIARY LEMMAS

LEMMA B1: SUPPOSE ASSUMPTIONS 1-5 HOLD. Then we have that for q, described in

the statement of Theorem 1: N
(i) Under n'>u" — oo, it holds that R,/(q,, b) = or(1) and R"™(q,, b) = oe(1).
(ii) Under n'?." < K, it holds that R,,(q,, s) = op(1) and R"™(q,, s) = op(1).

PROOF: Step 1. (Technical preparation) We establish in this step some technical results.
We start by introducing some notation:

R,:=2n" (Ln (6'3(2]\11)’ ?n(zl\n)) - l_'; (a';f(an)a ?n(/q\n)))’
Ry = 20" (La(52(4}), 3(23)) = Li(0™(2;)" v (a3)))
Reim -2 (o) 7 )~ ()

Note that g, is defined in Assumption 5 and here we suppress the dependence of ¢}, on k.
We recall the relevant definitions

Goarc = argmqin(Zq —2L,(52(¢),7.(¢))) and

Ly(G7(9),¥(@)) = max  L,(0%,7),

o2
(2l (g)

(a2,7)
n

and notice that the requirement ¢, > ¢, aic and the definition of II indicate

L.(G(Gn)> ¥u(@n)) = Lu(0;(Gu.a1c)> Yu(@n.arc))- We then obtain
=207 (L3 (GX(Gn)s (@) — Li(Cr, ™)) < Ru+ Ro + Re +2n7' (¢, — G).  (B.1)

We now study the properties of R,, R, and R.. First, we define €}/, as the set of all w
such that K~! < nA, < K (it shall not be confused with the matrix €),,) and observe that

n—0o0

1 t
n'n, = 7/ &'ds+op(1) and lim P(Q) =1, (B.2)
0
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which are direct results of Lemma 14.1.5 of Jacod and Protter (2011) and Assumption 2.
Moreover, step 2 of the proof of Lemma A2 of Da and Xiu (2021) shows that, uniformly

0.2
over —7 < A < 7 and (02, y) e 1Y 7,

1 o0
xS0 sK K'Y =o'A+f(hy) <Ky, and Y il <KX, (B3)

j=1

where x? = x*(d?, v, A,). Straightforwardly, Lemma A9 of Da and Xiu (2021) indicates
that for some «,, — 0,

lim P(|R,| < a,(n~'L;(Cr, v) — n7'L}(3(@), ¥a(d,)) +1)) =1 and
e (B.4)
Rb = OP(l).

Note that L*(Cr, y™) — L*(a?, y) is always positive over " Here, for the second
result we additionally use that |R.| < K in probability, because of (B.2) and that (B.3)
indicates %L;(CT, y®) — %L;(a(")(qn)z, v"(q,)) < K for all {g,}. Further, according
to Lemma A10 of Da and Xiu (2021), it holds that for any two sequences {g,} and {q,}
and with probability approaching one,

2
(n)

— ||’,‘<‘(n)|

1 - 1. o
L (0 (@0 @) = L@, ) ~ (IR ). (BS)

nr
On the other hand, Assumption 5 indicates i ||k ||fqn) — 0, which, combined with (B.5)
and (B.2), shows R, = op(1). Therefore, in view of (B.1), (B.4), and that ¢}, — g, < ¢}, =
o(n), we can write for some a,, — 0,
lim P(IL; (Cr, y) — Li(32@), 3@ < au|L3(Cr v™) = L (6@, 7:@,)) + 1)
=1,
which immediately indicates

Ly(Cr, ™) = L3(32(@n), ¥a(@) = 0(n). (B.6)

Step 2. (Main proof) We start by proving the convergence of R,,(7,, b) under n!/2,™ —

oo and ﬁn(ﬁn, s) under n'/%.™ < K. Since both (a2, v,) and (Cr, ) belong to Hf,"z’y),
according to Theorem 4.1.1, Proposition 4.5.3, Proposition 3.2.1, and Theorem 3.1.2 in
Brockwell and Davis (1991), there exist unique (x2, ¢,) and ((x™)?, $™) such that for
all —m <A<,

f()\; 3’3(@\"), 37,,(2]\,1), An) = Xig()‘; ¢,) and

@) 1) () (B7)
FA Cr v, A) = (x™) g (A; ™),
where we recall that f(A; o2, y, A,) is defined in Section 3.1, and
i i ; (n)
1+zséﬁf‘51;¢"’fz >0 and 1+ inf ' ¢"z' > 0. (B.8)

J j=1



WHEN MOVING-AVERAGE MODELS MEET HIGH FREQUENCY DATA 3

In view of (B.7) and the definition of L?, the bound (B.6) can be rewritten in terms of
(X2, ¢,) and ((x™)?, ™), which leads to

2 1 ™ f(A; Cr,y™, A,
Xn > =o0p(l) and —— U T2 Y ) dr —1=o0p(1). (B.9)
(") 27 J_n f(X 02, Yas A)

log

Here, we use (B.2) and the fact that (2m)~" /7 g(A; $™)/g(A; ¢,) dA > 1, indicated
by (B.8). With x calculated using Assumption 4, the first part of (B.9) indicates that
log x2 =log(+)* 4 op(1) under nl/%(”) — oo and that P(x% ~n~') — 1 under n'/%™ <
K. Substituting the estimate of x? back into (B.3), plus using the second part of (B.9),
plus (B.2), immediately allows us to prove the convergence of R, (g, b) and R, (Gn» 5)-
Now we prove the convergence of R (g, b) and R™(q,, s). We let

Ra(q) :==L;(Cr,y™)) = Li (e (9)*, ¥ (q)). (B.10)

If we compare (B.10) with (B.6) and compare R, (G, b) and R,,(q,, s) with R (G,, b)
and R"™(q,,s), a scrutiny of the reasoning above reveals that it is sufficient to prove
that R,4(g,) = op(1) holds under either n'/*."? — oo or n'/?.™ < K. Since according to
(B.2) and (B.5), the violation of R,(g,) = op(n) indicates the violation of ¢ [|k™||?. | =
op(1), which, in view of Assumption 4, contradicts the established fact that 7%,, (Gn, b) =
op(1) under n'2," — 0o and R,(G,, s) = op(1) under n2,® < K. We then indeed have
that R,(q,) = op(1) holds under either n'/2.™ — oo or n'/>.™ < K and conclude the
proof. Q.E.D.

LEMMA B2: Suppose Assumptions 1-4 hold. Let U, (j), U,(j), Vu(j), and V,(j) be de-
fined by (A.4) and (A.6), where q, is deterministic and we set B,(o?,y) = (d?, v). Then

Ja

S U () = U () = Va() +Vul() = 00(n"(qu + 1D + 17 (1))

j=1

holds if either of the two following conditions is true:
(i) We have n'>\ — oo, and q, < Kn'?.
(ii) We have n'2.™ <K, q, < Kn',and g, — oo.

