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S1. PROOFS OF THE RESULTS IN SECTIONS 3 AND 4

Additional Notation. WE USE X and Z to represent (X;, X, ..., Xy,) and (Z,, Z>, ...,
Zy,), respectively. Let U(0, 1) denote the uniform distribution on [0, 1]. Let U ~ U (0, 1)
and Uy, be the Mth order statistic of N, independent random variables from U(0, 1),
assumed to be mutually independent and both independent of (X, Z). It is well known
that Uy ~ Beta(M, Ny +1 — M). Let Bin(:, -) denote the binomial distribution. Let
L,(R?) denote the space of all functions f : R? — R such that [ |f(x)|dx < oco. For any
x € R? and function f: R? — R, we say x is a Lebesgue point (Bogachev and Ruas (2007,
Theorem 5.6.2)) of f if

1
lim
5—>07t /\(Bx,ﬁ)

/B |f(x) = f(z)|dz=0.

S2. PROOFS OF THE RESULTS IN APPENDIX A
S2.1. Proof of Theorem A.1

PROOF OF THEOREM A.1: We consider the complexities of two algorithms separately.

Algorithm 1.

The worst-case computation complexity of building a balanced k-d tree is O(d Ny log Ny)
(cf. Brown (2015)) since the size of the k-d tree is Nj.

The average computation complexity of searching a NN is O(log Ny) from Friedman,
Bentley, and Finkel (1977), and then the average computation complexity of search M-
NNs in {X;}", for all {Z;}}"!; is O(MN, log Ny).

Notice that |S;| = M for any j € [N,] and then |U;V:11 S;| < NiM. Since the elements of

each §; are in [N,], the largest integer in U;V:ll S; is Ny. Then the computation complexity

of counting step is O(N;M + N,) due to the counting sort algorithm (Cormen, Leiserson,
Rivest, and Stein (2009, Section 8.2)).
Combining the above three steps completes the proof for Algorithm 1.
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2 Z.LIN, P. DING, AND F. HAN

Algorithm 2.

The computation complexity of building a k-d tree is O(d(Ny + n)log(Ny + n)) from
Algorithm 1 since the size of the k-d tree is Ny + n.

For the searching step, for each j € [N;], the number of NNs to be searched is
M+ 1(lx: — Zi| < 1Xun(Z;) — Z;1). Then from (2.2), the total number of NNs
searched for all j € [NV,] is Zjﬁl M+ 1(lx; — Zi|l < 11X (Z)) — Zill)) = NiM +
Y Ku(x:). Let X, Z be two independent copies from v, vy, respectively, and are
independent of the data. Since [Z]-]j.v:l1 are ii.d. and [X,-]j\f1 U [x;], are i.i.d, we have
E[>"L, Ku(x;)] = nE[Ky(X)] = NinE[y(Au(X))] = Nln% since E[v;(An(X))] =
P(IX — Z| < 1Xu(2) — ZI) = P(U = Uw)) = 5,7 by using the probability inte-
gral transform. Then the average computation complexity for the searching step is
O(N;'N,M (N, + n)log(Ny + n)).

For the counting step, the computation complexity for counting U;ill S;is O(Ny+ N M)
since the cardinality of UjV:'] S; is at most Ny M and the largest integer is N,. The average

computation complexity for counting U;\’:ll S is O(Ny 'N:Mn + n) since the average car-
dinality of U;\Q] S’ is at most Ny 'N;Mn and the largest integer is n.

Combining the above three steps completes the proof for Algorithm 2. Q.E.D.

S3. PROOFS OF THE RESULTS IN APPENDIX B
S3.1. Proof of Lemma B.1

PROOF OF LEMMA B.1: From the Lebesgue differentiation theorem, for any f €
L;(RY), x is a Lebesgue point of f for A-almost all x. Then for v,-almost all x, we have
fo(x) > 0 and x is a Lebesgue point of f, and f; from the absolute continuity of v, and ;.
We then only need to consider those x € R? such that f;(x) > 0 and x is a Lebesgue point
of fy and f;.

We first introduce a lemma about the Lebesgue point.

LEMMA S3.1: Let v be a probability measure on R¢ admitting a density f with respect to
the Lebesgue measure. Let x € R? be a Lebesgue point of f. Then for any € € (0, 1), there
exists § = 8, > 0 such that for any z € RY satisfying ||z — x| < 8, we have

V(B ) V(B. . x))
A(Byjz—xi) A(B: 1)

Part 1. This part proves the first claim. We separate the proof of Part I into two cases
based on the value of f(x).

Case L.1. fi(x) > 0. Since x is a Lebesgue point of v, and v;, by Lemma S3.1, for any
€ € (0, 1), there exists some & = §, > 0 such that for any z € R? with ||z — x| < §, we have
for w e {0, 1},

Vo (Byjz—x)) Vi (B jz—x))
A(Byjz—x1) A(B.jz—x1)

Accordingly, if ||z — x|| <8, by A(B.,jx_z) = A(By,jx—z), We have

=€ fo(x) _ w(Beixzi) ABrjr—a) _ W(Beixar) _ 1+€ fo(x)
L+e€fi(x) = A(Boje—z) vi(Brjs—zi)  Vi(Brjs—z) ~ 1—€ fi(x)

—f(x)

=¢€

—f)|<e

- fw(x) = 6fw(x)'

- fw(x)

< €fu(x),

(S3.1)



ESTIMATION BASED ON NEAREST NEIGHBOR MATCHING 3

On the other hand, for any z € R? such that ||z — x|| > 8, vy(B..j.—x) = vo(B.5) >
(1—=e€)fo(x)A(B.<5) = (1—€) fo(x)A(By5), where z* is the intersection point of the surface
of B, s and the line connecting z and x.

Let ny = 4log(Ny/M). Since M log Ny/N, — 0, we can take N, large enough so that
L No 4M log(N") < (1 —€)fo(x)A(By5). Then for any z € R? such that vy(B, ,_) <

nvM /Ny, We have ||z — x|| < & since otherwise it would contradict the selection of N.

Let Z be a copy from »; independent of the data. Then

E[v1(Au(x))] =P(Z € Au(x)) =P@o(Bzix-21) < v0o(Bzixy2)-21))- (83.2)

For any given z € RY, [vy(B.,x, _)I, are iid. from U(0, 1) since [X;]Y are i.i.d. from
vo and we use the probability integral transform. Then vy(Bz,jx,z)-z) has the same
distribution as Uy, and is independent of Z.

Upper bound. With a slight abuse of notation, we define W = v,(Bz ,—z). We then
have, from (S3.1) and (S3.2),

E[Vl (AM(X))]
=P(W < w(Bzixp,2)-21))

(
(

M
P(VO(BZ 1v-z1) = vo(Bzjxyy2)-21)5 1 £ — x| < 5) + P<U(M) > 77NN )

P

IA

M M
W <vo(Bz,xy2)-21) < nNM) + P<Vo(Bz,|X<M>(Z)Z|) > 77Nﬁ())

P

M M
W = w(Bzixuy2)-21) = vy IIZ x|l < 5) +P<U(M) >Ny )
0

: M
P<1 n Z; Ex; Vi(By,jx-21) <0 (Bz,jxpp2)-21)5 1 Z — x| < 5) + P<U(M) > nNE)
M
P(l +z§02x; 1(Buje-z1) < vo(Bz, 12 2)- z|)> +P<U(M) > nNN())
— — € fo(x) - M
_P(l Tefin S U(M’) +P<U<M> g *’NNO)- (S3.3)

For the second term in (S3.3), notice that 1y — oo as Ny — co. Then from the Chernoff
bound and for N, sufficiently large, we have

