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WEIIIE ZHONG
Graduate School of Business, Stanford University

This file contains omitted proofs from the paper “Optimal Dynamic Information
Acquisition.”

S1. LEMMAS FOR THEOREM 1
S1.1. Lemmas for Lemma A.1

IN THIS SECTION, I prove a few auxiliary results for Lemma A.1. Lemma S.1 (Lemma
S.2) shows that any information structure can be decomposed into a continuous-time
(discrete-time) belief process such that the flow reduction of uncertainty is constant.
Lemma S.3 shows that I, converges uniformly.

LEMMA S.1: H € C(A(X)) is strictly concave. Y € A*(X), let u = E,[v]. There exists a
probability space (), F, P) and stochastic process (i) ejo,1; such that:
(i) () is a martingale.
(i) mo=p, p1 ~ 7.
(iii) V&1, b €[0,1]and t; < t, E[H () — H(y,)|F 1 = (2 — ) E[H (o) — H (1)].

PROOF: The proof takes three steps. Let M =E,[(H(n) — H(v))].

Step 1. Discretize A(X). Since H(w) is a continuous function on A(X), by the Heine-
Cantor theorem, H () is uniformly continuous. Vk € N, let &, = 3 and §; be the corre-
sponding continuity parameter for g,. Partition A(X) into a set of cubes of size d; < 6.

Now, consider all d; cubes with nonzero measure under 7. Denote them by {D,};.;. Vi €
I, let Mi = Eﬂ[Vlv € D,‘], 7T,'(V) = 7T(V|V € D,‘), and qi= ’7T(D,) Let M,()\) = /\M+ (1 — )\)M,
Then

H(1:(A) = A gy [H@)] — (1= ME,, [H(@©)] (S.1)

is a continuous function of A, equals H(E,[v]) — E,[H(v)] < & when A =0, and
equals M when A = 0. Then, by the intermediate value theorem there exists A; such
that equation (S.1)= %. Let g, = ,% Define 7y(v) = 3. qib,00)(v), 7 =
(1 = A)mi(v) + A3 q;m(v). It can be verified that: (i) E; [v] = S qipi(A) = p, (i)
In plain words, in this step, I decompose 7 into two stages 7, and 7;. 7, has a finite sup-
port {u;(A;)}, and in each step, the expected reduction of H is .

Step 2. Define the continuous time process for ¢ € [0, 1]. Let the finite support distribu-
tion 7, be denoted by 3" p;6,, (). Let v;(A) = Aw+ (1 — A)v;. Then, by the same argument
as in step 1, Vi, there exists A;(¢) € [0, 1] such that

H(vi(A(0)) = M(0)> piH @) — (1= Mi(0)H(v) = (% - t)M. (S.2)
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Note that since H is strictly concave, the LHS of equation (S.2) is strictly concave in A;;
hence, A;(¢) can be chosen to be strictly decreasing. Define E(t) £ {v;(A;())}ics. It can be
verified that E(¢) are disjoint for different ¢.5!

Define p;(t) = % Then p =3 pi(t)vi(Ai(¢)). V3 = ¢’ > t = 0, define

Ai(8) — A (F .

A pj(t’)#(ﬂgt) when j # i,
PN =1 M e
p;(t) () wrs when j =i

Note that the Markov kernel p is well-defined because E(¢) are disjoint. It is easy to verify
that (i) 3>, p(r; (A () (A(0) = 1, (i) 3=, p () A(0) 7 (A1) = m(A(),
(iii) H (v (Ai(1))) = 325 P (X )i (Aa(0)) H (v;(A;(1))) = (¢ — )M, and (iv)

Z pi)p(v; (A (1)) i (A (1))

A(E) = A (¢
ZZPi(f)Pj(f)%

1 1
_ (tr)Zpi(l_)‘i(t)_1—)\;‘(1/)) ( ZP;/ 1_
=p > pi/ (1= (D)) Xﬁwu—Axo

F iy

= pj(t,> .
Let the joint distribution of a finite collection of w,,, ..., u, for an increasing sequence
{1, ..., t} €0, 1] be defined by
PrOb(l‘Ltl IR I“Ltk) = p(Mlzll*'Ltl )p(ﬂ«% |/J’t2) e p(lu't/( |/J’tk_1)' (S3)

The joint probability satisfies the condition for the Daniell-Kolmororov theorem if the
Chapman-Kolmogorov equation is satisfied: VO <t < ¢’ <" < 1, Vi, ,

ZP v (M (1))l (A (1)) P (v (A5 (1)) 1 (A:(0)))

Ai(t) = Ai(1)

= 5 Pl DI O 20 5 o+ P DI ) 5

_()

M) = (D) AA(E) = A1) 1= 2(0) 1— ()
=Py PO o) T T

S1Since the paths v;(A;()) are linear in A(X), two paths indexed by i, j intersect only if v;, v;, and u are
linearly dependent. This implies that when two measures with support (u, »;) and (u, v;) have the same mean,
they are ordered by mean preserving spread order, which violates equation (S.2) if they corresponds to the
same ¢.
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o A() = A (1) 1-A0)
=pz(t)m+l 1= (")
= p@(L(t) i (Ai(D))).

Then there exists a probability space ({2, F,P) and Markov martingale (u,) such that
its finite dimensional marginal distributions are given by equation (S.3). In particular,
Mos ~ 7 and

E[H (w) — H(wes)|Fi] =E[H (1) = H(ppess) ] =5 - M.

Step 3.V in the (finite) support of 7, it corresponds to some [~ [v]. Since the distri-
bution ; satisty H (u) — E [H(v)] = Y, we can apply step 2 and construct (u,)| hy=n for
t € [3, 2] such that it is a Markov martingale that satisfies E[H (i) — H (.1 [] =5 - M.

By recursively applying step 2, we construct a martingale process (u,) for ¢ € [0, 1) satis-
fying E[H (w,) — H (i) | Fi ] =s- M, Vt + 5 < 1. By the martingale convergence theorem,

Wy Lo Therefore, the definition of (u,) can be extended continuously to [0, 1], and the
three properties in Lemma S.1 are satisfied. Q.E.D.

LEMMA S.2: H € C(AX) is strictly concave. Vir € A*(X), let w =E,[v]. VT € N. There

exists a probability space (ﬁ, F , I@) and stochastic process ({i,)L, such that:
(i) (1) is a martingale.
(ii) ﬁo=ﬁ«a”dﬁT”j~
(ili) B[H (s — i)l Fi] = LB, [H () — H))

PROOF: Lemma S.2 is a direct corollary of Lemma S.1. Construct (u,) according to
Lemma S.1. Then define (@, 4|@1../) = w(pd% |wo, - -+ s /.LLT). Let F be the natural fil-
tration of (i,). All three properties are straightforward. Q.E.D.