PROOF: Step 1. (Characterization of U, (j) —U,(j) — V. (j) + V.(j)) We start with some
notation:

Ra()) = Z D Ou(ALXPT(NALX P () — A X (DALY () = (Do + QL ()
Ra()) = Z > Ou(AIX (NAU () — AIXC(HALUC()),
Raa() =) > Ou(QTUNAU () = MU DAUC() = (e + 2 (Da)-

i=1 k=1
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Here, O is defined in (A.29). By definition we have for 1 < j <J,,

Un () = Un()) = Va () + Vi(}) = Rt (j) + 2R2(j) + Raa ())- (B.11)
The lemma then follows if it holds for all s € {1, 2, 3} that

Ja

> Ru) = 08 (n"2(qu + 1) 4 ¥4 (u) 7). (B.12)

j=1

Step 2. (Decompositions of R,,(j)) This step is devoted to decompositions of R ().
Let

R (s = AgX P (DATXP(j) = AXC(DATX () = B/ () + Q5 (D
ng ng

R (j, m, p) = Z Za(m, Pk Rot (D

k=1 I=1
where 5(m, p) introduced in (A.7). We can then write that for 1 < j <J,,

.Tdfl ﬁd(m)

Ra()=Y_ > ©O0m, p)Ru(j,m, p). (B.13)

m=0 p=1—ng4(m)
Here, J,; and ny(m) are defined above (A.7), and @(m, p) is defined in (A.30). Now we

further decompose ﬁbl( j, m, p). To do so, we define

1Dk (M _ td Mo
Rpn(J)ri = / Mg ds/ ey ds, R (j, m, p) = Z Zo(m, Pkt R (J)i.ts
t

(k-1 (-1 k=1 I=1

1k _ _ MM
Ros (ks = 2/ wdsAiXP(),  Ris(Gom, p)=Y Y O(m, peiRis()es,
1(Dk-1 k=1 I=1

1)k

ng
Roa () = A, X7 (j)* = / olds,  Ru(j,m, p)=Y_O(m, p)iiRu(j),

t(k-1 k=1

W) T —_ JRape .
Rus =~ DEcO) (T ) st = 3 00m PRt
Ros()er = 2Rus(NAf X (), Risism, p) =y > O(m, p)eiRis(i)irs

nq ngq

Ryr(J)xs = 2AZXC(j)Rbs(j)1, ﬁb7(j, m, p) = Z Z 5(”1, PR (it

k=1 I=k+1
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where we use the notation A7 X?(j) = ftt(jj))il o, dW, and Rus(j); = AT XP(j) — A7XC(j).

Using the definitions of QZ(j) and Qf(j), we obtain that for 1 < j < J,,

ﬁbl(j’mv p)=2ﬁbs(j’ m, p) (B14)

s=2

Next, we decompose R,,(j). Moreover, we set 11(j)x = 1(j)r — nc(j) and define

k
()= 36 nec()m,

(B.15)
U()e =" n(j) Z 0 (B()m — £(j)m)-

m=—00

‘We further define

d_ Md 4on

RaGiom, p) =323 O0m. phs [ i dsatu (i),

i=1 k=1 1(j)i-1
o ng ng - _ _
Ralj,m, p) =y O(m, )il X*(HALU()),
i=1 k=1
Rea(jym, p) =Y O(m, p)ix(A1X"(j)) — AL X () AU (),

i=1 k=1

Ui ngq
Rea(j) =Y _AIXE()) (— > A0, Uk + 0, U (), — ®i,1U(j)o).

i=1 k=1

This leads to, by observing the relation U(j), — U (j)x = U(j)« + U (j)x, which in turn is
a direct result of Assumption 3 and the definition of U€ (j),, that for 1 < j < J,,

Raz(j) = ZRcs(j)7 (B16)

where R (j) = ZJ" LM @(m, p)Re(j, m, p) for s € {1,2,3}. We now decom-

p=1—iq(m)

pose Ra(j). For any double-indexed variable A;;, we set AA4;, = A; 1 — A;r and
AA, « =AA; 1 —AA; . Next, we introduce shorthand notation K( ) — = (1™)?k; and define

i=1 k=1

I=—00

Rai(j) = Z Z AOn(j)im(j) ( > 000 e()e() — ki k.),

ng—1ng—1 ink
Rax(j) == > A0,m%()) ( > 0060 ec()iec () — ki M),

i=1 k=1 I=—00
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ng—1lng—1 ink

Ras()=2) Y 3 Z A0 (n()m ()i — 12()) 660", e()ie()ms

i=1 k=1 I=1 m=I[+1

ng— 1nd 1

Ru()=2) Z Z ()i (DihO 0761, £()ie()ms

i=1 k=1 I=—0c0om=I+1

ng— 1nd 1

Ris()=-2>"3" Z Z 1c(Nnc()AO 6760 ec(Niec()m,

i=1 k=1 l=—com=I+1

ng—1
Ras(7) =2 (801 U)o — A®,, U (j),) U (i
k=1
nd—l
Rar()) = =2 (A0 (1)on ()" — A®,, k() n()iKl )
k=1
nd—l
Ras(j) = =2 (A0, U (j)o — AB,, kU (j)u,) U ()i
k=1
ng—1
Rao() =2 (A0 emi ()R} — AO,, ke ()R,
k=1
Ra(j) = 01, (UgUs + U, U, — UsUs — Us Uy ) =20, (UsU,, — Us UY)

— 01 (Moo + 1)y — 202() )RS
+20,, 1(77(])nd77(])0 - 770(])) w,

ng nd—l ng— 1
Rdll(j) = _22 Z A®i,k+1(’_<;('z)k+1 l(-rll-)k + 2 Z AOy i1 Kk+1 + _z(i)ndﬂ)
i=1 k=1 k=1
(4®”1 1Knd+l 2®1 1_( & 2®”d ngq Rg’ziﬂ)

Using the definitions of QY(j) and QY- (j), one can verify that for 1 < j < J,,

Ras(D) = (4) Y Ra()) + Y Rar(). (B.17)

Step 3. (Bounds of 5(m, p) and @(m, p)) We start with 5(m, p). In the rest of the
proof, we omit mentioning the argument m of 7, (defined above (A.7)) and 71, unless
necessary. It holds by definition that for all 1 < k,/ <n,, all 0 <m <J; — 1, and all

1_ﬁd§p§ﬁd7

|O0(m, p)ia| < Kny'ing(1 A (|ng gk — 1|~ 1pl| + |ng'ma(k + 1) — 1 pl| 7))

(B.18)
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Now we provide the bound of @(m, p). From the definition of ©;;, we can write

(n)
O =— m”d(giﬁ)zk(; {(B) (907)".

We further notice JE;(B™) = 2L [7 (dlogf(X; B™,A,)/B)T(dlog f(A; B2, A,)/
dB) dA. We set the bijection B, to be 1dent1ty Following the rule of matrix differentia-
tion, and using the definition of ), we can further write

® =20, (™)), ¥, 4,)
(A IZ3(B), I, +ZO’ (B™), s (2, — Fid)Ff%d)- (B.19)
j=0

Then the definition of © given by (A.29) indicates

6 =2V, (o), ¥, A,) "
X ( (B(”) 11% +Za B(”’ § +2(2]1 ]D)},d)]D){,d). (B.20)
j=0

This is the direct result of D/ = O,,F/ O,, from Lemma A1 of Da and Xiu (2021). Now we
define a function ®(A) as

(:)()\) — 2f(/\; (O-(n))Z’ y®, An)’zxp()\; (U(m)z’ y ), An),

where \I’()\ 02, y, A) := (If (X; 02, v, A,) /(02 ))IEL(B™) (1, 0,,41). We note (:)i,jz
d; ]®( -). Now we further define for —7 < A <,

ng+1

O\, m) = ( > and p@(m)hziv/:(:)()\; m)e™ dA.

