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S1. LEMMAS REGARDING @

WE FIRST PROVE THREE LEMMAS regarding @ from (4.1),' valid under Assumption 2.1.
For M eS¢, write 0 < M < M as the smallest and largest eigenvalues. Additionally, the
bounding constant K > 0 below may change from line to line.

LEMMA S1.1: There exists K > 0 such that for x € E, y € R%, @) O(x,y) > —K(1+yy)
and (ii) |0(x, y)| < K(1+ x'x + y'y).

PROOF: Let 0 < 6 < M. By part (iii) of Assumption 2.1,
2— 1 2 1 ’ ’ /A
O(x,y) > —K>(1+ |x| 81)+§(M—8)|x| +§8xx+x§—xMy.

Clearly, —K,(1 + |x|>=*1) + (1/2)(M — 8)|x|* > —K.As 8x'x — 2X'(My —¢) > —(1/8) x
My — ) (M — {), the Cauchy—Schwarz inequality implies this may further be bounded
from below by —(2M'M /8) x y'y — (2/8){'¢. Part (i) now readily follows. Part (ii) is
obvious from Assumption 2.1 part (ii) and the Cauchy—Schwarz inequality. Q.E.D.

LEMMA S1.2: The maps y — e X719 and y — W(X1)e 7?1 are analytic from R¢
to L'(R) and L'(R?), respectively.

PROOF: Part (i) of Lemma S1.1 implies e 7?*7-») ¢ L1(R) for all y € R?. Next, using
the multidimensional Taylor theorem, for any fixed g € R¢ we may write

B o 1. , 7Y
e = VIV i N (3, g)(y - ),
o
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where @ = (a4, ..., ay) is a multi-index of nonnegative integers, |a| =a; + -+ + ag, (¥ —
(43 d g
8)*=[I-,(yi — g)*, and

T+ M) L 't 0 1
Aa(x,g)=e yUTI'¥ (x)+5x x+x{)wDa(6w x)|y e — e (xg)| |',y|a\(Mx)

Above, D, f is the |«|th partial derivative of f, «; times with respectto y; fori=1,...,d.
Since |x°| < |x|"® and |Mx| < M|x|, it follows that

| (V)| < IMLx] < (M) |x].

Let gy be from Assumption 2.1 and write M, = yﬁ/ (&). If |a| = n, then by part (i) of
Lemma S1.1 and the bound |x|" < e®™(n/gy)"e™",

Bl Au(Xr, )] = er¥esn L0 o) < kevmwg’gWTiE[eW], (SL1)

where the last inequality follows from Stirling’s formula. Thus, if there is L > 1 such that
max;—, .., d|yl gl| 51/(LM*)7then fOI‘N=1,2,‘..,

7

DY A Xr, )y - )"

n>N |a|=n

] Y2 E[lAdxr 9] ]_[Iy, gl

n>N |a|=n

< kevK(lJrg g)E FoIXTI Z Z —L n
n>N |a|=n
NP 1 n+d-1
= Ke?KU+g 8)E[690|XT|:| Z L < )
n>N \/ﬁ n

v

<Ke YK(1+88)E SOIXTI ZL npd—%

n>N

The right hand side of the last inequality goes to 0 as N 1 oo, which proves y — ¢ 7970
is an analytic map from R to L!(R). We next consider y — ¥(X7)e "?X7:9) As V(X7)
does not depend on y, the proof is very similar and we only show the differences. First,
that ¥'(X7)e Y0¥ ¢ L1(RY) follows from Assumption 2.1 and part (i) of Lemma S1.1,
since

|1If(XT)|ew(~)(Xr,y) < K1(1 +X/TXT)ey1%<1+yry> < keszﬂek(Hy,y)’
where the last inequality uses the estimate

(e —1) < kiek", X,k >0. (S1.2)

2
XxX° < 3

2
K
Next, the analytic convergence proof is the same except in (S1.1) the first line (right hand
side) should have |¥(X7)| within the expected value. Then, going from the first to the
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second line, we use, for &,, 6 > 0 such that § + &, < &,

n

|1I’(XT)||XT|’1 le(l +X/TXT)65XT<g> e fkea()lXT(g) e "
From here, the rest of the proof is the same. Q.E.D.

LEMMA S1.3: There exists a constant C so that

E[X/TXTe—v@(XT,y)]
E[efv@(X'r,y)]

< é(l + E[eSO‘XT‘] +y'y).