LEMMA S.3: Given Assumption 2, let 17(,u) = limy,_ Vi (). Then limg, o[V (1) —
V(M) i, =0.

PROOF: The proof of Lemma S.3 takes three steps:
Step 1. Vdt > 0, let dt, = 2,, Then Vi, is an increasing sequence. V strategy ({i;), 7)
associated with dt,, define w, = @,. (a1 is defined according to Lemma S.2 such that

E[H (f11) — H(MZt)l}-t E[H (f2142) — H (Ros1) | B2 ] = E[H(,thﬂ) H(g,) |-7:t T=
27. Clearly, T is measurable to (u,)’s natural filtration. Then

I/der—l (IU“)
= H (fii1) — H ()| 7]
>F Pdfn+1TF 0\ pdtnﬂtc( [ t+ t ¢ )dt,,
== () ; ‘ dt, !
r 1 ~ PO
=F e*pdfn?p(ﬁ?) _ Z e*pdznﬂzz(l + epdzn+1)C(E[H(Ml+;)d; H(M:)U‘—z} ) dt,,H]
L =0 n+1

>Ele PdfnTF(MA) Ze ﬂdfnfc<

t=0

dt,

[H(lawrl) - H(:at)lj:\t] ) dt ] ‘
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The first inequality is from ({x,, 7)) being an admissible strategy. The second inequality
is from e~"“n+1 < 1. Since the inequality holds for all strategies, V;,,., > Vi, .

Step 2.Vdt > 0, Vo4, = Vy, — pdtsup F. V strategy ({(i,), 7) associated with dt, define
;= M, T=7 when 7 is even, and 7 = 7 4+ 1 when 7 is odd. Define g, = &, and 7= %%.
Then

; = E[H (fiv1) — H()| 7
—p2diT N _ —p2dtt t+1 M) |7 )2
Vaa(m) = E| e "F () ; e C( VT dt
—E|e " F (i)
5 v () = ) + 1) =BG F],
t=0,t even Q’dt
; E[H (ft,) — H ()| F]
—pdtt MR —pditt +1 t ) dt
>El|e F(i;) t:(ge:me (C< T
+E{C<E[H(llz+l) —dI;I(/leva}H] ) dl‘})‘|
: & E[H(it,) — H(furs1)| F]
—pdtt MR —pdtt t t+1 t ) dt
2B " (i) -3 e c( =
& E[H (i) — H (i) F)
— _ ppdt —pdtt +1 t )
(1—e*™)E ;e C< o dt
> = E[H () — H (i) | )
—pdtt )\ —pdtt ¢
>E|e """ F(uy) ; e C( T ) d

—(1—e*")supF.

The first inequality is from ({,, 7)) being an admissible strategy. The second inequality
is from the convexity of C. The third inequality is from C being nonnegative. The last
inequality is from the fact that it is without loss of optimality to assume that the total
cost associated with strategy ({(i,), 7) is less than sup F. Since the inequality holds for all
strategies, V54, > V;, — dtsup F. This together with step 1 shows that 1, converges and
Vi —limV,, || <2dtsupF .

Step 3.Vdt, dt >0,V <limV,,.Vdt' > dt >0 let N € Nsatisfy Ndt < dt' < (N +
1)dt. v strategy ((u,), 7) associated with dt', define w;(y+1)+» = i, for all n € [0, N] and
7= (N +1)7. Then

Vi) 2 E| e F () = e -

=0

— E [H(ﬁzﬂ) - H(ﬁ,t)L/Tt] ) dt‘|
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K e*p(NJrl)dt/T\F(ﬁA)

LS ety gving (EHG) —HEIT] ) dt]
t=0

— (N+1)
iy~ i (E[H (s 1>—H(ﬁ,)|ﬁ]>
pdt't ,—pdtr -\ pdt't ( +
>E|e e "F () ?:0 e C( N+ 1) dr (N+1)dt
i parnnf (B[H @) — H(@)IF)
E pdtTF ) pdt't (( ) ’
>E|e () ,Ezoe C 77 dt

_ E[(efpdt//f\_ efp(dt/+dt)?)F(ﬁ?)] )

The first inequality is from ({,, 7)) being an admissible strategy. The second inequality
is from e_,4, < 1. The last inequality is from the convexity of C. Note that E[(e *%" —

—d’dA —~ —odt —p(dt+7 dtsup F .
e p(dt'+ t)T)F(M?)] < ZZO:O(e pdt't __ e p( t+T)T) SupF < m. Therefore, lll’l’lthn >

Vae. By symmetry, limV,, > V,,; hence, Vdt, limV/,, is identical (denoted by I’/\) Step 2
has already shown that ||V, — I7|| <2dtsup F. Then Lemma S.3 is proven. Q.E.D.

S1.2. Lemmas for Lemma A.2

LEMMA S.4: X is finite. V, H € C(AX) and H is concave. f : Rt — R* is continuous,
increasing, and convex. Then V. € A(X), 37" such that |supp(7*)| < 2|X| and solves

sup E. [V ()] ~ f(H(w) — E.[H))). (5:4)

‘n-eAZX,
Ex[v]=p

There exists A € df (H(n) — E«[H (v)]) such that E.-[(V + AH)(v)] =co(V + AH)(w).

PROOF: Existence: Define V = {(E.[V (v)], E.[H(n) — HW)])|7m € A*(X) & E,[v] =
wu}. Vis closed since A%*(X) has bounded support and both V' and H are continuous.
Therefore, the function v — f(I) defined on V has a maximizer (v*, I'*).

Lagrangian: Define U ={(v, I) € R*Jv— f(I) > v* — f(I*))}. It is easy to verify that both
V and U are convex (by the linearity of the expectation operator, convexity of A?(X), and
convexity of f). U is open. By the optimality of (v*, I*), 4/ NV = @. Then, by the supporting
hyperplane theorem, there exists A;, A, such that

MU+ AT <0, V(v h)eV, (S.5)

MU+ ML >0, VY(v,h)el. (S.6)
Note that (v*, I*) € V NU. Then equation (S.6) implies

(v*, I*) € argmin A v + A,/
st. v—f()=v" —f(I").
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Since the objective function is linear and the constraint is convex, the Kuhn-Tucker con-
dition (generalized to subgradients) implies that 3A € Jf (I*) and B8 < 0 such that A; = 3,
A, = —AB. Since (Aq, A;) #0, B > 0 and it is wlog to assume that A; =1, A, = —A.

Equation (S.5) implies (v*,I*) € argmaxy neyv — AL, Let (v, I*) = (E.- [V (v)],
H(n) — E«[H(v)]). Then

" carg max E, [V (v)] — AE,[H(n) — H(v)].