N, M\ Ny (.. M
M0P<U(M) > nNﬁo) = M0P<B1n<No, nNﬁ() < M)

N,
= HO exp((l +logny — TIN)M)

N, 1 N, 1-2M
SNt
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Since M/Ny — 0 and M > 1, we then obtain

Ny M

No—o0

For the first term in (S3.3), we have

1+e€ fi(x)
_ N(] ! — € f()(X)
=3 | P(ve = 15556y
e fo(x) N
_1+efi(x) I o M - M 1+efi(x) [~ (No -
STk b (Vo= ) o= 125G [P (gt =)
1+€f1(X)N() 1+€f1()€) N(]
Tl-efy(x) M Ellan] =12 € fo(x) Ng+1° (83.5)
We then obtain
Ny €fo®),; _ _ltefix)
lljlvloljlolcp —P(1 e fi(x) U< U(M)) ST )’ (S3.6)
Plugging (S3.4) and (S3.6) to (S3.3) then yields
N, 1 1
li[{]njtlop MO [v1(Au(x))] < : J_“ i ;08 (S3.7)

Lower bound. We have, from (S3.1) and (S3.2),

M
E[v1(Ay(x))] = P(W < (Bzyxyp2-21)) = P<W < w(Bzjxpy@-z1) <M Fo)

= P( v (Bz.x2)-21) < 77NM7 I1Z — x| < 3)
> P( — : chigx; 1(Bris-z1) = V0 Bzaxuy@-21) = My i x 1Z — x|l < 5)
= P(i J_r z pr(l)gx; Vi(Buje-z1) < vo(Bzixyy2)-21) < nN]]:,/IO>
> P(i t Z Jf?gc; vi(Buix-z1) < n(Bz, |X(M)(Z)—Z)>
- P(VO(BZa|X(M)(Z)Z) > 77N%>
_ PG - ;‘;8 U< U(M)) - P(U(M) > W%). (S3.8)
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The second last equality is from the fact that for || Z — x|| > 6,

1+e fo(x) 1 +€f0(x) 1+ € fo(x) M
T—e ity Brana) 2 Ty 71 Bro) = T ey i = 9MBoo) > ma g,

and then that {*¢ ;08 vi(By,jv-z1) < vy, implies | Z — x| < 8.

For the first term in (83.8), we have

Nop(1+efo(x),, _ _l-efi(x) [Fenma M
(i V=) = 15 PV = ) o

If £ ;08 > 1, then by Uy € [0, 1], we have

No_(1+€ fo(x) - efl(x)No _1—€fi(x) Np
_P(l—efl(x)U U”“) Tre oo MVl = TR o N T

If 1 o®) 1 from the Chernoff bound,

1= f1(x)
W M
M
PlU,py > —t ) de
(ton= 3¢)

1te 0
I-€ fi(x) M

e (e = )
ARl L TR

— MlogM+M10g(1 j_L : ch?ggNo)}

Since fy(x) > 0 and M log Ny/N, — 0, we obtain

IA

No

. M M
Jim Lte for) No (U(M) = ﬁol‘) dt=0.

Ny— o0
—€ f1(x) ™

Then we always have

Ny (1+4€ fo(x) 1—¢€fi(x)
Jim_ MP<1 e S U““) [T e fox)’

Using the above identity along with (S3.4) to (S3.8) yields

—€ fi(x)
- 1 +€ fo(x) (83.9)

Lastly, combining (S3.7) with (S3.9) and noticing that e is arbitrary, we obtain

N
lim inf B[ (Ay ()] =

Ny fi(x)
11m ME[VI(AM(X))] e =r(x). (S3.10)
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Case L.2. fi(x) = 0. Again, for any € € (0, 1), by Lemma S3.1, there exists some & =
8, > 0 such that for any z € RY with ||z — x|| < 8, we have

vo(B.j:—x)) Vi(By ) e
A(Bjz—x1) ABojz—n) |~

Recall that W =vy(Bz._z;)- Thenif || Z — x|| < §, we have
W= (1-€)fo(x)A(Bz-z1) = (1 = €) fo(x)A(Byjx-z1) = €' (1 = €) fo(x) 1 (Br1x-2))-

Proceeding in the same way as (S3.3), we obtain

— fo(x)

= efO(x):

M M
E[n(Ay(x))] < P(W = VO(BZ,HX(M)(Z)—ZH)"’]Nﬁy 1Z — x|l < 5) + P<U(M) > ﬂNﬁ)
0 0

M

1—¢€
fP( fQ(X)UfU(M)>+P(U(M)>T]N—)
€ N(]

For the first term above,

—e Ny
N() 1—¢€ € 1 leO(x)ﬁ M
ﬁP< c fo()U < U(M)) 1 e /0 P<U(M) > mt) dt

fo(x)
€ 1 o NO
< Pl —U;py >t )de
_1—€f0(x)-/0 (M ““—)
€ 1 N, € 1 Ny

T 1-€fo(x) o Elonl =1~ € fo(x) No+1°

By (S3.4) and noticing € is arbitrary, we have

lim %E[w (A ()] =0 = r(x). (S3.11)

No—o0

Combining (S3.10) and (S3.11) completes the proof of the first claim.

Part II. This part proves the second claim. We also separate the proof of Part II into
two cases based on the value of f;(x).

Case IL1. fi(x) > 0. Again, for any € € (0,1), we take & in the same way as in
Case I.1. Let ny = nn,, = 4plog(No/M). We also take N, sufficiently large so that

"TNNMO =~4PNMO 10~g(%) < (1 =€) fo(x)A(Bo,s).

Let Zi,...,Z, be p independent copies that are drawn from », independent of the
data. Then
E[le(AM(X))]

= P(Zl, ey Zp € AM()C))
=P(o(Bz,.15-2,1) = (B2, 1200 Z0)-211)5 - - » 0Bz, 15-2,1) < Y0(BZ,.1x00) Z0)-Z,1)) -

Let Wi = v(Bz 1x-7,4) and Vi = v0(B7, 1x,,Z)-7.) for any k € [p]. Then (Wilr_,
are i.i.d. since [Z;];_, are i.i.d. For any k € [p] and Z; € R? given, V| Z; has the same
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distribution as U ). Then for any k € [p], Vi has the same distribution as Uy, and V} is

independent of Z;.
Let Wiax = maXgcp,) Wi and Vi = maxgcp,p Vi. Then

E[Vf(AM(X))] < P( max — max)

M M
<P Woax < Voax < v — Pl Vi — ). S3.12
< ( ”fINN)‘i‘ < >TINNO> ( )

0

For the second term in (S3.12),

M u M M
Vinax — ) < P| V; — Pl U
( >”’7NNO> 2 <k>7)NNO> p ( (M)>7)NNO>

Proceeding as (S3.4),

N, M N, 1 N\ P2
(3) P( =) = (5¢) ee(5mn)=(5)

We then obtain

. (No\’ M
lim <MO> P(Vmax > nNﬁ) =0. (S3.13)

Ny—o0 0

For the first term in (S3.12), notice that [v (B, z,-.)];_, are i.i.d. from U(0, 1) since
[Z]7_, arei.i.d. We then have

(uy

|

M
Wmax S Vmax S
( N )

IA
TN TN TN TN T

p M -

0

Ny
M
Ny € fo(x) M
M P B max = - Z —_ <6
M) <1+ef1(x) 2ex 1 Braz-n) < Vo < v, M| Zi = x|
Ny € fo(x)
< M P B <Vmax
<(3r) P(i5eh maynbaa
No\" [ o e i)
= M) /OPZ P(Vmax21+€fl(x) ,f?ﬁ,xvl(BXHZk x|)—t>dt
_p<1+€f1(x)>p
1—€ fo(x)
Le 19 Ny
+e fi(x) M