Then we can write, in view of the definition of (:'j(m, p), thatforall 1 —n, < p <ny,

60m. ) = @) Y. 6

i=1-ig

m(i—1/2 2 U=12p
%;m) L o (B2D)

h—foc

i=1-n,
Ok, for —n,; < k < n,. Now we provide bounds on pg(m),. We first consider the case
n'2" — oo and define a (g, +2) x (g, + 2) matrix

a?, f(h oy, M), %) o, aa?, f(A %y, M), Y)\T
)= 2 f(a(:, » e 3 . f(a(:, » M)'

Here, ¥y :== (y1,..-,%4,)", (2z,¢) and C(z, ¢) are both introduced in the proof of
Lemma A5 of Da and Xiu (2021). And it apparently holds that W(A; 02, v,A,) =

Here, we use Theorem I1.8.1 of Zygmund (2002) and the fact that i S i exp(wﬁ%) =
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Cy'(A; 02, ¥)12. Hence, following the same reasoning as in that proof and using the
definition of ©(A;m), plus noting the relation that " (2 — 8,) cosiA = sin((g, +
1/2)A)/sin(A/2), we obtain that in restriction to (), (introduced before (B.2)) and for
all0<m<J;—1,

K(m +1)  Kim+ 1)J2/(n' ™)

mh)§]%@ﬁp< S , (B.22)
and that in restriction to (), and for all 4 and all fixed m,
(nJa) " [po(m)s| < K(h72 Vv 1). (B.23)

Here, we also use the proof of Theorem I1.4.7 of Zygmund (2002) and exploit properties
of ™ (gq,) and y"(g,) provided by (B.3). For the case n'/*."? < K, in view of the proof of
Lemma A6 of Da and Xiu (2021), we obtain that (B.22) and (B.23) still hold. Combining
(B.22) and (B.23) with (B.21), we conclude that, again in restriction to (), and for all
0<m=<Ji—1,

K(m + 1) K(m+ 1).]_021/(}’11/21,("))2

(ndy)™! Z O(m, p)| < S , (B.24)
p=l-nyq
and that in restriction to ¥, for all 1 — i1, < p < 1,4, and for all fixed m,
(1)~ |O(m, p)| <K(p2 A1) (B.25)

_ Step 4. (Bounds of O, , A®,,, and Z@i,k) Now we provide bounds on 0;;, A®;,, and
AO;,. We start by noting the expression of ® has been given by (B.19). According to
Lemma A2 of Da and Xiu (2021), we can write the expression of Q;dl as

-1 _
(Qnd)i,k = Pli-k| — Pi+k — P2ny+2—i—k-

Both p and z} appearing below are functions of (o2, v,, A,) and are introduced in the
statement of that lemma. Because the lemma has provided precise characterization of
Pus P — Prtt, and 2py 1 — prn — pri2, plus the observation that i + k > |i — k| and 2n, +
2—i—k=>|i—k|forall 1 <ik <n,, tedious algebra leads to that uniformly over all

sequences {(o?2,y,) € Hffz’”(qn) : n > 1}, which satisfy either A 'x?*(o?, v,, A,) — 00 or
AT X (02, va, Ay) <K, and forall 1 <i, k < ny,

1 A 1
X2 (i—k)?A,’

1 _ li—k| (1 1
30, (23801 S 07+ 8 (5 )

-2 o li—k| (1 1
00 v 8 £ 850760 40 (2 i )

n

|Qnd (07, ¥ A ): k| AP (1 - (Z;)Zk _ (Z:)an+2—2k) n
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1
2/ 272
X, (i — k)

~ 2 _ li—k| (1 1
[AQ,, (07, v, A) | S A0 (2)) +A,'/2Xn3(X—i A m)

|and (0-35 Yns A"):li| S A}l/2x;3 (Z;)\ifk\ "

Here, z := max{z?, 1/2} and x? = x*(0?, v, A,). We additionally observe that we can
write, for all (o2, y) and m,

2L, — F, = (Q,,(02, ¥) — 0?A,1,) 00Dy (¥) " Op. (B.26)

We also notice that ]Ff,d has a very simple structure. Therefore, we can calculate that, in
restriction to ), under either n'/>."V — oo or n'/2.™ < K, and for all 1 < i, k < ny,

Oul )= @) - @
_ﬁ, (B.27)

A0, S nAx () o nalRy, ((lz—k|1 DT 1—|l._11|+2), (B.28)

RO < nhyy:2(z) +nAnx;2<(|i_k| iq)++1 - |i—li| +2). (B.29)

Here, z} and y, are evaluated at ((¢™)?, y™, A,) and we clearly have y, ~ " + n=1/2,

We also use the properties of 95* (8™)~! indicated by the proof of Lemmas A5 and A6
of Da and Xiu (2021).
Step 5. (Bound of R, (j)) According to (B.13), we can write

10’ Z Ra (])

ZZE

1o, O (m, p)ZRbI(J, m, p)

m=0 p=1-ng
Ty-1 72 01/2, ()2
. 1 Ji/(n'"
SKJd Z(m—kl)(z—m/\%) SupIE ]lgy ZRbl(],m p) (B30)
m=0 j=1

Here, the range of p over which the supremum in the last line is taken is clear from the
context and is omitted, and the second inequality uses the bound on ®(m, p) provided
by (B.24). Now we bound sup,, , E| Z;il Rs1(j, m, p)|. Guided by the relation (B.14), we
aim to prove that for all s € {2, 3,4,5,6,7},

Ja

Loy, Zﬁbs(ja m, p)

j=1

sup (2’”/ 2J,E

m,p

) —o(n P (gu+ 1)+ 174 ()?),  (B31)
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\lhere the supremum is taken over 0 < m < J~d —1land 1—n, < p < ny. We start with
R (j, m, p). We have that (B.31) holds for s = 2 because

ng ng

sup]E|Rb2(],m p)|<Kn supZZ|O(m p)k,|<Kn “nylogn.

k=1 I=1

The first inequality comes from bounds on u{ and E|#(j)x — #(j)x_1l as direct results of
Assumption Al. The second inequality comes from the bound on O(m, p): provided by
(B.18). Now we consider R (j, m, p). In view of its definition, we write

supE|Ry3(j, m, p)|°
J

ng Uz g ng
<KSUP” D YE ZZO(’” P)eiO(m, p v AT X ())A; X ())
k=l k=1 | =1 1=
ng 2
<Kn? 2sup]E|:(ZO(m DA} XB(])> i|§Kn‘3ndﬁd. (B.32)
=1

We omit the range of j, which is 1 < j < J,. Using Assumption Al, the first inequality
comes from Holder’s inequality, the second inequality from Cauchy-Schwarz, and the
last inequality from (B.18) and Burkholder-Davis—Gundy inequality. On the other hand,
we have the well-known result (see Section 2.1.5 of Jacod and Protter (2011)) that under
Assumption Al and for two finite stopping times § < §” and some p > 0, and for a process
A, which is one of u, o, &, €71, and 7,

E( sup ([l 4, — Asll")lfs) <E((S' = 8)""" | F). (B.33)