Eq[v]=p

Meanwhile, 7* solves equation (S.4) since Y NV = @.

Support size: Now I show that 7* can be chosen that [supp(7)| < 2|X|. V is a convex and
compact set. Since (v*, I*) maximizes v — Al on V), it is an exterior point of V. Then by the
Krein-Milman theorem, (v*, I*) € conv(ext())).>* By Caratheodory’s theorem, (v*, I*) is
a convex combination of sy, 5, € ext(V): (v*, I*) = as; + (1 — a)s,.

By Straszewicz’s theorem, each extreme point s; is the limit of exposed points: s; =
lim,,_.o, 57, {57} C exp(V). By the definition of exposed points, Vi, n, there exists A;" and
A" such that s7 is the unique maximizer of A" - s for s € V. By Caratheodory’s theorem,
there exists 7r;,, with support size | X| and maximizes A;"E,[V (v)] + A5 E,[H (1) — H(v)].
Since s} is unique, s} = (E,, V' (v), E, ,[H(un) — H(v)]). Since {m;,} have finite support
size | X|, there exists a converging subsequence ;,, — 7 (converges in each mass point
and its probability). Then | Supp(7})| = | X|.

Let 7* = am} + (1 — a);. Then by continuity of the expectation operator, (E [V ()],
H(p) —E«[H(@w)]) = (v, I*). Supp(7*) < 2|X|. As I have argued, 7* solves both equa-
tion (S.4) and the Lagrangian. Note that the Lagrangian has an equivalent convex hull
characterization:

Sup E; [V (v) + AH(v)] = co(V + AH) (u). Q.E.D.

S1.3. Lemmas for Lemma A.3

LEMMA S.5: Given Assumption 2, let I’/\(M) =1limgy, o V(). Then Vel.

PROOF: I prove by induction on the dimensionality of u. When u = §,, supp(u) is a
singleton. So Lemma S.5 trivially holds. Now it is sufficient to prove that Vis pointwise
Lipschitz at any interior .

First, since V is the uniform limit of continuous Vi’s, V is continuous. Yu e AX°, sup-
pose for the sake of contradiction that V is not pointwise Lipschitz. Then 3 w, — pu,

V() =V (0) .
[Poum-Voo| > n. There are two possible cases:

lleen sl
° W > n. Let v, be a point in JAX such that u,, u, v, are three ordered points

on a straight line. Let p,, g, be such that p, + g, =1, p,u, + q.v, = . Pick any

S2ext(V) denotes the extreme points of V.
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such that C(I) < co. Then

V() —V(w)+ % v, — wl
I n
H(w) — H(v,) — Wuvﬂ ol
- V() = V() +nlv, — .
H(w) = Hiy) = D=0 gy

Since the nominator is bounded, p being interior implies that ||, — w|| is strictly
positive in the limit. Take n — oo on the RHS, the RHS goes to infinity. Therefore,
there exists N such that Vrn > N, RHS is larger than 3psup F +2C([1):

V() —V(w)+ W v, — wll
I T >3psupF +2C(I)
H(w) ~ H(v) = TR =W,y

(I — 1)V @) + 120 — IV () = (1w — ol + 1w — )V ()

=
_”Mn - M”H(/“Ln) - ”Vn - /vL”H(Mn) + (“/J‘n - M|| + ”Vn - /“L“)H(Iu‘)
3p 2C(I)
- F4 =37
> 7 sup 1 + 7
1% V) -V 201
N PV (n) + @iV (vn) = V(1) > 3_psupF+ c()
PV (1) + @V () = V(1) _ 3p 2C(1)
e > —suplF 4+ ——=
I (o, va| ) 7P I
= = = 3p I (s va| e
— PP+ 4P @)~ V() = P up Iy, ) + 20(1) B 271D
= = I(ns vl
PP ) + @ () — 20(1) Pl

1

> p p
= 70) (1425 1Gun, mali) ) 450D F2 1o, 1)

i %4 1 /J“n;anp’
PP+ 4 () 20 () P )

= V(e !en) 4 sup FLL (o, v ).

The last inequality comes from Vx > 0, 1 4+ 2x > e*. Now we have

e P I(un ,IVnI/L) (

- i n.vn 1 ns Vn
P (102) + 4.7 (1)) — 270572 ¢ 1) Fbre 1 l2)

I(pn,vn|p)

>V(w)+e? T SupF%(vanIM)-
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Since w, = w, lim, . o I(w,, v,|t) = 0. Then pick N sufficiently large that Vn > N:

I(#n Vn\#) (

PP ) + a7 ) — L2 01y Py 4 LGB o

¢ 1 21

From now on, keep # fixed, and pick dr = L2 [”"l”) and dt,, m is chosen suffi-

ciently large that ‘V — Vi, ‘ e Hmmle) o ellrls) gup F then

2m .

I, val )
dt

I(#n Vn\,u) (

pdt
pnl/d’m (Iu‘n) + qnl/dtm (V")) - dtC( ) = I/tm (IJ") + supF

Consider a strategy that divides I(w,, v,|p) into 2™ periods uniformly (based on
Lemma S.2), and follows the optimal strategy of 1/, at the end of the 2™ periods.
The payoff is

m_1

- - I(n, an“)/zm
P (Vi (o Vi (v,)) — ptdim gy . C(—)
e (PaVin (1n) + @Vt (va)) [E: e g
2m_1
- - I(:U“m an“)/zm
PV (o Vi (v,)) — E Pt gy . C(—)
> e " ( PVt (n) + @nVar,,(vn)) 2 e T

I n»s n
=e P (p,,Vd,m(,un) + q.Va,, (v,) — dt - C<(Md7]t}|m>)

dt
> Vi () + pT sup F.
The second line scales all the nonnegative costs with a term larger than 1. Taking m
sufficiently large, the last line is strictly larger than V7, (1), contradiction.

o W < —n. Then pick v, € JAX such that u, w,, v, are three ordered points on

a straight line. Let p,, g, be such that p, + g, =1, p,u + g,v, = n,,. Pick any I such
that C(/) < oco. We have

?(Vn) - ?(/J’n) + M

”Vn - /-Ln”
I | hn — gl
H ®) — H Mn
H(a) = H(v) = 10y )
> IP/\(Vn) - ?(M’n) + n”Vn - /J/n”
- H M - H Mon .
H(a) =~ Hl) = U =By,

Take n — oo on RHS, we observe that RHS goes to infinity. Therefore, there exists
N such that Vn > N, RHS is larger than 3psup F 4+ 2C(I):

»¥n n I »¥n n
— PP W) + a7 () —20(0) W) - 7 g PTGl G

povnlun) = I(w, vl ey
Zel( I)V( )—I—Msupﬁ
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Similar to the last part, N can be chosen sufficiently large that

7p’(.u->”1n|ﬂn) (

Pn?(,u,) + q,,?(vn)) — MC(I) > V( ) + M supF.