M
PP Vo > —t
(Vo= 5

0

1+efi(x) M
R

X
o\.,

ma B, 7 _.)=
ke[[;](]Vl( %1 Zg xu)
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~(r=eqi) [ (=5

kelpl EfO(x) Ny
1—e fo®) No

Fe o) M M 1—|—ef1(x) M
t? 1P dex > —1 Bx X de|.
+ 1 < =N, ‘ I?l[idx vi(Byz-x) = T—¢fo(®) No

1+e x) M
max v (B, 7, ) = [i(x) t) dr

For the first term,

1
M
tP]P<VmaX > _—t
fo Ny

For the second term, using the Chernoff bound, conditional on 7= (Z, cees Z )
1—€ fU(x) Ny

e H(®) M - ]P< )dt
5/ (1+t)”1P(VmXZ—(1—|—t)‘2> dt
0 NU

< /Om(1+t)p1[2p:P(Vk > %(Mrt) ‘2)} dr

o M
:p/ (1 + l)p]P(U(M) > _(1 +t)> dt
0 NO

1+efi(x) M /l B :
B —t)dt< | #Mdr=—
l{n[[aP](]Vl( X017 XH) —efo(x) Ny o d

max —
1

p—1

< p/ooo(l + )" N1+ )M exp(—tM) dt < V2w pM~'7 (1 + %) (14 0(1)),

where the last step follows from Stirling’s approximation with M — oo.
Then we obtain

. No’ M 1+efi(x))”
1 s P Wmax =< Vmax; Vmax — | =< 3.14
msun (57 ) P( w)= (k) o

Plugging (S3.13) and (S3.14) into (S3.12) yields

oo () o= (H20) < (220 s

Lastly, using Holder’s inequality,

(%)pE[y{’(AM(x))] > []AV; [”1(AM(X))]T

Employing the first claim, we have

liminf(%) E[! (An())] = [r)]. (53.16)

Ny—o0
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Combining (S3.15) with (S3.16) and noting that € is arbitrary, we obtain

lim (%) E[v] (Au(x))] =[r(x)]". (S3.17)

No— o0

Case I1.2. fi(x) =0. For any € € (0, 1), we take 6 in the same way as in the proof of
Case 1.2 and take ny as in the proof of Case II.1.
By (S3.12),

(%)pE[vf’(AM(x))] < (%)%(Wm < Vax < an:fO) + (%)%(Vmax > m%})

For the first term,

No\’ M
Fva P Wmax = Vmax 5
(3¢) (o Vo2 )

N\’ [1—¢€
< <MO> P( fo(x) max vy (BiiZ—x1) < VmaX>
No\? [ 1—
= — tp71P Vmax >
(M) / P ( T e
PR
= p(LL) / ' N tp_1P<Vmax Z Mt
1—efix)) J Ny

Then proceeding in the same way as (S3.14), we have

msun(7) P )= (iZerm)
limsup( — | Pl Whax < Vinax <
Nmp(M> w 1— e fo(x)

Lastly, using (S3.13) and noting again that € is arbitrary, we obtain

€
fo(x)t‘ max vy (B, 7, ) = t> dt
kel p]

gﬁ vi(ByZ—x) = )dt-

lim (%) E[v/(Au(x))]=0=[r(x)]". (S3.18)

No—o0

Combining (S3.17) and (S3.18) then completes the proof of the second claim. Q.E.D.

S3.2. Proof of Theorem B.1

PROOF OF THEOREM B.1(i): By (2.4) and that [Z ] _, are ii.d,

E[?M(x)] - E[%?KA;\;X)} No |:Z]l (Z; e AM(x)):| [VI(AM(x))]

Employing Lemma B.1 then completes the proof. Q.E.D.
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PROOF OF THEOREM B.1(ii): By Hoélder’s inequality, it suffices to consider the case
when p is even. Because x? is convex for p > 1 and x > 0, we have

E[[Pu(x) — r(x)|"]
<27 (E[[fu () — E[f () [ X]|"] + E[[E[Fu ()| X] = r(0)|"]). (83.19)

For the second term in (S3.19), Lemma B.1 implies

NloiinooEHE[?M(x) | X] - r(x)|p] = NloiinooEH%Vl(AM(x)) —r(x)

,,] =0  (S3.20)

by expanding the product term.

For the first term in (S3.19), noticing that [Z,]jvz‘1 are ii.d, we have Ky (x)|X ~
Bin(Ny, v1(Ay(x))). Using Lemma B.1 and M N,/N, — oo, for any positive integers p
and g, we have

im (o )"E[vaf(AMu))] ~[r@)]".

No—0 NlM
. No \' [ No\!
]\llglinoo<N1[(;4) (ﬁo) E[nyf“’(AM(x))] = [’(x)]p+q,

and then E[N/v” (A (x))] is the dominated term among [E[N*¥}" (A (x))]]k<p.q=0-
To complete the proof, for any positive integer ¢ and Z ~ Bin(n, p’), let u. = E[(Z —
E[Z])¢] be the cth central moment. By Romanovsky (1923), we have

du.
Met1 = p’(l —_ p/) (nC/-Lcl + d—/:;,)

Then for even p, we obtain
p/2
E{(Kn() = N (4 (0))"] S E[Non (A )] 5 ()
0

The first term in (S3.19) then satisfies

p p/2
E[[7 (x) — E[fu(x) | X]|"] = (szfgd) E[(Ku (x) = Ny (Au(%)))"] S <N1:]]O\/I> :

Since MN/Ny — oo, we obtain

NloiinooEH?M(x) — E[fu(x) | X] |p] =0. (S3.21)
Plugging (S3.20) and (S3.21) into (S3.19) then completes the proof. Q.E.D.

S3.3. Proof of Theorem B.2
PROOF OF THEOREM B.2: We first cite the Hardy-Littlewood maximal inequality.
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LEMMA S3.2—Hardy-Littlewood Maximal Inequality (Stein (2016)): For any locally
integrable function f : R? — R, define

Mf(x) = sup |f(2)|dz.

1
5-0 A(By) Bys

Then for d > 1, there exists a constant C; > 0 only depending on d such that for all t > 0 and
f € Li(RY), we have

Afx:Mf(x) > 1}) < %||f||L1,

where ||-||., stands for the function L norm.

Let € > 0 be given. We assume € < f;. From Assumption B.1, S, and §; are bounded,
then v, and v, are compactly supported. Since fy, fi € L;, and the class of continuous
functions are dense in the class of compactly supported L, functions from simple use of
Lusin’s theorem, we can find gy, g; such that gy, g, are continuous and || fy — gollr, < €
and || f1 — gill, < €.