S<s<§'

Applying (B.33) for the process u to the equation

— l‘(])k nd ~
E(Res(j, m, p)IFui,) 2ZE(/( (15 = ) ds ) O(m, p)k,,AfXB(j)|]-',(,»)n),

(k-1 k=l

we obtain
sup|E(Ris (. m, p)IFi, )| = 0(n™n ). (B.34)
J

Using (B.34) and (B.32) and applying the Cauchy-Schwarz inequality, we obtain

sup|E(Rbg(],m p)Rbg(] m, p))| = o(nnqny). (B.35)

j</

Combination of (B.32) and (B.35) immediately proves (B.31) for s = 3, given the defi-

nition of 71,. Next, we study R4 (j, m p) and R,s(j, m, p). We notice that for s € {4, 5},
IE(Ros(/)is Ros(J)i)| < K8; 8k wn~ 2. Therefore, we are able to write for s € {4, 5},

g  ng

E|ﬁbs(j; m, P)ﬁbs(j/, m, P) |2 <Kn? Z Z|5(m, P)k,ké(m, P)z,1|5j,j’5k,1 < K”l_3’7h21-

k=1 I=1
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Here, the last step comes from the bound on 5(m, P)r. provided by (B.18). Combined
with the Cauchy-Schwarz inequality, this result immediately leads to that (B.31) holds for
s €{4, 5}. We move to Rs(j, m, p). We have

- na (11 iy
SupE(Rbﬁ(j’ m, p)Z) = 4SUp]E|:Z< O(m, p)k,leS(j)k> / 0'52 de|
J J 1 t

I=1 \k= (i1

J 1=l=ng

-1 2
< Kn'ngsup sup E[(Z O(m, p)k,ZRbS(j)k> :|
k=1

2= 4 4172
<Kn i, sup sup E[ sup | (o5 — ouie)t + (& — Eiiry) |]

I=j<Jgl<k=ng  “t(j)r_1=5<t(jk

< Kn*iign=>"2. (B.36)

Here, we follow the same reasoning of (B.32) and the last step utilizes (B.33) for the
processes o and £~'. We hence obtain sup, E(Rws(j, m, p)?) = o(n*#,). Combined with
the observation that E(ﬁbﬁ( j,m, p)ﬁh(,(j’, m, p)) =0 for j # j, we obtain, using the
Cauchy-Schwarz inequality, that (B.31) holds for s = 6. A symmetric argument applied
to Ry (j, m, p) proves (B.31) holds for s = 7, and we have hence proved (B.31) for
s€{2,3,4,5,6, 7} At this stage, combining (B.30), (B.14), and (B.31), plus using (B.2),
we are able to claim that (B.12) holds for s = 1.
Step 6. (Bound of R ,(j)) Our target is to show that for s € {1, 2, 3, 4},

Ja
% 3" Ra() = 0p(n (g + 1)V 4+ n7 (1)), (B.37)
j=1

In view of (A.30) and (A.7) and following the same reasoning of (B.30), plus using (B.2),
we conclude that (B.37) holds for s € {1, 2, 3} as long as we can show that for s € {1, 2, 3},

Ja
supE|27"/2]% /(n'/?1") 1, Zﬁcs(j, m, p)|=o(n""*(q.+ 1)1/2+n_1/4(b(”))1/2). (B.38)
j=1

m,p

We denote by o(x; : i <)) the o-field generated by the sequence of all x; with i < j and
write Foo = Foo ® V29 0 (xi 1 i < j). According to Assumption 3, we can write

@) . |
BAUOMUGDIE) =52 [ 60 67) (nee™ = n(ieie )

x (n()we™ * = n(j)i_1e €D dA.
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Using the fact that K~! < g(A; ") < K uniformly over A as required by Assumption 4,
we obtain for all {x;};<,,all 1 <j<J,, and all i > 2,

ng  ng

> D EMUNALU (I F)xixi

k=1 k'=1

ng
K (1)’ > ()i (e — Xiir)?
k=0

ng Ny
<K(u”)" sup n(j); > x(2L, - )xe, (B.39)
I=l=nq k=1 k'=1
ng ng ng  nq
Z (AnU(])An/U(]+l)|.F )kak/ <K( (n) szk ng ]Fl )xk/ (B 40)
k=1 k'=1 k=1 k'=

Here, we set x = x,,+1 = 0 by convention. For (B.40), we additionally use the observation
thatng| /7 g(A; 6™)eiA dA| < i~? and Assumption Al. The definition of U (), provided
by (B.15) and the definition of A{U€(j) indicate that a completely symmetric argument
would yield

ng  nq

> D EMU(DAL T F)xixe

k=1 k'=1

nqg nq

<K(™) sup ﬁ(j)?ZZxk xes (B.41)

I=l=nq k=1 k'=

nd nd
S E(AUC()ALUC ()| Fo) xaxie
k=1 k’'=1

ng  ng

(n) ’T](j(]) szk ”d_ Xk/ (B42)

k=1 k'=

In view of the definitions of ﬁm( j»m, p) with s € {1, 2, 3}, plus using (A.7) and D/ =
0, O,,, the combination of (B.39), (B.41), and (B.42) directly leads to that for all 1 <
j<Jpall<m=<J,—1andalll—n, < p<ny,

g

2
__ ~ ()i
]E(,R'C1 (]’ m, p)2|f°°) = K(L(n))z Z(Z]Ind "d g+, g+l <Z(Ond)nd+l : /(' I-L; ds) ’

=1 1(j)i-1

g
E(Rcz(j,m,p)ﬂfoo)sK(W)z]sgp D07 D@Ly = Do)z i
=k=nq I=1

2

g
x (Z(Oﬂd)ﬁd+l,iA7XB(j)> >
i=1
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g

E(Res(j.m. p)'I ) < K(«) (2L, ~ D),

”d)ﬁd+l,ﬁd+l
=1

nd 2
x (Z(Ond)a,ﬂ,i(A?XBU) - A?Xc(j))) :
i=1

Here, for the first and last lines we additionally use the boundedness of 7,. Further
utilizing that (2L, — D, Ya, 15,0 < K2°"J; 2, we obtain that for all 1 < j < n'/%, all
l<m<J;—landalll—7, < p<ny,

E(Ra(j, m, p)?) < K(«®)’7,2"J ngn?,

E(Ra(i, m, p)?) < K (1) 72,220 2n" sup 7)),
1<k=<ng
E(Res(j. m, p)?) < K ()20 sup E((AXP()) - ALXC()))).
1<i<ng

In addition, using (B.40) instead of (B.39), we can prove sup, , IE(Re(j, m, p)YRe1(j +
i,m, p))| < Ki2(«™)21,2*"J *nyn=2 for i > 2. Applying the Cauchy-Schwarz inequality
immediately proves (B.38) for s = 1. On the other hand, we observe that E(R.,(j, m, p) x
Res(J's m, p)|Fo) =0 for j # j" and s € {2, 3} because of the definition of ec(j).. Since
(B.33) indicates E|sup,_,,, 7(/)i| = o(1) and sup,_,_, E((A7X"(j) — AIXC()))*) =
o(n™"), we obtain (B.38) for s € {2, 3}. We have proved (B.37) for s € {1, 2, 3}. Now we
consider R.4(j). Firstly one can verify using Assumption 4 that

[0, < Ki™. (B.43)

Using this result, we can write E(|T (j)¢]|F) < KO0 160 1)) < i (k +1)72,
where the first inequality comes from the definition of U (J)x provided by (B.15), that
n¢(j)? is bounded because of Assumption Al, and Cauchy-Schwarz. Therefore, using
Holder’s inequality and the fact that A”X%(j)0,, is Fo-measurable, plus (B.2), we can

prove (B.37) for s =4 as long as we show that for all 1 <k <n,,

+E[ATX ()0, 1oy

1 Ja  ng _ _
sup —lg, Y > (EJATX"())AO,, 1, +E|ATXB(j)©;110;))

I<k=ny =1 i=1

= 0(n_1/2(qn + l)l/z(b(”))71 + n—1/4(L(n))f1/2).