Then pick dt = '(’”f”“‘") and dt,, = 2"—,,’1. m can be chosen sufficiently large that

dt
¢ PV, (W) + 4aVi, () = d1C(D) = Vi () + P5= sup F.
Consider a similar strategy as before that divides experiment uniformly:

e—pdt( 1% ( )+ 1% (V )) _zﬁ_:le—ptdtm dt C(I(M, anMn)/zm)
Pn dty (M qn dtm \Vn m dtm

t=0

dt
> Vit (en) + pT sup F.

RHS is strictly larger than V,,, (). This experiment dominates the optimal experi-
ment of the d¢,, problem at w,, contradiction. Q.E.D.

LEMMA S.6: Vf(x) differentiable on (a, b).Vx,y € (a, b),

3 nt Dz |y x < £0) = F(3) = F ()= x) = 5 sup D) |y =

zsxy

PROOF:

e Firstinequality: let D = inf..(, ,, D*f(z, y). Suppose by contradiction the statement is
not true, then there exists ¢ > 0 such that Q;‘; - x‘z > f(y)—f(x) = f(x)(y —x).
Let h(w) = f(w) — f(x) — f/(x)(w — x) — == (w — x) Then A(x) =0, '(x) =0
and /(y) < 0. Now consider max, i(z) — %(z — x). By continuity of /4, maximizer

z* exists in [x, y]. FOC implies /#'(z*) = % so z* # x. The objective function is 0 at
both x, y so z* # y. Then optimality of z* implies Vdz sufficiently small:

h(z* +dz) y(y) (" +dz— )<h(z*)—yh(%l(z*—x)
= f(Z+dz)—f(") - f(x)dz——(Zz —2x+dz)dz
<dz(f'(z) = f'(x) = (D —¢&)(z" — x))

f(z*+dz) = f(z") — f'(2%) dz - D —
dz* - 2
= D’f(z%,y) <D.

This contradiction shows that the first inequality holds.
e Second inequality: let D =sup,, D?(z, y). Suppose by contradiction the statement

is not true, then there exists & > 0 such that 22 |y — xP < f) = fx)=F () (y—2).
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Let A(w) = f(w) — f(x) — f'(x)(w —x) — %(w — x)%. Then h(x) =0,h'(x) =0
and A(y) > 0. Now consider min, /(z) — %(z — x). By continuity of A, minimizer
z* exists in [x, y]. FOC implies /'(z*) = Z(Tyz) so z* # x. Then optimality of z* implies
Vdz sufficiently small:

h(z*+dz) — ;l(_—yl(z*dez—x) > h(z*) — ;l(_yl (z" —x)

—  f(z"+d2) — f(2) — f(x)dz - 52“(22* —2x +dz)dz
>dz(f'(z') = f'(x) = (D + &) (2" — x))
f(z*+dz) = f(z") — f'(2%) dz - D+e
dz* - 2
— D*f(z",y) > D.

This contradiction shows that the second inequality holds. Q.E.D.

S2. OMITTED PROOFS AND LEMMAS FOR THEOREM 2

Section S2.1 proves a technical lemma Lemma S.7 that verifies equation (31). Sec-
tion S2.2 verifies that I/ (u) defined by equation (33) in the proof of Theorem 2 is a C!
function.

S2.1. Lemmas for Theorem 2
LEMMA S.7: Suppose V,, solves equation (44) on [, um) and satisfies

mﬂmhiiﬁéﬂAw_J%%Zgz?“MV_M)—Cg)

form' > m. Then Vu € (o, tm):

ax LEw ) = V() =V () (v — ) CU)
Tvzwl p J(w,v) P

Lemma S.7 shows that the constructed value function in Lemma B.3 satisfies equation
(31): Suppose that at ti, all Fy» with K’ > k are suboptimal given V}, then applying Lemma
S.7 to V;_; implies that for u > [y, all Fi, with k' > k are suboptimal. Moreover, g, _; is
chosen that F_; is suboptimal given V_,. Therefore, by induction on &, Yk, when w > fiy,
F, with k' > k is suboptimal.

PROOF: Let (v, I;) be the optimal policy at w,. The optimality condition implies

Fo(vo) = V(o) =V, (o) (W0 — po)

J (o, vo ’
Fy =V " 57

H' (o) — H'(v)

C'(l) =

C'(l) =
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Therefore, Vv > vy,
Ew () — Fn(v) — F,, (v — )
J (v, v)
[Ew @) = Vi) = Vi (0) (v = 0) | = [Fun (#0) = Vin (110) = Vi 20) (20) = 0| = [ (Vi w0) = V(a0 ) (v = )]
T (o, ) =1 o, v0) = [ (H' (o) = H' () (v = )]

< C'({y). (S.8)

The inequality is from the fact that the ratio of the first terms is less than C'({,) (the as-
sumption of the lemma) and the ratios of the rest of the terms are C’(/,) (equation (S.7)).
Now, let (v, I) be the optimal policy at w. Similarly, the optimality condition implies

Fo(2) = V) = Vi) = ) _ Fun(¥') = V() = V() (v' = 1)

= , T(p,v) - J (e, v') (89
CH'(uw)—H'(v)

Since M= Mo, C,(I) > C,(I()) Vv > Vo,

Foe (V) = Vo) = V() (v — )
I (s 7)
[Fo (v') = Fmn(w0) = Fpu (¥ = #0) | + [Fin(0) = Vin () = Fyuvg = )| + [(Frp = Vin () (v = w0) ]
J (VO, 1/) +J(m, ) + [(H’(,u) - H/(Vo)) (V/ — VU)]
_ [Fwr (V) = Fn o) = Fu (v = #0) | + [Fin0) = Vin () = a0 = )] + [ (Fi
B I (vo, V) +J (s vo) + [(H'(w) = H' ) (v = m0) |

~Vaw) (V' =) |

<C(I).

The first inequality is from H being concave. The second inequality is from the ratio of
the first terms being less than C' (/) (equation (S.8)), the ration of the second terms being
less than C’(I), and the ratio of the third terms being C’(I) (equation (S.9)). Note that
for v < vy, F,y(v) < F,(v) so the inequality holds automatically. Therefore, Lemma S.7 is
proved. Q.E.D.

S2.2. Proof of Smoothness

PROOF: Iprove by showing that on [u**, 1], V' (w) is piecewise defined as V.- for u°® € Q.
I first show three auxiliary results.