Since gy, g1 are continuous with compact supports, they are uniformly continuous, that
is, there exists § > 0 such that for any x, z € R? and ||z — x|| < 8, we have |go(x) — go(2)| <
% and |g1(x) — g1(2)| < %

For any x € R, we have

1
s, 1A= A

< /\(le’s) /BX’BHJCO(X) - go(X)| + |go(x) - go(z)| + |f0(z) - go(Z)|]dZ

= o) — g0 + ﬁ [ st a2 dz

+ A(;x,a) Bx15|f0(z) — 8o(2)|dz. (83.22)

For the first term in (S3.22), using Markov’s inequality, we have
A({x : |f0(x) — go(x)| > 62/3}) <3e?|fo— goll, <3e. (S3.23)

For the second term in (S3.22), by the selection of &,

2

€
[80(x) = 80(2)] dz = max|gy(x) — go(2)| = 5. (S3.24)

1
A(BX,S) Bys

For the third term,

1
_)\(le,a) ., [fo@ (@) dz <sup T /Bx,Jfo(z) =~ 80(2)|dz =M(fo — 80) (¥)-
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Lemma S3.2 then yields
)\({X . M(fo — go)(X) > 62/3}) < 3Cd€_2||f0 — gOHLl < 3Cd6. (8325)

We can establish similar results for fi, g;.
Let

Ay ={x:[fo) = go(®)] > €73} U [x: |fi(x) — gu(w)| > €/3)
U{x :M(fo — g0)(x) > €/3} U {x : M(fi — g1)(x) > €°/3}.
Plugging (S3.23), (S3.24), (S3.25) into (S3.22), for any x ¢ A; and ||z — x|| < §, we have

1
A(B.s)

1
A(B.s)

[ 1560 - o)l dz <e [ 150 -p@lde=e,
By.s Bys
and A(A;) <6(C,;+ 1)e.

Let A, ={x: fi(x) < €}. We then separate the proof into three cases. In the following,
it suffices to consider f;(x) > 0 due to the definition of L, risk.

Casel. x ¢ A, U A,. By € < f; and the definition of A,, for any x ¢ 4; U A, and |z —
x| =6,

1
/\(Bx,é) Bx’g

1 .
A(B..s5) /Bx,5|f1 (¥) = fi(2)|dz = €* < €fi (x).

|f0(x) - f0(2)| dz<é <ef, < efo(x),

We then obtain for w € {0, 1},

V(B jz—x))
AByjjz—x1)

V(B2 jz—x)

- fw(x) )\(Bz,uzfxu)

< efu(x), — fu(¥)| < €fu(x).

Let my = mn,, = 4plog(Ny/M). We also take N, large enough so that nNNMU =
4ptlog(5) < (1 — €)fiA(Bys). Then for any x € R such that fy(x) > 0, we have
TINNﬂO < (1 =€) fo(x)A(Bo,s).

Proceeding as in the proof of Case II.1 of Lemma B.1 and also Theorem B.1 by using
Fubini’s theorem, since € is arbitrary, we obtain

lim E[ / [P (x) — ()" fo(X) 1 (x ¢ A, U Ay) dx:| =0. (S3.26)

Ny— o0

CaseIl. x € A, \ A,. In this case, we have

M - <e€e M _ <e
A(Byjz—x1) fo(x)| = efo(x), A(B.1- ) fo(x)| < €fo(x),
m - <€ M _ < €2
A(Bx.jz-x1) h)| =< A(B:,jz-x1) hw)] =€
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Take ny and take N, sufficiently large as in Case I above. Proceeding as the proof
of Case I1.2 of Lemma B.1 and also Theorem B.1 by using Fubini’s theorem, since € is
arbitrary, we obtain

NliinocE[ / [ (x) —r(x)|" fo(x)L(x € 4>\ Ay) dx} =0. (S3.27)

Case IIL. x € A4,. In this case, for any x € 4; and z € Sy, vo(B. jz—x)) = fLA(B. jz—x) N
So) = af  A(B. j—x)) = %w (By,)z—x)- Then for any x € Ay, from (S3.12) and in the same
way as (53.14),

(5) Bt (anN = (57 ) PO <)

No\’ (@
< (MO) P(% max Vl(Bx,sz—XH) = Vmax)

v kelp]
fu

< (E)p(l +o(1)) =0(1).

Proceeding as in the proof of Theorem B.1, and due to the boundedness assumptions
on f; and f;, for any x € 4; and p even,

E[I7u() ~ r0)|"] S E[Fu(0) ~ EFu() | X]"] + ELERu LX) ]+ o] <1
Then
E[/]Rd |?M(x) — r(x)|pf0(x)]l(x € Al)dx] < fud(A4)) Se.

Since € is arbitrary, we have

lim E[/ [Far(x) = r(x)|” fo(x)L(x € A)) dx] =0. (S3.28)
000 R
Combining (S3.26), (S3.27), and (S3.28) completes the proof. Q.E.D.

S3.4. Proof of Corollary B.1

PROOF OF COROLLARY B.1: Corollary B.1 can be established following the same way
as that of Theorem B.2 but with less effort since we only have to show

NIOiLnOOE[/RJE[?M(x) | X] —r(x)|" fo(x) dx] =0.

In detail, denote the Radon—-Nikodym derivative of the probability measure of W with
respect to v, by ry. We then have
]

%vl (Au(x)) = r(x)

lim sup EH %vl (Au(W)) —r(w)

No—o0

=limsupE [/
Ny—o00 R4

p

o (2)fo ) dx]
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glimsupE[/Rd‘%vl(AM(x)) —r(x)

No—o0

pfo (x) dx:|

=limsupE[/]Rd|E[?M(x) |X] — r(x)|1’f0(x) dx:| =0,

No—o0
where the last line has been established in the proof of Theorem B.2. Noticing that
E[r(W)]? is bounded under Assumption B.1, the proof is thus complete. Q.E.D.

S3.5. Proof of Theorem B.3

We only have to prove the first two claims as the rest are trivial.

PROOF OF THEOREM B.3(i): For any z € R such that ||z — x|| < §/2, since B, |, C
Bx,ZHz—xH C Bx,5> we have

Vo (B jz—x1) 1

By N =NE v(y) = fo(x)|dy <2L|z — x|,
/\(Bz’ HZ—xH) f (X) /\(Bz, \Iz—xll) /BZA,ZX |f (y) f (X)| Y ”Z X”
V1(By,jz-x1) 1

MB. ._.) ! N7 Y 1Y) — fi dy<L|z-x]|.

)\(BX,HZ—XH) f (x) = /\(Bx,l\z—xH) v/Bx,zx |f (y) f (X)| Y= ”Z x”

Consider any 6y > 0 such that 6y < /2. If ||z — x|| < 6y and fy(x) > 2L &y, then

fo(x) =2LSx _ vo(Bejez) MBrjx—ai)
fitx) + Loy = AMB.je—z) vi(Brje—z)

If further f;(x) > Ldy, then

Vo(Bzjeat) ABujn—z) _ folx) +2L8y
A(B.jx—z) vi(Byjx—zy) — fi(x) = Léy .

On the other hand, if ||z — x|| > 6y and fy(x) > 2L6y, vo(B.,j.—x) = (fo(x) —2L6y) %
A(Bosy) = (fo(x) — 2L8y)V,84, where V), is the Lebesgue measure of the unit ball on
R,

Let 8y = (ﬁ)”d(%)“d. Since M /N, — 0, we have 6y — 0 as N, — oco. Taking N,
large enough so that §y < f./(4L) and 8y < §/2, then 2LV, 84 = N 7 On <247. Then
for any (Vo, Vl) S ,Px,p(fLa fU, L7 d7 6)7

)M M M

—2L8)V,8% > 4 .
(fo() Vadyy = 470 =20 = 24

With a slight abuse of notation, let W = vy(Bz,,—z;). Then W < ZNMO implies that || Z —
x| < oy.

Depending on the value of f;(x), the proof is separated into two cases.