This is indeed true since we have

nq
sup sup Y E(|AIX7()] (140 4] + 00, | +10:1]) Loy,)

Isk=ng | 4

ny

<K sup sup Y _n " (E(|AO; Lo, |” + 0, Lo, I + 10110, )

I<k=ng | ;4

172

< KT + 7).
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The second inequality comes from (B.28) and (B.27). Having proved (B.37) for all s €
{1, 2, 3, 4}, using the relation (B.16) we immediately obtain that (B.12) holds for s = 2.

Step 7. (Bound of R, (j) and conclusion) We start with proving that, for s €
{1727"'75}7

Ja
1 _ _
1 ZRds(j) _ op(n*”z(q,, n 1)1/2(L(n)) 2, n71/4(b(n)) 3/2)' (B.44)
n 4
We define R/} = 2 00628 (Mie () = ks R =200 616, e ()
ec(j)i — |l k‘, and obtain that for s e {1,2} and all 1 <j < J,,
IINININ

E(Res()ik Res()i i) Foc) = Cumy(e) Y 01,00",60°,60" .

On the other hand, we can write

l/\l
K

(n) (n) (n) _
I;JO |<K||0 ’(ll i'|— 1) ‘ ’ +1

(B.45)

The first inequality comes from Cauchy-Schwarz and the bound on ||| required by
Assumption 4. The second inequality comes from (B.43). This immediately leads to that,
for s € {1, 2},

Sup|E(Res(j)i,kRes(j)i’,k’ |ﬁm) ’
J

ini kAk' ink i'AK'
< K(Z 167,65 Z }0,(("_),6,(('7)l|> A (Z 16762 Z el(n)lel(:)l|>
I==c0 I=—00

l=—00
< 3 K > A K > . (B.46)
(i7" + 1) (k=K +1) (li—kP+1)(|7 =K +1)
A symmetric argument leads to that, for / > 2 and s € {1, 2},
~ K K
SUP|E(Res())ikRes(J+ Div i) Foo)| < 75 A . B.47
j | ( ( ) k ( ) k )\ l4n3 (|i—k|2—|—1)(|i'—k'|2+l) ( )

From the definition of R, (j) and R, (j), we have that for s € {1, 2},

ng ng ng g

supE(Rds(J) Fse) < KsupZZZZ 1204|120, v |

i=1 k=1 i'=1 k'=

< Kngm®A2(u™ + A?) " log(A; 2 4 g,). (B.48)

(Res(j)i,kRes(j)i’,k’ |foc) |

The first inequality uses that 7, is bounded from Assumption Al. The second inequal-
ity uses the bound on E(Rs(})ixRes(j) 7 x| Fo) for s € {1, 2} provided by (B.46) and the
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bound on |Z®,«,k| provided by (B.29). Following the same reasoning and using (B.47) in-
stead of (B.46), we obtain for s € {1, 2} and for / > 2 and all j,

sup|E(Rus (/) Ras (j + 1)1 F0)|
J

ng ng  ng nNg

=K33 33 Reuie; #[SP (R ()is ResG + D7)

i=1 k=1 i'=1k'=
K” A ng ng ng ng KnZAZ
_— B.49
= Ay 21;2;14 TP AR (B4

Combining (B.48) and (B.49) and applying Cauchy-Schwarz, plus using (B. 2) we prove
(B.44) for s € {1,2}. Now we move to R3(j). We define Ros(j)ix := Yot Sk ., 0 x
Oi'?ms(j),s(j)m, and obtain that forall 1 < j < J,,

ink A NK knk!
\E(Rd(j)i,de(j)i’,k'|-7:oo)| = Z 05205/”_’, Z 9/((rl_)m9§:)_m
=1 m=Il+1
K
< . (B.50)
(li—i]"+1)(Jk =k +1)
The last inequality comes from (B.45). The definition of R ;;(j) then leads to
Sup E(Rd}(‘])zlﬁm)
J
=< KOS?P () = ne())’
=i=ng
ng— lnd lnd lnd 1
XY 3N S ROLIIAG; | sup!E( (i Res ()i Foc)|
i=1 k=1 i'=1 k'=1
< K2 + A1) (472 4 g,y sup (n()i—ne()f (B

0<i<ng

The second inequality uses (B.50) and (B.29). Because we have E(R;(j)Rs(j)) =0
for j # j/, we immediately conclude, using (B.51) and Cauchy-Schwarz inequality, apply-
ing (B.33) to the process 7, plus (B.2), that (B.44) holds for s = 3. We consider R(j)

for s € {4, 5} now. We define Ros(j)ix = Y0 Sk " 07,6\ £()18())m> Res()ix =
S k676" sc(j)iec(j)m, and calculate that for s € {4, 5},

0 knk'

|E(Res(j)i,kRes(j)i’,k/|~7?oo)| = Z 6",6\", Z 0" 6\
l=—00 m=I[+1
K

< - - . (B.52)
(F+1)(([) +1)(|k—K| +1)
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The last inequality comes from (B.43) and Cauchy-Schwarz inequality. Following the
same reasoning, we have for all/ >2and all1 <j < J,,

- K -
’E(Rezt(j)i,kRezt(j + Z)i’,k’|foo)‘ <—-—— and E(ReS(j)i,kReS(j + l)i/,k/|~/roc) =0. (B.53)

~I'n

NS

In view of (B.52) and the bound on |Z®i/,kr| provided by (B.29), the definitions of R4(j)
and R;s(j) then lead to that for s € {4, 5},

ng ng ng  Nq

SupE(Rdb(])2|ﬁoo) =< K Z Z Z Z |Z®i,k||z®i’,k’| Sup|E(Res(j)i,kRes(j)i’,k’|ﬁoo)|
J J

i=1 k=1 i'=1 k'=1

< anAi(L(") + AL/2)74(A;1/2L(n) + Cln)~ (B.54)
Using (B.53) instead of (B.52), we obtain for s € {4, 5} and / > 2 that

SUP|E(Rus () Ras (j + 1)1 Fuo) | < Kn?A2(u™ + A1) ™, (B.55)
J

Using (B.54) and (B.55) and applying the Cauchy-Schwarz inequality, plus using (B.2),
we obtain (B.44) for s € {4, 5}. Following the same reasoning, and using (B.27) and (B.28)
instead of (B.29), we have s € {6, 7, ..., 11},

Ja
% 3" Ras(j) = 0 (2 (qu + 1)V 4+ 07 (1)), (B.56)
j=1

Given (B.44) and (B.56), the equation (B.17) immediately leads to that (B.12) holds for
s = 3. Since we show (B.12) for s € {1, 2} in Steps 5 and 6, plus the decomposition (B.11),
the lemma is proved. Q.E.D.