LEMMA S.8: Vu, > ™, there exists p° € Q such that Vo (n,) > F(p, ).
Lemma S.8 shows that V' > F wherever F has a kink.

PROOF: Vk such that u, > pu™, limﬁﬁﬁk U(p) =00.S0 U(w) > F(u) in a left neigh-
borhood of p, . Let u® = inf{u > u™|Vu' € (1, p,), U(w') > F(u')}. Then u° exists since
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the set is nonempty. Then consider V,-(u). I claim that Vi.(n) > F(u), Yu € (1°, 1)

Suppose not, then by the intermediate value theorem, there exists u’ such that V. (u') <

o o ) FO) Vo ()= o (r=1)

F(p)and V. (1) < F(p)- Howe'Ve‘r, this implies V- (1) = max,., ; /1) » o

C(I) = U(n) > F(u), contradiction. Now, suppose V,o(u,) = F(p,), by the construc-

F(V)_V,LO (I")—V}Lo (v—np) AF’(&/{)(V—&k
T () e T(py-v)

> and J(p,,v) = O((v — p,)?). Therefore, lim,., V,.(un) = oo, contradiction. Q.E.D.

tion of Ve, lim,,.,, - V.(n) = F"~(u,). Then ) when w—>

LEMMA S.9: Vo < uy € Q, let I; ={u|V,.(n) > F(w)}y. Lnly 9 = I, C I, and
Vo = Vi

Lemma S.9 shows that any two V,,, and V,,, do not cross when they are above F.

PROOF: The only possible violation of Lemma S.9 is that 3u’ € Iy(I; such that
V. (W) >V, (w). Since at uy, V, (1) > V,, (1) = F(u1), by intermediate value theo-
rem, there exists & € (w1, u') such that V,, (¢) > V,,,(€) and V' (u1)(€) > V'(uo)(€). Since
¢ € I, there exists v, I solving equation (31) for V,, (£):

LE@W) =V, (&) =V, (H =&

Pul®= IEv) —co
1F@) =V, () V(O —&)
" (&) <0
=V (&) >V, ():
contradiction. O.E.D.

LEMMA S.10: 3A such that Yu® € Q, on {u|V,-(n) > F(w)}, V. () has Lipschitz pa-
rameter A.

PROOF: I first argue that {u|V'(n) > F(w)} is bounded away from 1. Vu in the set,
there exists u® such that V,. (u) > F(u). By the construction of V., let v(u) be the opti-

mal posterior, u < v(n) < v(p®). The FOC of v at u° implies % =C'(I(n°)).
Since F is piecewise linear and C'(I(un°)) > 0, n® is bounded above by the last kink
of F. Since pF(u°) = C'(I(n°)) — C(I(n°)), C'(I(r°)) is bounded above. Then, since
lim, . |H'(n)| = oo, v(u®) is bounded away from 1; hence u is bounded away from 1. In
each smooth region of v, by the envelope theorem,

I v—pu
V' () = ——
S T

— V(W) +C(DH (w) <0.

(Vi () + C(DH" () > 0

C'(I) is bounded since C(I) is bounded by sup F. Assumption 3 implies that —H"(u) is
bounded. Therefore, there exists A such that Vi (n) < A. On the other hand,

pJ(u,v)
I v—pu

—Vie(w) = Vie (R)-
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The RHS is bounded since u is bounded, and V' is uniformly bounded by the analysis
of ODE equation (50) in Lemma B.4. Therefore, A can be chosen that [V ()| < A.
Since the discrete points of v is finite, 1, is an integral of V/'; hence, V,; has Lipschitz
parameter A. Q.E.D.

Now, I return to the proof of smoothness.

e Step 1: By Lemma S.10, {V,.} is a family of totally bounded and equicontinuous func-
tions. Therefore, V' (u) = sup,.q V.o (1) is continuous and {u > p™ [V (u) > F(u)}
can be written as | J,, where I, are disjoint open intervals.

e Step 2: V1, pick an arbitrary u € I,,. Let Q(u) = {u° € Q|V,-() > F(u)}. Lemma
S.9 implies that the regions {u'|V,-(n') > F(w' )} are nested open intervals for u° €
Q(p). Define V(pL) = SUP,ocaq V,o(n'). Then I ={w |V(p,) > F(u')} is an open

interval containing p. Vu' € I, Vu)= V(,u ), because otherwise there exists u® such
that V. (u') > V(,u) > F(n). Lemma 8.9 implies that u° € ((n) and contradicts
the definition of V. Since ¥ =V on I and V' is continuous (by Lemma S.10), I=1,.
Therefore, V' (u') = V(,u )on I,,.

e Step 3: Let w,, = inf1,,. I claim that w,, € Q(u) and V' (u') =V, (1) on I,,. Suppose
not, 3 a decreasing sequence {u.} C {)(u) such that w,, =limu,. By Lemma S.9, V,,
is an increasing sequence and limV,, =V on I,,. Since {V, } are equicontinuous and
totally bounded on 7,, (Lemma S.10), a subsequence converges uniformly. As a re-
sult, V' is differentiable on I,, and I/’ = lim V. -Yu €ly, let (v, ;) be the optimizer
of V,,. Then since V; (w') and V, (w') converges to V'(u') and V' (w'), respectively,
the limit point of (v, ;) is an optimizer of V. As a result, ' (u) solves equation (31)
on /. Since the solution to equation (31) is unique (Lemma B.4), V' () =V, (1) on
L.

To sum up, V' is defined in the region [w*, 1] as

Vie(w) ifpe [, n™],
V(w) = Vin(n) ifuel™,
F(n)  otherwise.

Now, I prove V' (u) € C'[u*, 1]. Define

m<n

Vo if I,
Vn(M)={ o it

F(n)  otherwise.

Then V,(n) — V(). By Lemma S.8, we can without loss assume that the first n 1,,’s
cover all u ’s. Fix n, Vpu, VI>n,if weUpenln or w¢ UL, then V() =1/ (), else if
@ € Upon Ims then |V/(w) — F'(n)| =0 and |V} (n) — F'(w)| is bounded by Asup,,_, |1,
(Lemma S.10). Therefore, V/(w) is a Cauchy sequence. Since each V) is continuous, V" is
continuous, V is a C! function, and V' = F' when VV = F. Q.E.D.
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S3. PROOFS IN SECTION 5
S3.1. Proof of Theorem 3
PROOF: Sufficiency: suppose f is UPS, let H be the potential function defining it. Then

o~
T

|2 ZE Ho) = HENF ) | = i B S (o) = H G
1

= L () — H (@)

is a function of (-, E[7]).