Casel. fi(x) > Léy.
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Upper bound. Proceeding similar to (S3.3), we have

B (0] = S B[ (Aw ()] = 5P = 1B -)

IA

M N(] M
PIW =vo(Bzxp2)-21) < 2ﬁ0) o <U(M) > 2N )

IA

ERSSENEENE
"U

Ny M
P(W < vo(Bz,jxp2)-21)s 1 Z — x| < ) + MP<U(M) > 2ﬁ0>

_ Ny folx) —2Lay

N, M
+ —OP<U(M) > 2—)

VI(BX,foZH) = VO(BZ,HX(M)(Z)—ZH): 1Z — x|l < 5N)

M

0 fo(x) — 2L8N NO M
—P|—— —P 2— ). 3.29
=M (fl(x) T Loy, =V )P\ Ve =2 (53.29)

For the second term in (S3.29), since M /log Ny — oo, for any y > 0,

N, M\ N, M
M“P(U(M) > 2ﬁ> ﬁP(Bm(NOJﬁO) §M>

- %No—(l—log%M/lOgNo <N;”. (S3.30)

For the first term in (S3.29), proceeding as (S3.5), we obtain

fo(x) —2Lby - _ filx)+Léy N
M ( A T Loy © = U““) = fo(x) —2Léy No+ 17

Then we obtain

fl(X)+L6N N()
Effi ()] < fo(x) — 2Ly N+ 1

o(N;7). (S3.31)

Lower bound. Proceeding similar to (S3.8), we have

E[7y(x)] = —E[n(Au(x))] = %P(W < (B2, 12 (2)-21))
> — P\ W =v(Bzxp@2)-21) = 25:2)

M
’p < (Bz x4 2)-21) < Zﬁo’ |Z — x|| < 6w

E_\UZ ilz <= 23

M
N (Bx,jx-z1) =0 (Bz x40y (2)-21) = 2—, 1Z x| < 5N)

(
(v
( (x) +2L8y
- (Fo oo

fox) +2L5 M
01 (Buje-z1) < 0 (Bzjxyy2)-21) < Zﬁo

fi(x) — Léy
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N() fo(X)+2L8N NO M
> 0p( TV TN g ) = 20Uy > 20—
=M (fl(x)—LSN =Hon ) T\ Voo = Sy

fow+2Lsy Ny

f] (X) — L8N / fi-Loy M M N() M
= 07 SON P(U, > —1)di — 2P U, > 22 ).
fo(x) +2Lax Jy 0 =N, A L YA

fo(x)+2LéN

Consider the first term. If e

> 1, then

fo(x)+2Lé N No

fl(X) — L8N / fi)-Léy ™M P(U(M) > Mt) df — fl(x) —L(SN N()
0

fQ(X)+2L5N N(] fo(X)+2L6N N(]+1
If % < 1, using the Chernoff bound, for any y > 0,

No
™

Pl Uqy > —M dr
fo)+2LsN Ny (M) = Not
Fi@—Loy M

f1(x)-Léy

No
" M L1 No fr
=/, P<U<M> = mf) dr= [l‘ f_U]MP<U<M) . E)

fu M

< |:1 — %}%exp[M — ;—;NO — MlogM+M10g(;—;No)] <N,’.

The last step is due to M log Ny/N, — 0. Recalling (S3.30), we then obtain

_ fA(x)—Ldy N .
E[rM(x)]ZfO(x)+2L8N N1 o). (S3.32)

Combining (S3.31) and (S3.32), and taking N, large enough so that Léy < fy A (f./4),

we obtain
|E[Fu(x)] — r(x)|
fitx)+ Loy Ny fi(x) fitx)=Loy Ny fi(x)
fO(X) —2L6N N0+1 fo(X) fo(X)+2L6N N0+1 fo(X)
< fQ(X)LSN +2f](X)L5N 1 f](X) +L5N O(No_y)
fo(x)(fo(x) —2L8y)  No+1 fo(x) —2Léy

- 2 Afy 4f, 1 -
=< (f_L+f_z>L6N+f_LN0+1 +0(N0 )

By the selection of 6 and that the right-hand side does not depend on x, we complete
the proof for this case.

Case II. fi(x) < L&y. The upper bound (S3.31) in Case I still holds for this case. Ac-
cordingly, taking N, large enough so that Léy < f; /4, we have

|E[Fy (x)] = r(x)| <E[fu(x)] +r(x)

_AW+Ley Ny fi()
T fo(x) =2L6y No+1  fo(x)

\%

+0o(Ny”)

+o(Ny”)
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4 1
<—Léy+—Léy+ O(No_y)
fr fr

We thus complete the whole proof. Q.E.D.
PROOF OF THEOREM B.3(ii): By the law of total variance,
Var[Fy(x)] = E[ Var[7y (x) | X]] + Var[E[F (x) | X]]. (S3.33)

For the first term in (S3.33), let Z be a copy drawn from v, independently of the data.
Then, since [Zj]j.vzl1 are i.i.d,

E[Var[fy (x) | X]] = E[Var[NJ:];VIKM(x) ) X]]

ool

_ M SE[Var[1(Z € Ay (x)) | X]]

N.M
0 ) N;
= NleE[Vl (Am(x)) = Vl(AM(x))] < NIMZE[Vl(AM(x))]
- NIY](;/IE[?M(X)] S N]YL (S3.34)

where C > 0 is a constant only depending on f;, fi;. The last step is due to (S3.31).
For the second term in (S3.33), notice that

Var[E[Fy(x) | X]] = Var[E[NIY;/IKM(x) ‘X:H = (%>2Var[v1 (Ay(x))].

Recalling that W = vy(Bz .-z ), we have the following lemma about the density of W
near 0.

LEMMA S3.3: Denote the density of W by fy . Then for any (vo, v1) € Py, (fr, fu, L, d, ),

fw(0) =r(x).

Furthermore, for any € > 0 and N sufficiently large, we have for all 0 < w < 2M /N,,

wp fuw) = +92t

(v0,v1)€Px,p(fL.fU,0,L,d) f
Due to Lemma S3.3, we can take N, sufficiently large so that for any 0 < w <2M/N,,

sup fw(w) < 2%.

(»0:71)€Pux,p(fL.fu»8,L.d)
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Let Z, Z be two independent copies from v, that are further independent of the
data. Let W = V(J(BZ Ilx— ZH) and W = V()(BZ flx— ZH) Let V = V()(BZ 1% (Z)— ZH) and V =
V()(BZ’”X(M)(Z) 71)- We then have

Var[vy (Ay ()] = E[v2(Au (x))] = (E[m1(A4u (x))])°
=P(Z € Ay(x), Z € Au(x)) —P(Z € Ay (x))P(Z € Ay (x))
=P(W <V, W <V)—P(W <V)P(W <V).

Due to the independence between Z and Z, W and W are independent. Notice that
V| Z have the same distribution as Uy, for any Z € R?, then ' and Z are independent,

so are IV and Z.
Let us expand the variance further as

Var[v; (A (x))]

-{HWSWHWSW

M ~ o~ o~ M
—P(WsV,Wszﬁ)P(WsV,Wsz—)] (83.35)

0

For the first term in (S3.35), we have the following lemma.

LEMMA S3.4: We have

No\? ~ o~ M ~ M
— | ([PIW<V, W<V, W<2— ,W<2—
(M>[ ( N B Ny No)

M ~ o~ M
—-PIW<V,W<2—|PIW<V,W<2—
( 7 TN ( - T No)]

0

where C > 0 is a constant only depending on f, fu.

For the second term in (S3.35),
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M ~ M M
PV >2— PV >2— ) =2P( U, 2— ).
( g No)+ ( g N0> ( o0 > No)

Using the Chernoff bound and M/log Ny — oo, for any vy > 0,

No\’ M ?
0

We then have

M

No\’ M _
< 2<M°) P<U(M) > 2ﬁ0> <N,". (S3.36)

For the third term in (S3.35), we can check

N N~ M ~ M
( “) [P(W<V W<V)— P(W<V,W§V,W§ N W < F)}
0

o M\ ([~ ~ o~ M
[P(Wf VYP(W <7) —P(Ws v, W§2ﬁ>P<W§ V, Wgz—ﬂ > 0.