LEMMA B3: Suppose Assumptions 1-4 hold and q,, is deterministic. Then it holds that

Ez(qn) - U(n)(qn)z
=n"Ep.(B") + 01>(rf”4(:,("))1/2 +a,n"?+ Jq.n'?)  forall a,— o0, (B.57)

if either of the two conditions holds, with e, = n''* A (n'/* (/! v n=12)*?):
(i) We have n'>1") — 00, R,(qx, b) = 0p(1), R®(qy, b) = 0p(1), and q,e;," — 0.
(i) We have '™ < K, R, (qn, s) = op(1), R (g, s) = 0p(1),and q;' v (g,a;") — 0.

PROOF: Step 1. (Technical preparation) Throughout the proof, we omit the depen-
dence of B on ¢,. We impose the restriction that df (A; B8, A,))/dB does not depend on .
We start by introducing (g, + 2) x (g, + 2) matrices d=,(B., B,, k) with k € {1,2} and
Bn, B, € I18(g,), defined by that for 0 < i, j < g, + 1,

1 (alogﬂn(ﬁn) rﬂogﬂn(ﬁz)>’ (B.58)

IEn(Bus By 1), = 50 B B,
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‘—m(Bn: Bm )lj
1, (dlogQ,(B,) dlog(B;) 1 ;
=t ( B, ) (B +Qu(B,)” )Y,,Yn>. (B.59)

We further denote =, (B,; j) := d=.(Bn, Ba: j)- In addition, since generally B is an
oo-dimensional vector, we use &En(B(”), q»; j) and &H*(B(”), q.), respectively, to denote
the (g, + 2) x (g, + 2) matrices with entries defined by (B.58) and (B.59), and with en-
tries defined by (A.1). On the other hand, we let {8, € I1? P(q,) : n > 1} be a sequence of
(g, +2)-dimensional random vectors, which satisfies the equation Z,,(53,) = 04,+2, and the
condition that sup, | (A; B, A)f(A; B™, A,)™" — 1| = 0p(1) holds if either n'/?." — oo
or n'™ < K. In view of the definition of 4E,,(B.,, B,; j) introduced in (B.58) and (B.59),
plus applying rules of matrix differentiation, in particular that €),,(8) and £),,(8’) commute
for all (B, B’), we observe

Bu— B® = (202,(Bus B™:2) = 0Z,(Br B 1)) (B an(Br) — Ean(B™)).  (B.60)

On the other hand, using D/, = O, F/ O,, and the connection between matrix V;, and
spectral density f(A; B, A,) and the positivity of both following the reasoning of step 1
of the proof of Lemma A2 of Da and Xiu (2021), plus the imposed restriction that
df (A; B, A,)/dB does not depend on B, we have, for all ¢, < Kn'?, a, — 0, and j € {1, 2},
and under that sup, [f(A; b,, A,)f(A; B, A,)™" — 1| — 0 for b, € {B,, B},

(1= ) IZn(B”, qui J) < IEn(Bus B J) < (1+ ) I (B, 4u J) (B.61)
(1 - a)dE5(B, q.) < E.(B™, qu; 1) < (1 + @) 9= (B™, g.).

Furthermore, using Lemma A2 of Da and Xiu (2021), we can derive E| 1o, (tr(€Q,(8™)~" x
Y, YT —1,))*| < Kn (€, is introduced above (B.2)), which, combined with (B.3) and (B.2),
leads to that for all g, < Kn'/* and some a,, — 0,

lim P((1 - 0,)9E, (B, a1 1) < 9B4(B", 43 2) = (1+ ) IE (B, .1 1)) = 1. (B.62)

Step 2. (Main proof) Now we prove that (B.57) holds if we have either of conditions
(i) and (ii). We introduce some more notation. We define n? = —(295,,(B,, B™;2) —
92, (B, B™; 1))*1(’;—?)7, define @™ as the n, x n, matrix with entries @;3;’) =
o, (B}

(v:) i
oY, and introduce

g (m) . (=1/2)p . (i=1/2)p

~( 1) o (1) MR (m T m
o (m’ p) o 4i_ld(m) Z (O”d® § O”d)ﬁd(m)+i,ﬁd(rn)+i(e aote a )’
i=1

-1 ng(m)

R, Z 3 8% (m, p)ZR“(J,m p).

m=0 p=1—ng4(m)

>0, . ~ . . . .
Ijere, we define RfV (j,m, p) as lek’lsnd O(m,p)k,,(Yi(])kYn(_]), — QY (j)r1), with
O(m, p) introduced in (A.7). The notation 7,(m), 11,(m), J,, and J, below is introduced
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above (A.7). Following the same reasoning of step 3 of the proof of Lemma B2 and in view
of (B.61), (B.62), and the definition of 3,, we obtain that in restriction to w € ), for which
sup, |f(A; B™,A)f(A; B, A,)~" — 1| — 0 holds, under n'/2."? < K, and uniformly over
l<m<J;-1,

g
sup Y |00 (m, p)| < (K(m+1)27"72%) A (K (m+1)27"05/(n"29)"). (B.63)

0<i<gn p=1-iiy

On the other hand, using [(O,, )i, (m+ik+1 — (On,)iiyomy+ik] < an/zﬁd(m) and following
the analysis of step 2 of the proof of Lemma Al, we obtain that forall1 <m,m' <J,—1,

=0, . =, ., .,
Lo, Y. R G.m p)R(j,m,p)

1=j,j/<la+1

supE

p:p'

< K202 (2 4 220 A (L0, (B.64)

The range of (p, p') over which the supremum is taken is 1 — n,(m) < p, p’ < n,(m).
From the definitions, we have —(2n)*1R;7") is the same as (n™?)TEp ,(B™) except that
it does not include the last block Qn& of the matrix €} ,, accommodating which is only
a matter of notation. Therefore, in view of the proofs of Lemmas A7 and A8 of Da and
Xiu (2021), the equation (B.60), and the definition of 3,, plus using the convergence in
probability of R™ under respective drifting sequences of n'/2., we obtain that, for all
& > 0, there exists a M* that for all M > M*,

limsupP (i

n—0o0 .
i=0

Iy

3 _ g0
(BB

2
>M(q,+1)'n"> +M(q,+ 1)n‘1(b(”))4) <e&, (B.65)

which comes from (B.63) and (B.64) and Holder’s inequality for the case n'/?.™ < K
and additionally using the properties of of Q;d] characterized above (B.26) for the case

n'2.™ — oo, We can then obtain that, under either condition (i) or condition (ii) and for
all fixed M > 0,

Mis _ gm
(6.~ )

qn
lim sup P(Z(i +1)°

n— 00 .
i=0

zM):O. (B.66)

In view of the proofs of Lemmas A2 and B2, we obtain that (B.61) and (B.62) jointly
indicate that, under either of conditions (i) and (ii),

(907)(Br — B”)
=n"Ep.(B") + 01)(;1‘1/4(L(”))I/2 +a,n"? + /q.,n"?) foralla, — co. (B.67)

Here, we also use Lemmas A7 and A8 of Da and Xiu (2021) and the relation (B.60). At
this stage, in view of the fact that by definition (¢2(g,), ¥.(¢.)) maximizes L,(o?, y) over

H,(f’yz)(qn) and the definition of 3, plus conditions (i) and (i), we conclude that 52(g,)
satisfies (B.57) and complete the proof. Q.E.D.