Necessity:Vm € A*(X) and T € [1, 00), define (ii,), T as follows: iy = E,[v], & ~ 7 and
[ = [y for t > 1. Define prob(7 = 1) = (1 — +)'+ for ¢ > 1 (independent to (f,)). Then
E[7] =T and p~ 7. Equation (9) implies that g(, T') - T is constant for all T’; hence, it
is wlog to define g(m, T) = k() 7, where k() satisfies the following identity:

E Zf(ﬁtlﬁ_l)] = k(i)

Define 7, as the fully revealing information structure with prior u and H () = k(77,).
Now, Var € A*(X), define (i,), 7 as follows: &, ~ 7, | ~ T 7 = 2. Therefore, equa-
tion (9) implies that

f(m) +Eq[f(7)] = k(7,)
= f(7m)=H () - E-[H@)].

f(ar) > 0 for all 7 € A*(X) implies that H is a concave function. Q.E.D.

S3.2. Proof of Proposition 1

PROOF: Let h(-) be defined by C'(L(h(x)C'(h(x)) — C(h(x)))) = x. Let A = &),
Suppose (p > 0, v) is the optimal policy at w. Then the optimality condition implies

V)V =V’ v—
BV () = ) (#})(M,V)(M)( )

i / ” / "¢y dedy

J (e, v)
/ / (V&) - T, (€ £)dédn
J(w,v)

— J(M,V)<A// ”(1)
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Note that 2 is the second derivative of H*(£) = (26 — 1) log(5 ;). Therefore,

(é- §2

J(w,v) <A-g"(V)(H*(v) — H* (1) — H (w) (v — 1))

L iv %) < Ag'(1)(H*(v) = H' () — HY () (v — ).

-

1 > min{ T -1 > 1. The contraposition proves
—p —p
Proposition 1. Q.E.D.

S3.3. Proof of Proposition 2

PROOF: Vu € E,letI = p - 5 the optimality condition is

V)=V =V (w)(—p)
v — pul

pV (1) =S}1plu(1 — 1) - C{).

Suppose for contradiction that the optimal » is interior and v > u, then the FOC for v is
V'») =V @)= —VE) -V -V -—mp)=

Vo) v 7O
V— V—

— V()=

<V'(v).

The inequality is by V' begin convex. Equality holds only if V'(§) = V'(v) for & € [u, v],
which is impossible because this implies V' (v) — V() — V'(u)(v — p) = 0. The strict
inequality leads to a contradiction. A symmetric argument rules out the v < u case as
well. Therefore, v € {0, 1} C E€. Q.E.D.

REMARK 1: Restricting attention to convex value functions when the cost is prior in-
dependent is justified by the following fact: The DM can always choose a prior inde-
pendent strategy (specifying the history-dependent choices of experiments and actions),
which yields an expected utility function that is linear in the prior belief. The optimal
value is then the upper envelope of all these linear functions, and hence is convex.

S3.4. Proof of Theorem 4

PROOF: Suppose u € D and pV (u) = max, 10°V"(u) — C(x(u, 0)). Assumption 4
states that k(u, o) = 302J/, (1, w). Then the optlmahty condition 1mp11es V() =C'(5 x
oI (i, )2, (e, w) for optimal ¢ = lo(u)? = C' (540 = pV(n) =

Ty () 7 T3, (u ©)

F L O () — C(C (57 82)). In other words, A(pV (1)) = 5722

T () (o) T7 (o) :
Since Gaussian learning is optimal at u, this suggests that sup, Y&V -V (W—p)

J(w,v)
cally maximized at v — w. Therefore, the FOC

Vi) =V J(wv)
J(w, v) T(p,v)?

is lo-

V@)=V =V () —mw)



16 WENIE ZHONG

must be nonnegative when v — u~ and nonpositive when v — u*. Consider the limit of
the FOC when » — u. The CHospital’s rule implies

V) -V -V -

tim (V) ~ 7, (1.) B _J, () - FOC)

: _ J(w, v)
pmFoC= fim 7] (4, )
1 (V/,(V) Ak V(pje)(; V) () — u))
"2 lim J; (1. »)
. 3 3 V) —V(u)(v—pw) ”
I (row -1 =B g . - FOC)
2 llmJ” (e, )
G () _ 7O V'(w)
_ lV () = T30 (s M)J;,V(M’ b _, 510

3 T (s )

Now consider h(pV (1)) — 7- :;“L). By assumption, it is nonnegative and achieves 0 at pu.

Thus, it is locally minimized at u, which implies FOC:

s (10 ) = 705 ) =0

I (s 1)
difpV (W) VO , V') e . )
du J” (o) T, M)Z( v (L5 L) +Jym(p,, ,u)) -
dh(pV (1)) T (s w)
= —g +h(PV(,U«))J,,( s
VO () I ) 50 L
= : w ) _ -
T (s )

The last equality is implied by equation (S.10). Now suppose for the purpose of contradic-
tion that there exists wu, — w such that 2(pl (o)) = J,,V(’;f,’i’;zn). This implies that equation
(S.11) holds for each w,:

dh
%(Wﬂy(u, )+ h(pV ()5 (ks M)) =0
TSROV g 1,y + LD (360 1y 47000, )
du du ’

+h(pV () (T, (o ) + T8 (s p)) =0
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= (pl (pV (W))V" (1) + p?h" (pV (w))V" (1)*) T, (125 1)
TG (s )

( V( )) J//( )2(

h(pV (w) (T8, (s ) + T, (11, 1)) =0

R (pV () h(pV () IS, (s 1)
W(pV(w) T, n)’

3) (€
2]1/1/,11,(""’ /"L) + ‘IVVI)/(/J” ,LL))

= ph (pV ()T}, (1, 1) —

IO (s ) e

T (s, )
+ (T (s ) + TS50 (1 ) = (S.12)

By assumption, u € D. Since V' (u) € [inf F, sup F], equation (S.12) cannot hold at w. So
K ={we D|pV () =max, (TZV”(,LL) C(k(u, 0))} contains no limiting point. Take any
compact subset M of D, M ﬂ K is finite, and hence of zero measure. V sequence of com-
pact subset M, satistying | JM, = D,>* K’s measure m(K) <> m(M,NK)=0. Q.E.D.

T (s ) + 75 (1> 1))

Proof of Corollary 1
PROOF: When C(I) = I%, h(x) is defined by A(x)(X)&1 — (")a%1 — x — h(x) =

e T . Since h(x) is a power function, LV@*) is a constant (that depends onl
I p Wx) P y
on a). ph'(px) =p“c - x~a .1 (aﬁ — alaa) . Therefore, J/ (u, ;u) is bounded away

from 0 smce J! (/u w) >0 and is continuous on compact set [0, 1], x~= is bounded below
by sup F~ & > 0. All other terms in L(u, x) are bounded since J € C*[0, 1]. Therefore, for

p large enough, L(x, u) > 0 and E = D. The rest follows from Theorem 4. Q.E.D.
Proof of Corollary 2

PROOF: Note that J! (u, n) = % is fixed, and hence is bounded away from 0, inde-
pendent of the choice of J. When ¢ — 0, all other terms except the first positive term in
L(u, x) converges to 0. Therefore, for ¢ sufficiently small, L(u, x) > 0 and E = D. The
rest follows from Theorem 4. O.E.D.