0

Plugging Lemma S3.4 and (S3.36) into (S3.35) by taking y > 1, we obtain

(;"4‘]) Var (A ()] £ € (5337)

where C > 0 is a constant only depending on f;, fu.
Plugging (S3.34) and (S3.37) into (S3.33) completes the proof. Q.E.D.

S3.6. Proof of Proposition B.1

PROOF OF PROPOSITION B.1: We take vy and v, to share the same support, and assume
x to be the origin of R¢ without loss of generality.
When N; < N,, we take v, to be the uniform distribution with density f; on

~

[—f,"4/2, f;"“/2]¢. Then the MSE is lower bounded by the density estimation over
Lipchitz class with N; samples.

When N, < N, we take v; to be the uniform distribution with density fy on
[—f;"¢/2, f;"¢/2]¢. Notice that 1/f, is also local Lipchitz from the lower boundness
condition and local Lipchitz condition on f;. Then the MSE is lower bounded by the
density estimation over Lipchitz class with N, samples.

We then complete the proof by combining the above two lower bounds and then us-
ing the famous minimax lower bound in Lipschitz density estimation (Tsybakov (2009,
Exercise 2.8)), Q.E.D.

S3.7. Proof of Theorem B.4

PROOF OF THEOREM B.4: We only have to prove the first claim as the second is trivial.

Take 8y = (73-)"“(5)"* as in the proof of Theorem B.3(i). Take &, = (;5-)"

(NMO)W . For any x € R?, denote the distance of x to the boundary of S; by A(x), that is,
A(x) =inf.gss 1z — x|
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Depending on the position of x and the value of A(x), we separate the proof into three
cases.

CaselL. x € §; and A(x) > 26y. In this case, since A(x) > 28y, for any ||z — x|| < 6y, we

have B, ._, C S;. From the smoothness conditions on f; and f;, similar to the proof of
Theorem B.3, we have

E[/Rd Far(x) — r(x) | fo(x)L(x € S1, A(x) > 28y) dx}

= /R (EFw@ = r(]) A0 (x €S, A(x) > 28y) dx

< C[(%)W + (%)m + (AZ”W)UZ] /Rd fo()1(x € 8y, A(x) > 28y) dx
< C[(%)W + <%)m + (ijsfl)l/z], (S3.38)

where the constant C > 0 only depends on f;, fy, L, d.
CaseIl. x € Sy \ S and A(x) > &),. In this case, r(x) =0 and for any z € S,

M
W0 (Bzjz—v1) = fLA(B: 2= N So) = af L A(B.z—yy) > af Va8 = Zﬁ-
0
Then for any y > 0,
A 5y Ny
E[|rM(x) — r(x)|] = E[rM(x)] = ME[Vl(AM(x))]

N, Ny _
= MOP(W <v(Bzixpp2)-21)) < MP<U(M) > 2N ) <N,
We then obtain

E[/d|?M(x) — r(x)|f0(x)]l(x ¢S, A(x) > 6;\,) dxi|
R
<N07/ fo(X)L(x €85\ Si, A(x) > &y)dx <N, ”. (S3.39)
Rd

CaseIIL. x € §) and A(x) < (26y) V 8} . In this case, for any z € S,

af —V1(Byjz-x))-

Vo (B jz—xi) = fLA(Bzjz—x) N So) = af L A(B.j—vy) = 2

Accordingly,
E[|?M(X) - r(x)|] = E[7M(x)] +r(x) = %P(W = VU(BZ’”X(M)(Z)—ZH)) +7(x)

= (afL Vi(Bu,ix-z1) = v0(Bzjxp 2)- Zu)) +r(x)

f
fu fu

afr
SM (f U<U(M)>+I”(X) f(1+0(1)) fL.
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From the definition of 8y, &), and M /N, — 0, we have 8y, 8, — 0 as Ny — oo. Since
the surface area of S, is bounded by H, we have A({x : A(x) < (28N) v o) S H{(26y) Vv
0} Then we obtain

E[/d [Far(x) — r(x) | fo(x)L(A(x) < (28x) Vv 5}\,)dx}

(];UL(l—i-o(l) )/ HEOLAR) < (264) v 8,) d

fu fu , - ,
(af (1+o0(1) + % )fU ({x:AG) < 28) v 8, )

< (Z;’L ff:)fu (8w +8)) < C(%)w, (S3.40)

where the constant C > 0 only depends on f;, fy, a, H, d.
Combining (S3.38), (S3.39), (S3.40) completes the proof. Q.E.D.

S3.8. Proof of Proposition B.2

PROOF OF PROPOSITION B.2: We take v, and », to be of the same support.
When N; < Ny, we take v, to be the uniform distribution with density f; on
~Y y
[—f;"¢/2, f;"%/2]%. Then the L, risk is lower bounded by the L, risk over support of
density estimation over Lipchitz class with N; samples.
When Ny, < N;, we take v; to be the uniform distribution with density fy on
~Y y
[—f,"4/2, f;"¢/2]¢. Notice 1/f, is also Lipchitz from the lower boundness condition
and Lipchitz condition on f;. From the lower boundness condition on f;, the L, risk is
lower bounded by the L, risk over support of density estimation over Lipchitz class with
N, samples.
We then complete the proof by combining the above two lower bounds and then using
then the minimax lower bound of L, risk for density estimation over Lipchitz class (Zhao

and Lai (2022, Theorem 1)). Q.E.D.

S4. PROOFS OF THE RESULTS IN APPENDIX C
S4.1. Proof of Lemma C.1
PROOF OF LEMMA C.1: For any x € X, define o2(x) = E[U2|X = x] = E[[Y(w) —
Lo (X)) | X =x] for  €{0, 1}. Let

. 2 e_ 1y Ku()Y
VT =E[m(X) — po(X) —r]° and V _EZ(HT) a3, (X))

i=1

From the central limit theorem (Billingsley (2008, Theorem 27.1)), we have
Jn(F(X) —7) =5 N(0, V7). (S4.1)

Let Ey ;= (2D; —1)(1+ Ky (i)/M)e, for any i € [n]. Conditional on X, D, [E\ ;]\, are
mdependent Notice that E[Ey ;| X, D] =0and }_;_, Var[Ey ;| X, D] = —nVE To apply the
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Lindeberg-Feller central limit theorem (Billingsley (2008, Theorem 27.2)), it suffices to
verify that: for a given (X, D),

11/5 > E[(Ew.)’1(|Eu.| > 8¥/nVE) | X, D] - 0,
n i=1

for all 6 > 0.

Let Cy =sup,x yeo.{E[|1Uo"™ | X = x] vV E[U. | X = x]} < 00. Let p; =1+ «/2 and
P> be the constant such that p;' + p;' = 1. By Holder’s inequality and Markov’s inequal-
ity,

1 n
WVE > E[(Ew.)’1(|Eml > 8v/nVE) | X, D]
i=1

n

> (E[1Ew. | X, D))" (P(IEu.| > 5V/nVE| X, D))"

i=1

= —F
nV

1 ! 1 1/p2
=< nVE Z(E[|EM,,'|2+K |X, D])I/Pl (aznVEE[(EM,i)Z | X, D]>

i=1

- C, 1 1/P22": 1+KM(1) 2(1+1/p2)
~nVE\ 8t : M '

i=1

Notice that E[1 + Ky ({)/M]**1/P2) < 0o from Theorem B.2. Let ¢, = inf,cx yeq0.1y E[U2 |
X = x] > 0. From the definition of V£, we have V£ > ¢, for almost all X, D. Then

E[# ;E[(EM,,-)ZHOEM,A > 6W) |X’ D]j| — O(H—l/pz) —o(1).