WHEN MOVING-AVERAGE MODELS MEET HIGH FREQUENCY DATA 19

LEMMA B4: Suppose Assumptions 1-5 hold. Then, if either n'>.!Y) — oo or n'>1" < K,
it holds that

o™ (G,)? = Cr + 0])(,1—1/4(L(n))1/2 +an 4 \/En‘l/z) forall a,, — oo,

that G, aic = op(n'/®), and that there exists some 0 < k < K such that |G, aic — q,(k)| =
op(q;, (k) +n'2" + a,) for all a, — oo.

PROOF: With mean value theorem and for any sequence g, we write that

_nilLA,n(En) + nilLA,n (ﬂ(n))
~ e 1~ o~
= (Bn - ﬁ(n)) ‘:A,n(B(n)) + _(ﬁn - B(n)) a:A,n(Bn)(Bn - B(n))a (B68)

where Bu = MuBi + (1 — A,)B™ for some A, € (0,1) and we omit the argument g,
of (B, 8™, B.). With notation introduced in and after (B.58) and (B.59), we observe
I 40(Bn) =205, (Bu: 2) — &_n(Bn, 1). On the other hand, in view of (B.61), (B.62), and
Lemma B1, the definitions of g, aic and g’ (k) and (B.2), we conclude that, with either
n'2"™ — oo or n'?™ < K, for q, € {Gu.aic, ¢, (k)} with any fixed 0 < k < K and for
some a, — 0,

lim P((1 - a,)05; (B, 4.) < 9Z.4.4(Bu(gn) = (1 +a,)3Z;(B”, 4.) = 1.

Here, the notation d=(B™, q,) is also introduced after (B.59) and we need the con-
dition R, (s, j) = op(1) and R® (g, j) = op(1) for j € {b, s} and an € {Gn.n1c, 4, (K)}.
Close scrutiny of (B.1) reveals that the result of Lemma Bl for g, also holds for

Gnaic and leads to the convergence of R, and R®™, and we can easﬂy verify this for
q;(k) as well. On the other hand, we note that the randomness of g, aic does not af-

fect (B.61) and (B.62) by observing that d=,(B8", g,; j) is the top-left submatrix of
IE.(B™, q.; j) for all g, < q,,. Hence, in view of (B.68) and with the shorthand notation
A(qy) = %nEA,n(ﬁ(")(qn))T&é;(B(”), q2) "B 4..(B"(q,)), we can write that, with either
n'2." — oo or n'/2.™ < K, and for all fixed 0 < k < K and some a,, — 0,

}LHOIO ]P(LA,n (En(/q\n,AIC)) — LA,n(B(n) (zl\n,AIC)) <(1+ an)A(Z]\n,AIC)) =1,

lim P((1 - a,)A(6]) = Lo (B2 (07) — Lan(B”(a2)) = 1+ a A(g;) = 1. &)

Here, for the second line we omit the argument k of g,. We additionally use As-

sumptions 4 and 5, (B.66), (B.67), and that j,(g,) maximizes the quasi-log likelihood
L,(B) over I18(q,), and the proof of Lemma A7 of Da and Xiu (2021). Now we define

A(qm i) = (OnYnYnTOn)i,i - V,,(B(”)(q,,)),-,,' and

19 (A B (gn),A) (B, 4" (af(x; B (4,); An)1>T

Algn A, N) = 4ny B B

with C(B, q,) = ﬁ fjﬂ(ﬁlogfgg;B,A,,))T Jlogfr(jl);;B,An) d\; we then obtain

Alg) =Y Mawinr+1)7"'m, j(nr + 1) m)A(Gus DHA(Gas ) (B.70)

1<i,j=nr
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where we use D/ = O,,F/ O,, and the connection between matrix V,, and spectral den-
sity f(A; B, A,). We note that the right-hand side of (B.70) is invariant over choices of
bijection B,(o?, y). Then following the proof of Lemma Al we derive that, with either
n'2," — oo or n'2™ < K, for all fixed 0 < k < K and some a,, — 0,

lim P(ZLn (En(/q\n,AIC)) - 2L, (B(n) (/q\n,AlC)) — Gnaic < a, (Ra (n) + /q\n,AIC)) =1,

e . B.71)
lim P(|2L, (B (4:(K))) = 2L (B (4, (K))) = 4, (k)| < a,(Ro(n, k) + 4;,(K))) = ¥

where we utilize (B.69), (B.70), and the shorthand notation R,(n) = L*(8™) —

L (B (Guarc)) and Ry(n, k) = L1 (B™) — L*(B" (g (k))). Now we define R.(n, q) =

L.(B.(9)) — L.(B™(q)) and Ry(n, q) =L.(B"(q)) - L:(B"(q)). From the definition
of AIC that g, aic = argmin,{q — L,(B.(q))}, we can write

Ra(n) = Ry(n, k) < (g, (k) = Gu.aic) — Re(n, (k) + Re(n, Gu.arc) — Ra(n, g,(k))
+ Ra(n, Gu,arc)-

On the other hand, we have that for some a, — 0 and all a, — oo and fixed 0 < k < K,
lim P(|Ry(n, G.aic) — Ra(n, 4;, (k)]
< a,(|Ra(n) = Ro(n, k)| + [Gn.arc — (k)| + (k) + a,) =1,

which can be shown by the same reasoning for (B.71). Therefore, using the properties
of R.(n, q;(k)) and R.(n, g, aic) characterized by (B.71), we have that under either
n'2," — oo or n'/?1™ < K, and for all a, — oo and all fixed 0 < k < K,

Ra(n) = Rp(n, k) < %(%(k) = Guaic) + 0r(|Gunic — 4,(0)| + g1 (k) + a,).  (B.72)

Using the bound on 473 .., ]| from Assumption 5, we obtain the bound on
[Gn.a1c — q; (k)| stated in the lemma. Now we prove the bounds on o (g,)* — Cr. The def-
inition of g (k), combined with (B.5) and (B.72), indicates that there exists a fixed k such
that g2 (k) — G,.aic < @, + 1 for all @, — oo with probability approaching one. Combining
this inequality with (B.72) again immediately leads to R,(n) — R, (n, k) < op(q;(k) +a,)
for a fixed k and all &, — oco. Therefore, applying (B.5) and Cauchy-Schwarz, plus using

the bound on 7 37 . )., |«/|, we prove the bound on ¢ (g,)* — C; and on g, in view
of the definition of ¢, and Lemmas A5 and A6 of Da and Xiu (2021). Following the same
reasoning, g, aic = op(n'/®) comes from Assumption 4. Q.E.D.