S3.5. Proof of Theorem 5

PROOF: Consider the discrete time problem:

1
Viw)= sup E|e "™ F (i) — 3 e "™ AB[H (ii,) — H (@i )| F] |- (S.13)
(we)eM, T 1=0

Equation (S.13) is defined analogously to equation (12), as the discretization of equa-
tion (11). Then the value in equation (11) is bounded above by limy, ., V. Take any fea-

$3Since J € C¥, D is open; hence, such sequence {M,,} exists.
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sible strategy ({1}, 7) of equation (S.13):

E e—pdt:r\F(ﬁ?) _ Tiefpdm/\E [H(ﬁt) _ H(ﬁz+1)|ft]
= Prob(7 = 0) E[F(fio) — A(H (81) — H (fio))]
+Prob(7 > 1)E[e " F (i) — AE[H (f,) — H (fst)| ] 7 = 1]. (5.14)

If equation (S.14) is negative, then stopping at ¢ = 0 is a strict improvement. Therefore, I
assume wlog all subsequent continuation payoffs are nonnegative. As a result,

E|e 7 F (i) = Y e AR [H (@) — H (@) | F]
< Prob(? = 0)E[F () — A(H () — H (io))]

e P UTF () — 3o Ae B [H () — H(E)|FIF = 1]

t=1

+ e??" . Prob(7 > 1)E

= Prob(? < )E[F(&7) — A(H (@) — H(7o))]

~

e—ﬂdz»q—F('a?) _ Z)\e—pdt.tE[H(ﬁt) _ H(ﬁ,ﬂ)lﬁ] |a_\2 2]

t=2

+ e??" . Prob(7 > 2)E

~ i (Prob(e < 0[P G A (1) 1)

e VT () = Y Ae P E[H(A) — H(@) | F)F 2 T

t=T

+ €™ . Prob(7 > T)E

)

=E[F(;) — A(H () — H(fo))]
< sup E.[F(v) - A(H(p) — H(v))].

Er[v]l=nro

Clearly, the uniform upper bound sup . ~ E.[F(v) — AM(H(w) — H(v))] does not de-
pend on dt¢. Thus,

V()< sup E,[F(v) — A(H(w) — H@))]. (5.15)

meA2(X)

On the other hand, take any = € A*(X) and p > 0. Let J, be a Poisson counting process
with parameter p. Define a compound Poisson process: w, = w if J, =0; u, ~ wif J, = 1.
Let 7 ={¢|J, = 1}. Then the expected payoff from strategy ({u), ) can be solved by the
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following HJB:
pV (1) = p(E-[F(»)] = V(1)) = M(p(E[H(w) - HW)]))

— V()= ﬁ(& [F(v) — M(H () — H®))]).

Since V' () > I//\(,u,) regardless of 7 and p,

V)= sup E[F) = A(H(w) —HE))). (5.16)
meA2(X)
Combine equations (S.15) and (S.16), equation (11) is proved. Q.E.D.

S3.6. Proof of Theorem 6

PROOF: Vu € E, it is WLOG to assume Supp(un) = X since states with zero prior prob-
ability are irrelevant. Let (p(u), v(r), o(r)) denote the optimal policy solving equation

3).

Step 1. Derive optimality condition. Suppose o(n) = 0 and let I(w) = —p(r) x
(H(v(w)) — H(p) — VH (p)(v(n) — w))- Equation (3) implies

V(v(p) =V () = VV (@) (v(p) — pn)
H(p) = H(v(n)) + VH () (v(1) — 1)

_ V() —V(p) - VV(p) (v — )
=P H () HG) + VH () (0 — )

By assumption, C(I) is strictly convex. I(n) is the unique solution to C'(I(u)) =
V) V) V0w s hence, pl/ (u) = I () C'(I(w)) — C(I(w)). Note that the function

H(p)—H(v(u)+VH (1) (v()—1)

fx)= %(xC’(x) — C(x)) is a C! and strictly increasing mapping from R* to R*. Thus, it
has a C! and strictly increasing inverse. Let h(x) = f~'(C'~'(x)). Then h(x) is a C' and
strictly increasing function and

pV (w) =1(1) — C(I(n))

— (). (S.17)

V(o) = V() — VV () (v() — 1)

— sup V) =V ) - VWV @ —r)
v H(p) —H@)+VH(u)(v—p)

(S.18)

The optimality condition implies

{G(V/) —G(p) = VG(w) (V/ - IJ~) <0, (S.19)
G(v(w) = G(k) = VG(p) (v(p) — 1) =0, '
where G(v) =V (v)+h(V (w))H (v). Equations (S.18) and (S.19) completely characterize

the solution of the HJB.
Suppose o(r) # 0, it suggests that using Gaussian signal is optimal; hence,

1 1
pV (w) =sup EO'T HessV (u)o — C(_EUT HCSSH(,LL)O') .
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Same analysis as in the previous case (omitted) implies the optimality condition:

B o(u)" HessV (w)o(p) ~un o’ HessV (u)o
o(uw)" HessH(p)o(n) -~ o HessH(w)o

BV (1)) = (5.20)

Step 2. Prove V (v(p)) > V() when o () = 0. Suppose for the purpose of contradic-
tion that V' (v(u)) < V' (w). Consider V' (u,) =V (av(n) + (1 — a)p) for a € [0, 1]. Since
A(X) is convex, u, € A(X). By equation (S.19), G(u.) < G(r) + VG () (e — ). For «
sufficiently small, u, € E. Now define G, =V + A H for Ay < h(V (r)). Then, since H is
strictly concave, G is strictly more convex than G; hence,

{Gl(p«a) = Gi(p) = V(1) (1o — 1) < 0;

Gi(ma) = Gi(v(m) = VG (¥(w)) (o — ¥(1)) <0
— Gl(l'LOl) + VGI(/“"&)(IU’ - lu’oz) < Gl(lu’)

or  Gi(ta) + VGi(pa) (#(1) — ta) < Gi(v())

V) V)~ VY ()~ )
M= () — H (o) + VH (1) (7 — )

=

The second set of inequalities are from the fact that (VG () — VG (a)) (e — 1) and
(VG1() — VG (1a)) (v(1) — 1o) are of opposite signs. This suggests that Ay < 2A(V (u,)).-
Since Ay < A(V (w)) can be chosen arbitrarily, V' (u,) > V' («), and this implies

dV(MCY) > 0

da a0
= V() —pn) =0
= V(@) -V -V () (r(p) —un) <0.