We thus obtain

nll/E ZE[(EM,i)Z]l(|EM,i| > OV HVE) | X, D] =op(1).

i=1

Applying the Lindeberg—Feller central limit theorem then yields
Va(VE) PEy = (nVE) Y Eyy =5 N(O, 1). (S4.2)
i=1
Noticing that /n(7(X) — 7) and /n(V'*)~'2E,, are asymptotically independent, lever-

aging the same argument as made in Abadie and Imbens (2006, Proof of Theorem 4, p.
267) and then combining (S4.1) and (S4.2) reaches

(Ve + VE)*I/Z(,;(X) +Ey—1) LN N(0,1). (54.3)



ESTIMATION BASED ON NEAREST NEIGHBOR MATCHING 23

We decompose V- as

n

pe_1 Z <1+KM(i)>2012(Xi)+% > <1+Kz]v‘1/[(i)>zgg(Xi)

. M .
i=1,D;=1 i=1,D;=0

5 (a0 5 it 0]

i=1,D;=1 i=1,D;=0

o 20 [0 50) - () Jrew

i=1,D;=1

+ %i—l;i—o[<$(‘xi)>2 — (1 + Kﬁi))z] ay (X)). (S4.4)

For the first term in (S4.4), notice that [(X;, D;, Y;)], are i.i.d. and E[D;(e(X;))™* x
at(X)], E[(1 — D;)(1 — e(X:)) ?03(X:)] < oo. Using the weak law of large numbers, we
have

2 2 () o0+ 2 (i) o0 [+ |

i=1,D;=1 i=1,D;=0

For the second term in (S4.4), using the Cauchy—Schwarz inequality,

L3 (1 50) () T
(+59) - ()]
el (1+ K50y - (Vo]

<o (<[ (542 - B2 Jo]e] (2542 L0 o) ]
e st do o e 2 T s

5 5 i o=

i=1,D;=1

E

= CrrE Di

For the third term in (S4.4), we can establish in the same way that

5 i) - (52 o=

i=1,D;=0
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Then from (S4.4),

e(X) l1—e(X)]
By (S4.3), Slutsky’s lemma (van der Vaart (1998, Theorem 2.8)), and the definition of
o?, we complete the proof. Q.E.D.

S4.2. Proof of Lemma C.2

PROOF OF LEMMA C.2: From Assumption B.1 and Assumption 4.1, let R = diam(X) <
oo and f; = infiex weq.ny fu(x) > 0. For any x € X, w € {0, 1}, and u < R, from Assump-
tion B.1, v, (B,., N X) > fLA(B,.,NX) > fraA(B,,) = fraVyu®, where V, is the Lebesgue
measure of the unit ball on R,

Letcy=fraV, Foranyie[n],xeX, M <ny_p,if0<u< Rn}ﬁdDi, we have

P(I1X; — Xl = un ' | D, Xi = x, j = ju(i))
< P(Bin(nl_Di, Vi—p; (Bx i\ N X)) < M | D)
UMy _p;
<P(Bin(n_p,, coudn[_lD[_) <M|D).
Using the Chernoff bound, if M < ¢yu?, then

d
P(Bin(ni-p,, coudnf_lDl_) <M|D) < exp(M —cou + Mlog(%)).

Notice that the above upper bound does not depend on x. We then obtain

P(I1X; — Xill = uni')y | D, j = ju(i))
d

< ]l(M < coud) exp(M — cou? +M10g(%)) + ]l(M > coud).

On the other hand, if u > Rn,” dD,» then the probability is zero from the definition of R.
Accordingly, the above bound holds for any u > 0.
For any i € [n], we thus have
n{’5, E[1Uwi117 | D]
=p / P(I1X; — Xl = uni | D, j = ju (i) u”~" du
0

d

< pf |:]1(M < cou’) exp(M —cou’ +M10g<%)) +1(M > coud)}upldu
0

o) M M
=pc0_p/dd1|: / (i) Mralet dr + / ra! dtj|, (S4.5)
M M 0

where the last step is through taking ¢ = ¢yu.
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For the first term in (S4.5), from Stirling’s formula and M — oo,

o0 M 00 M
[ () rreras [ () wiea Ve
M 0

where ~ means asymptotic convergence.
For the second term in (S4.5), fOM ri-'dr = %M . Combining the above two terms then
completes the proof. Q.E.D.

S4.3. Proof of Lemma C.3
PROOF OF LEMMA C.3: We bound By, — By, by

|By — Bul
1< 1 & _ _
=\ Z(ZDi -1 M Z(M]—Di(Xi) — ti-p; (X)) — H1-p; (X)) + i-p, (ij(i)))
i=1 m=1

1 n

= m[[aj\fﬂh’vl (X)) = 10, (X)) — Boi-p, (X)) + Biep, (X )|
i=1
1< ~ ~
= stm o 1}|Mw( D) = o (X)) — Bo (X)) + Bo (X)) |- (54.6)

Let k =|d/2] + 1. For any w € {0, 1}, by Taylor expansion to kth order,

P (X)) — o (Xi) — i: % D 9w (X))

=1 " tehy

Upi| < max| oo ZnUm,n. (S4.7)

tEAk

In the same way,

k-1
—~ —~ 1 i~
B (X)) — B (Xi) —ZEZﬁ o(X0)

=1 " tehy

Upi| < max| 7' | o ZnUm,n. (54.8)

tEAk

We also have

Z ' Bu(Xi) = ' ma(X)U,

' tely

< Zmax”ﬁ’uw = 7 2 Uil (84.9)

tehg

Notice that || Uy ;|| = maxX,cpuy | U |l for any i € [n], w € {0, 1}. Then for any w € {0, 1},
plugging (54.7), (54.8), (S§4.9) into (S4.6), we obtain

€{0,1} teA, we{0,1} teAy

~ RS
|BM—BM|<<max max||d'w, | + max max]||d'd, | )(;Z||UM,i||k)

1 n
+ Z(ﬂ}lél{gul(}lgilxua Bo— 0 1ol )(; ;”UMJ”[)'
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From Lemma C.2, all moments of (n/M)?/¢||U,, ;||* are bounded. Then for any positive
integer p, using Markov’s inequality, we have

1 M p/d
—ZMUMJHP:OP((—) )
n — n

By Assumption 4.4 and Assumption 4.5, we then obtain

N M\ M\
BM—BMZOP(1)0P<(—) >+ max OP(n_W)OP<<_) )
n telk—1] n

MK M\
=o((5) )+ o (5) )
n tek-1] n

The proof is thus complete by noticing the definition of y and M < n”. Q.E.D.

S5. PROOFS OF RESULTS IN SUPPLEMENT
S5.1. Proof of Lemma S3.1

PROOF OF LEMMA S3.1: The first inequality is directly from the definition of Lebesgue
points. The second inequality follows by

VBezw) |1 )
/\(Bz,uz_xu) f(x)‘ - )\(BZ’”Z_)(H) /t; ’f()’) f(x)‘ dy

2z, llz—xll

1
-’ / FO) — F(0)]dy

X, 20 z—x]|
_ A(B. 2jz—xp) 1
A(B:jz—x1) A(Br2jz—xy) Ji

|f(») = f(x)|dy

x,2llz—x|

1 )
=2 A(Bi21z-x1) /B |f(y) = f(x)|dy,

x,2)z—x||

and then the definition of Lebesgue points. Q.E.D.

S5.2. Proof of Lemma S3.3

PROOF OF LEMMA S3.3: Fix any (vo, v1) € P, ,(f1, fu, L, d, d).