APPENDIX C: PROOFS OF COROLLARY 1 AND PROPOSITION 1

PROOF OF COROLLARY 1: Given Theorem 1 and Lemma B1, we only need show that
under either g, — oo or n'/24" — oo,

4G,E,(4) 1 + A, 2L (SE,(4)r62(@0) "2 + 2@ Bu(@0)r)  ny
A — e =" 4 op(1).  (C1)
4G,E(4, &) + A 2L (SE(4, £)rCr " + G B(&)r) n
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In view of the subsequence argument, as in the proof of Theorem 1, we only need focus on
all the DGP sequences that satisfy either n'/>."Y) — oo or n'/?.™ < K. Under n'/?,® —
00, (C.1) follows from

o~ n ~D) g~
E,(4)r = FTE(4, &) 7+ op(1), 02(G,) = Cr + op(1), and

~ n
Bu(@)r=—-B(&)r+on(1).
Under n'(™ < K, because of the requirement that g, — oo, (C.1) is a direct result of
~ nr
En(4)T = 7E(4, §)T + OP(l).

The convergence of E,(4); under either n/2.® — oo or n'/2® < K holds by extending
Theorem 16.4.2 and Theorem 16.5.4 in Jacod and Protter (2011) to the case of serially cor-
related noise and random sampling interval, which can be shown by repeating arguments
of Theorem 3.1 of Jacod, Li, and Zheng (2019). Note that Jacod and Protter (2011) allow
for arbitrary noise magnitude, and Jacod, Li, and Zheng (2019) consider general noise de-
pendence structure. Given that our focus is not on the pre-averaging estimation, we omit
the details of this proof, which is available upon request. The consistency of 62(g,) comes
from Theorem 1. We hence only need B,(q,)r = “LB(£)r + op(1) under n'/*" — oo.
This comes from

24, (T
/ nfa'szds—{—op(l),
T J

(™) 7B,(1) =

() B @) = 5 S+ w2 )X+ on(1),

s<T

fom AZ T
(@) “B@ =" [ nte s+ o),
1 Jo
P nA, (7 ..
(L( )) (%(CI)O —¥a(@)1) = P /0 i€ ds + op(1),

where A, = Z;ﬁo(ej”’)z -2 0;") 0;?1. These four results follow from Lemma B1, As-
sumption 4, and extensions of Theorem 16.5.1 and Theorem 16.5.4 in Jacod and Protter

(2011). Q.E.D.

PROOF OF PROPOSITION 1: Step 1. (Limit of G, (x)) We can always find a probability
measure [P, which satisfies Assumptions 1-3 with ¢, — t,_; = T/n for all i, 5, =1, and the
distribution of & being Gaussian; and parameter sequence ((v")?, 6*) = (bCrA,n"'"2, 1)
clearly satisfies Assumptions 4 and 5 for each fixed b > 0. We denote such DGP
sequence by {P\"},.,. For (02,7) € Hffz’”(q), we choose B,(c?,y) as B.(0%,y); =

[T (A 07y, A)etUTDr dA with 1 < j < g + 2. Then following the standard asymp-

2mAy,




22 R. DA AND D. XIU

totic analysis of MLE for classic time series, we obtain

N =
SNS——

(B #(0) — B(”)(O)>_£>N 0,2C2 G 1)®<1

. (C2)
Bu(1) = B(1) 1
2
On the other hand, it holds by definition that
[87(0) = Cr(1+5bn7"2/4, —bn™'2/4) [ = Op(n ™), (C3)
| B (1) — Cr(1+3bn~"2/2, —bn™"? /4, —bn™'?2) | = Op(n7"). (C4)

Because we have 7,(q) =>_7,(2 -8 11)Bu(q), it follows from (C.3) and (C.4) that

72(0) — Cr = B,(0); — B™(0), + 2(3,,(0)2 — B"(0),) + %cm-m +0p(n™"), (C5)
G2(1) = Cr = Bu(1)1 — B (1)1 +2(Ba(1)2 — 28® (1)) +2(B.(1)s — B (1)3)
+Op(n7). (C.6)

On the other hand, in view of the definition of AIC,(g), we use the mean value theorem
to conclude that

&L, (Ba(1))
IBidB;

B.(0) - B.([").

Using Bn(l)] Crdj1+ 0p(1) from (C.4) and (C.2), we deduce

2L,(B.(1)) 1
n g, oo o) 7

Further, combination of (C.2), (C.3), and (C.4) lead to (B,(1); — B.(0),)> = =Cib*n~ +
op(n™) and (B,(1)2 — B.(0),)* = op(n~1). Using the last row of (C.2), plus the definition
of g, aic, we readily obtain that g, a;c A 1 =0 if and only if

AIC,(1) — AIC,(0) =2+ )

Lj

(B.(0); — Bu (1)) (Bu(0); — Bu(1)))

+or(n]

2= b?/32— (=b/2+n">C; (B (1)s — B (1)5))" + 0p(1) = 0. (C.8)

In other words, (C.8) indicates that asymptotically the selected order is determined
by the realization of nl/z(B (1); — B™(1);). Meanwhile, from (C.2) we observe that

n'2(B,(1); — B™(1);) is asymptotically independent of n'/2(B, (9); — B (q);) for ev-
ery (¢, ) € {0,1} x {1,2}. Moreover, (C.2) implies that n'/2(B,(0); — B®(0);) and
nt/ 2(,f%\n(l) i — B™(1);) are asymptotically perfectly correlated for both j € {1, 2}. This im-
plication, plus (C.5) and (C.6), means that the first two terms in 62(0) — Cr and 7(1) — Cr
are asymptotically the same. We therefore conclude that for all € > 0,

lim P} (|G, (x) = G (x, b)| > €) =0, (C9)
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where G, (x, b) is defined by

Goo(x,b) = P(V6U +3b/4 < xC;")P(IU — b/2| < /2 — b2/32)
+P(VOU +2U < xC;")P(IU — b/2| = /2 — b2/32),

with I/ and { being two mutually independent standard Gaussian random variables.
Step 2. (Contiguity) In this step, we prove that the sequence ]P’,(J") is contiguous with
respect to the sequence IF’(()") for every b > 0. In view of Le Cam’s first lemma (see,
e.g., Lemma 6.4 in van der Vaart (2000)), and using log(dP!" /dP\") = L,(Cr,0,1/2) —
L,(Cr,bCrA,n"1%,1/2) =: U, it suffices to show that exp(U4,) converges in distribution
under IPE") to a random variable that is almost surely positive. We introduce shorthand

notation B? = Cr(1 + 3%, — 35, —57=). It follows that

Ln (CT, bCTAnnil/z, 1/2)

& L(B.(1))
9Bop
which holds by L,(Cr, bCrA,n""*,1/2) = L,(B™?) + 0p(1) from the construction of
L,(B) and (C.4), the mean value theorem, and (C.2). Making use of (C.7) and (C.2), it

follows that under IP’é"), U, N (—23b%/32,23b%/16), which proves the contiguity.

Step 3. (Conclusion) Now we have proved two facts. First, for each x € R and under
]I”z"), G, (x) converges to G (x, b) as n — oo as in (C.9). Second, the sequence Pi") is con-
tiguous with respect to the sequence ]P)(()") for every b > 0. Because G, (x, b) as a function
of b is nonconstant for all x € R, according to Lemma 3.1 in Leeb and Pétscher (2006),
we have that liminf, ., infg, ., sup,_, P\" (IG,(x) — G,(x)| > 1/K) > 0, which concludes
the proof. Q.E.D.

= L(Bu(D) + 36"~ B.() (B = Bu(1)) + 0r(1),
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