This implies pV' (1) < 0, contradiction. Therefore, we conclude that V' (v(u)) > V().
Step 3. Prove V (v(u)) = F(v(un)) when o(n) = 0. Suppose V' (v(u)) > F(v(w)). Define
G=V+h(V(n)H and G, =V + h(V (v(wn)))H. Then Vv € A(X):

G(v) < G(v(w)) + VG (r(w)) (v — v(w))
= G =G+ (h(V(v(w)) —h(V(w))H (@)
<G(v(w) + VG () v —r(w) + (A(V(r(n)) — h(V(n))H ()
<G(r(p) +VG(r(n)) (v —r(w))
+ (h(V(r(w)) = h(V(W))) (H (v(w)) + VH (v (1)) (v = v(w)))
— Gy (v()) + VG (v(1)) (v — v(1)).

The second inequality is by replacing G (v) using the first inequality. The third inequality
is from the strict concavity of H. The strict inequality G;(v) < G,(v(1)) + VG (v(r))(v —
v(w)) Vv implies that equation (S.19) has no solution. On the other hand, G(v) <
G(v(n)) + VG(v(wn))(v — v(r)) Yv implies that Hess G(v(uw)) is negative semidefinite,

. ol HessV (v(n))o

and hence Hess G;(v(w)) is negative definite — h(V (v(un))) > sup, THesHG U)o



OPTIMAL DYNAMIC INFORMATION ACQUISITION 21

Hence, equation (S.20) has no solution either. This suggests that 1/ (v(u)) could not pos-
sibly satisty equation (3), contradiction. Therefore, V' (v(u)) = F(v(w)).

Step 4. Let K ={u € E|h(V (1)) = sup,, —%}. Prove that K is nowhere dense.

Suppose for the purpose of contradiction that 3 nondegenerate close ball O in the interior
of K. Let u* be the center of O. Since V' is quasiconvex, the sublevel set {u|V (n) <V (u*)}
is convex. By the supporting hyperplane theorem, there exists a linear function Au + b
such that

Ap* +b=0;
Ap+b<0 = V(n)>V(u).

Define set Q = {u|u € O&Ap+ b <0}, Q ={u|u € O&Ap + b =0}, and 90 ={u|d0\
Q}. Now we are ready to draw a contradiction. Let L(u) =V (n) + h(V (n*))H (n), then
L(w) satisfies (i) L(nw*) =0, (ii) L(r) <0, Vi € A(X), and (iii) VL(u*) = 0. This implies
that Vu € Q \ w*, L(n) < 0.5 Since L is continuous, & £ sup,_,5 L(u) < 0. There exists
e > 0 sufficiently small that: e(Au + b) > 6 when u € Q. Therefore,

e(Ap+b)>L(p) YueQUIQ. (S.21)

Now consider u, = u* — aAd. Au, +b = —a|A| <0 so u, is in the interior of Q for a
sufficiently small:

d
da Lk —e(Apa+ D)) | =VL(w)- A+eld]>0.
Therefore, for « sufficiently small, L(u,) > e(Ap, + b). By continuity of L, there exists
b > bsuch that L(un) < e(Aun+b"), and equality holds at some u'. Since b’ > b, equation
(S.21) implies that u’ is in the interior of Q. Therefore, Hess L(u') is negative semidefi-
nite. Since by construction V' (u') > V' (u*), Hess V' (w') + A(V (n')) Hess H (u) is negative
definite. This contradicts the fact that ' € K. Therefore, property (i) is proved.

Step 5. Prove the policy function (v(w),I(w)) exists and v(u) € E€ (property (v)).
Vu € E \ K, the proof is done according to step 3. Now consider u € K. Since K is
nowhere dense, there exists u, € E \ K such that u, — w. By step 3, v(u,) € E€ so v(w,)
are bounded away from wu. Since E€ is bounded and closed, there exists converging sub-
sequence of v(u,). Without loss of generality, we assume v(u,) — v € EC. Since V is
continuous, V, C € C*(E) and h € C'(R"):

BT BT V<V(lu’n) - V(M‘n) - VV([.L,,) (V(I*Ln) - Mn))
MV ) = Jim () = S H (0 )) T VH () (i) — 1)
_ V@) =V ) =V —p)
H(p) —H@) + VH(u) (v — p)

Let v(u) =v and I(n) = f~'(V (1)), then (v(u), I(p)) solves equation (3). Since f~! is
C', I(n) € C'(E). Moreover, since f~! is an increasing function, /() increases in V' (u)

(property (iv)).

S41f L(u) = 0, then it is a local maximizer of L; hence, Hess L(u) is negative semidefnitie. If V' () > V (u*),
then Hess V' (w) + A (V (w)) Hess H (w) is negative definite. If ' () = V' (u*), then u € O and by quasiconvexity
of V,V(ap+ (1 — a)u*) is constant for « € [0, 1]. This implies L(aun + (1 — a)u*) being strictly concave in «,
and hence is strictly negative at u. Both lead to contradiction.
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Step 6. Prove properties (ii) and (iii). On E \ K, by the envelope theorem,
r 3 F(r(w) —V(p) = VV (&) (1) — 1)
Ip H(w) — H(v()) + VH (1) (v() — 1)
= Dy V()= m JUMEIE
y (_ Hess V (w) + h(V () Hess H ()
H(u) — H(v(n)) + VH(p) (v(1) — 1)

This proves property (ii). On E \ K, equation (S.19) implies
VEF (v(w)) = VV (1) + h(V () (VH (v(n)) = VH (1)) =0
= —HessV(u) -a+h'(V(w)(VV(r) a)(VH(r(r)) — VH(u))
+ h(V () (Hess H (v(w)) - Dov(p) —Hess H(w) - a) =0
—>  HessH (v(u)) - Dv(w)

HessV (u) - a
h(V (W)

Dyy-uh(V (1)) = (v() — 1)

(v(r) — M)) > 0.

=HessH(u) -a+

WV w)
h(V (W)

Let o =v(u) — u and replace D, .-,V (n):

_|_

VV () - a(VH(r) — VH (v(p))).

(v() — )" - Hess H (v(w)) - Doy (1)

AL
h(V (1))

BV ()
h(V (w))

K w)
h (V(M)) v(pw)—p

This proves property (iii). Q.E.D.

(H () — H(v()) + VH() (v(1) = 1)) DoV (1)

+

DoV () (VH (1) = VH (v(w))) - (v(w) — 1)

(H(v(n)) = H(p) + VH (1)) (1 = v(1))) > 0.
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