We first prove the first claim. First, consider f;(x) > 0. For any € > 0, there exists §' > 0
such that for any z € R? satisfying ||z — x|| < 28', we have |fy(z) — fo(x)| < €fo(x) and
Ifi(z) — fi(x)| < efi(x) from the local Lipschitz assumption. We take w > 0 sufficiently
small such that w < (1 — €)fo(x)A(Bo,s). Then W < w implies ||x — Z| < &'. Then for
w > 0 sufficiently small,

- e ho _1+efilx)
— m1/1(3x,ux—zu) = w) T 1—efy(x) h

P(W <w)=P(W <w, |x—Z| <¥) <P<
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and

P(W <w)=PW <w, |lx—Z| <§)=> PG J_r : ;“8 V(B jx-z)) Sw, |x — Z|| < 8’)
o (1+efo(x) - —eh(®)
(T e =) = e

Then we have

i :Q)EX; < limipfw™POY < w) < limsupw PV < w) < = 28

Since € is arbitrary, we obtain

1(0)
fo(x)

The case for fi(x) = 0 can be established in the same way. This completes the proof of
the first claim.

For the second claim, for any 0 < € < f;, there exists & > 0 such that for any z € R?
satisfying ||z — x|| < 2§, we have |fy(z) — fo(x)| < € and |fi(z) — fl(x)| < € from the
local Lipschitz assumption. We take N, sufficiently large such that 220 < (f, — €)A(By,5).
Then for any 0 < w < ZNU ,we have w < (fL — €)A(Bos). We take ¢ > 0 such that w+ ¢ <

(fL — €)A(By,»). Then for any (v, v1) € Py p(f1, fu, L, d, d),

fw(0) = hm w*IP(W <w)=

=r(x).

Pw=W <w+1)=v({zeR :vy(B. js—z) € [w,w+1]})

- Ji(x) +€
~ fo(x) —€

Notice that f; is lower bounded by f; . Then for N, sufficiently large,

. + €
limsupt 'P(w<W <w+t SM
nsup P )= ) —e

This then completes the proof. Q.E.D.

v({z € R :vy(Bejasy) € [w, w+1]}).
(I+e).

S5.3. Proof of Lemma S3.4
PROOF OF LEMMA S3.4: Due to the i.i.d.-ness of Z and Z,

2
M ~ M
(ﬂ) |:P<W<VW <V,W<2— W§2—>

M Ny’ Ny
(W<V W< ﬁ) (VT/§I7 VT/szM)]
0 NO

:<ﬂ>2/02%/0 [P/ 2w, 7 2 ws) = PV = w))P(V = w,)]

X fw (wy) fw (w2) dwy dw,
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IA

f 2/ N2 ZNMU 2Nﬂ0 - ~
4(7) (M) / f [PV zwi, V' z wz) = P(V zw))P(V = wn) | dwy dw
L 0 0

() 1),

M ~ M
—PlV>>—004+1))PlV>—(A+t¢t dt, de,,
( ZNo( +l)> ( _No( +2))‘ e

M ~ M
Pl[V>—0+1),V>—0+t¢
( _No( +4) _No( +2)>

where the last step is from taking w; = (1 +,) and w, = (1 +1).
Let

S(t, ) = 'P(Vz %(Htl)ﬁz %( + z))

—P(V>—(1+t1)> ( %(1—1—;‘2))‘

I, >26>0,8(t,6) <PV =g (1+4) =PUuy = g (1+4)).lr>2420,8(t, 1) <
P(V = 2(1+ 1)) =P(Uw) = £ (1 + 1)). Then for 1, 1, > 0,

2

M
S(t|, fz) < P<U(M) > ﬁ(l +4HV t2)>
0

Ifty <, <0and P(V = £ (1+1), V> w(1+8) =PV = Nﬂo(l+tl))P(I7 > (1+10)),

S(t, ) < P(V > Vo(l + zz)) (V > M(1 + tl)) (V > Vo(l + tz)>

P( <—(1+t1)< %1“2)) (Vf%(l—l-t]))
)

—P(U(M) < —(1 + tl

~

Ifn<t<OandP(V = gL (1+4),V = {L(1+0) <P(V = Nﬂ0(1+tl))P(I7 > w(1+10)),

S(ty, ) <P< —(1+t2)> (Vz %(1 +4),V> %(1 +f2)>

EZ

= ( _N0(1+t1) V>—(1+t2)>§P(VS%(1+f1))

=Pl U, < —(14+¢ .
( o = No( + 1))
If £, <1, <0, we can establish in the same way that

M
S(t, 1) < P(U(M) <—(1+ tz)).
Ny
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Then for tl, fz < 0,
M
S, ) <P Uy < ﬁ(l +HAL)).
0

For t > 0 > b, if Hh+6L> O, S(t], tz) < P(U(M) > Mo(l + t])), and if Hh+6=< O, S(t], tz) <
P(U(M) < %(1+tz))Then

No\ N o M ~ M
— PIW<V,W<V,W<2— W<2—
() el v < <ol )

IA

4(%)2/_1 _1S(t1,t2)dt1 dt,

:4(%)2[/01/015(t1,zz)dtldtz-i—/(:/:)S(tl,tz)dtldtz

1 0
+2/ / S(tl,tz)dtldt2:|, (S5.1)
0 -1

where the last step is from the symmetry of S(¢, £,).
For the first term in (S5.1), by the symmetry of S(#, #,) and the Chernoff bound,

1 1
/ / S(t, ) dt, dt,
0 Jo

S / / S(tl, tz) dtl dtz == 2/ / S(tl, tz)ﬂ(tl Z tz) dtl dtz
0 0
< 2/ / (U(M) > —(1 Y tz))]l(tl > 1) dt ds

= 2/ tP(U(M) > —(1 + t)) dr < 2/ t(1+)Me ™ dt.
0
Notice that since M — oo, by Stirling’s approximation,

o) 1 eM 00 1
M ,—Mt _ M ,—Mt
fo t(1+0)Me ™M dt = vt /1 MeMdr < M—(l +0(1)). (S5.2)

We then obtain

/01 /Ols(tl, ) dt; dt, < %(1 + o(1)). (S5.3)
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For the second term in (S5.1),

0 0 0 0
/ S(t], tg) dtI dtz == 2/ S(tl, tz)]].(tl S tz) dtl dtz
—1J-1 —

1J-1

0 0 M
< 2/ / P(U(M) < ﬁ(l +HA t2)>]1(t1 <t)ds ds
-1J-1 0

1 M 1
:2/ tP(U(M)g—(l—t)) dt§2/ t(1—0)MeM dr.
0 NO 0

Notice that

1
1
1 — M M! —. 4
/Ot( HNYetdt < (S5.4)

We then obtain

0 0 2
f. /] S(t1, &) diydiy < (S5.5)

For the third term in (S5.1),

1 0
/ / S(t, t,) dt, de,
M
/ / (U(M) > —(1+t1 )dtldt2+/ / <U(M) < ﬁ(1+t2)) dr dr,

=/0 tP(U(M)>—(1+t)) dH—/ (— t)P(U(M)<—(1+t)) dt
< /()ootP(U(M) > ﬁo(1+t)> dt+/_l(—t)P<U(M) < F0(1 +t)) dr

< %(Ho(l)) + % = %(Ho(l)),

where the last step is from (S5.2) and (S5.4).
We then obtain

/01 /jS(n, L)dt dt, < %(1 +0(1)). (S5.6)

Plugging (S5.3), (S5.5), (S5.6) into (S5.1) yields

2
(ﬂ) [P(WﬁV,WfIZW§2M,W§2

and thus completes the proof. Q.E.D.
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