PROOF: For 7 > 0, define f(7) := —(1/vy)log(E[e"""®“T-»]), By part (i) of Lem-
ma S1.1, f(7) > K(1 + y'y)r. By Jensen’s inequality, part (ii) of Lemma S1.1, and
(S1.2) we deduce f(7) < k(l + y'y + E[e®X71])7, and hence f is linearly bounded. The
dominated convergence theorem shows f is smooth (see Dembo and Zeitouni (1998,
Lemma 2.5)), and Holder’s inequality shows f is concave. Therefore,

E[O(Xr, y)e 701
]E[efve@(xr,y)]

JAEY) flgiﬁ?f(g) =1si?3

Part (i) of Lemma S1.1 readily implies the uniform integrability of {e~7*¢™*7-»}__,. Parts
(i) and (ii) of Lemma S1.1, along with (S1.2) also imply, for € < 1,

|O(x, y)|e7 0 = O(x, y) e 7 gy 20 + O(x, y) €7 g 0
< |@(x, y)| _,_[2(1 +y/y)ey1€(1+y’y>
§K(y’y+e£”‘x‘) +Ig(1 +y/y)eyk<1+y’y)‘
Thus, by Assumption 2.1 part (i) and dominated convergence we conclude that

E[O(X7, y)e *¥1)]
E[efv@(X'r)y)]

fay= <E[O(Xr, )]

Plugging in for O gives

E[ XM Xre 7¥TY]
2]E[e—~/@(XT,y)]

E[(IT'V(Xr) + X34 — (X7) My)e 7¥0]
]E[efv@(xr,y)] :

<E[|6X7, y)|] - (S1.3)

We claim Assumption 2.1(iii) implies for § > 0 there exists a constant K so that

- . o
IV(x)+x¢—xMy>—-K(1+y'y)— Ex/Mx. (S1.4)
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Admitting this, taking 6 = 1/2, and using (S1.3), we deduce

1E[X M Xpe 0 TY]
4 E[e—v@(Xr,y)]

<K(1+yy)+E[|0X7,»)|] <K(1+yy+E[en"1]),
where the last inequality follows from Lemma S1.1 and (S1.2). The result holds since
x'x < (1/M)x'M x. It thus remains to prove (S1.4). First, for 6 > 0,

1) oM 1)
II'¥Y(x)=II'V(x)+ Ex’Mx > —Ko(1+[x|”*) + ﬁx’x - Ex’Mx

Y 0
>—K(8) — zx/Mx.

A similar calculation gives a commensurate lower bound for x'{. Equation (S1.4) follows
as

- - M, 5, MM , &,
_xMyZ—xMy—l—Txx—EXMXZ—@)’)’_EXMX- O.E.D.

S2. LEMMAS REGARDING THE FULL COMMUNICATION EQUILIBRIUM

Throughout, we enforce Assumptions 2.1 and A.1. Recall u from (4.5) and (B.2), and
G from (2.5). The following lemma shows that u governs the conditional laws of G, given
IF3, as well as the Brownian motion B” under F2 v o(G)).

LEMMA S2.1:
(i) Foreacht <T,thelaw of G, given FP has pdf u(t, X,, -). Therefore, P[G, € | FE] ~
P[G; € -] almost surely, with density

=g . u(t,X,,g) :g(/ ~g/dB>
Pr= 00, X0, ) 0 (i) dB. ; (S2.1)
i = a(X,)'Vx(log(u(t, X., 8))).

(i) The filtration F™ = F® v o (G) is right-continuous, 1/ p°! is a (P, F™) martingale,
and the martingale-preserving measure takes the form

dpPer 1 N o
S L g( /0 (%) dBu) . ($2.2)
G |

(iif) The process B is a (BS1, F™) Brownian motion with the predictable representation
property (PRP), and B" := B. — fo a6t du is a (P,F™) Brownian motion on [0, T]
with the PRP.

PROOF: Let p € C*(RY),t < T,andset Y/ = 1/~ TA/C;W! for a d-dimensional Brow-

nian motion independent of B, and note that Y is a Markov process with transition kernel

1 T T r—1
- o3 0C (y—x) d
pC](Taxay)— (277)‘1/2 |CI| ’Te 2 I ) T>0,xayER .
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Similarly to (7.8) set p¢,(y) = pc, (T, 0, y). B)y the tower property,

E[¢(Go)IF/] =E[E[¢(Xr + Y1) FPV]IF).
Using the Markov property yields

E[¢(Xr+ Y;)LEB’WI] = / dx+p(T—1,X,x)pe,(T—1,Y!,y)dxdy,
where the integration region is E x R?. Therefore, by the independence of B and Y?,
B[6(Gn)IF] = [ @G+ 3)p(T = 1. X, 0B pe, (T = 1, ¥/, y)]dxdy
= [ bt 9p(T = 1. X 00, ) dxdy
= / ¢(g)(/ p(T—1,X:,x)pc, (8 — x)dx> dg

=/¢(g)u(t,X,,g)dg-

Above the second equality holds by the Chapman—Kolmogorov equations. This shows
that given 77, G; has pdf u(t, X,,-). As F; is trivial, the Jacod equivalence condition
and the first equality in (S2.1) follow. The second equality in (S2.1) follows from (B.3)
and Ito’s formula, finishing (i). As for (ii), the right-continuity of F* and that 1/p%" is
a (P, F) martingale follow from Lemma S4.3, while the second equality in (S2.2) fol-
lows from Proposition S4.6. Last, the statement regarding B in part (iii) follows from
Fontana (2018, Proposition 2.9) and the statement regarding B follows from Fontana
(2018, Corollary 2.10). Q.E.D.

S3. LEMMAS REGARDING THE PARTIAL COMMUNICATION EQUILIBRIUM

We first prove lemmas in the Markovian noise setting. Assumptions 2.1, 7.1, 7.2, and
A.1 are in force. Recall the signal H and market filtration F”* from Assumption 7.2,
and the function ¢ from (4.5) and (7.2). The first lemma collects facts about " and the
martingale-reserving measure P¥ of (7.4).

LEMMA S3.1:
(i) Foreacht <T,thelaw of H given FP? has pdf £(t, X, -). In particular, P[H € -|FF] ~
P[H € -] almost surely, with density

0]t X, h) (/ N )
=2 _¢ dB, ),

£(0, Xy, h) 0 (1) ¢ (S3.1)
py = a(X,)V,(log(£(t, X,, b))).

(ii) The filtration F™ is right-continuous, 1/ p™ is a (P, F™) martingale, and the martingale-
reserving measure takes the form

Pt 1 " L
B ([ wtyan)
ar  p¥ o( ) .

-~ =

p
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(iii) The process B is a (P", F™) Brownian motion with the PRP,and B" := B. — [, u du
is a (P, F™) Brownian motion with the PRP.

PROOF: For (i), let ¢ € C(RY) and ¢ < T. By the tower property,
E[¢(HDIF ] =E[E[$(H (X7 + Vi, (X7 + Y1) + YY) IFH V).
Using the Markov property yields
E[¢(H (X7 + Vi, v (Xr + Y) + YY) IFH ]
= / dHE+y, nx+y)+9)p(T—t,X,x)p;i(t, Y], T, y)
x pn(t, YN, T, y)dxdydy,

where we integrate over E x R? x R?, The independence of (Y?, YV, B), along with the
Chapman-Kolmogorov equations imply

]E[p(T - taXla x)p[(t5 Y[15 T: Y)PN(t, YtNa T, 5))|~F;B] - P(T - t, Xtax)ﬁl(y)ﬁN(j})

Therefore,
E[¢(H)|F] = / d(H(x+y, tn(x+y)+9)p(T —t, X,, x) p1(y) pn(§) dx dy dy.

With x and y fixed, letting g = x + y gives
[ b0 g+ )T = 1. Xos ) pr(g — ) p(5) di g 5,

and we are integrating over E x R? x R?. Next, with x and g fixed, let A = H(g, Tvg + J)
so y=G(g,h) — 1vg, dy = |J°|(g, h) dh, and, by Assumption 7.2, h takes values in Ry
for an integration region of E x RY x Ry. This yields

/¢>(h)p(T— t, X, x)p1(g — x) pn(G(g, h) — 7vg)|J°|(g, h) dx dg dh
= / ¢(h>( / p(T -1, Xt,xm(g—x)ﬁN(G(g,h)—rNg)|JG|(g,h>dxdg) dh

_ / S, Xo, h) dh.

Thus, given F7, H has pdf £(¢, X,, -). As F¢ is trivial, the Jacod equivalence condition
and first equality in (S3.1) readily follow. The second equality in (S3.1) holds by Ito’s
formula, since the PDE for u in (B.3) implies that for a fixed 4, £ solves ¢, + L£ =0 on
(0, T) x E. This finishes item (i). The statements in parts (ii) and (iii) follow from the
exact same argument used to prove parts (ii) and (iii) in Lemma S2.1. Q.E.D.

We next prove similar results for F/ = F" v 5(G;) with G; from Assumption 7.1.
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LEMMA S3.2:
(i) Foreach t <T,P[Gj € -|F"] ~ P[G, € -] almost surely with density

. pv(G(g, H) —ng)|T¢|(g, H) L UL X g)

: , RY. S3.2
' E(taXtaH) M(O,X()ag) ge ( )

In particular, with p® and p# from (S2.1), and p" and p from (S3.1), we have

s Pt u(t,X,g) 00, X0, H)
b= pie w0, Xo, )~ €(t, X,, H)
= ﬁf — A 78 HY m
= 7=\ | (& —n)dBy). (S3.3)
pt 0

t

(ii) The filtration F" is right-continuous, 1/ p™“! is a (P, ') martingale, and the (F" to
F') martingale-preserving measure P-C1 for G, is defined by

dﬁH’Gl 1 HG H.G ’ ’
= ——, p I = Po’ ’5(/ [.LMH’G’ dBum> 5
4P pT,GI 0 0 ( ) A

plhe =t —

(S3.4)

(iii) The process B™ is a (PG B!y Brownian motion with the PRP, and B' := B" —
JoulCrdu=B. — [ aS duis a (P,F") Brownian motion with the PRP.

PROOF: We start with part (i). As these calculations are similar to those in Lemmas
S2.1 and S3.1 we will typically omit explanations. Let ¢, y € C*(R?) and A4, € F? for
t <T. First

E[14, (G (H)]
= E[lA;E[¢(XT + Y{")‘L(H(XT 4+ Y7I~, TN(XT —+ Y;) + Y;V))|EB’WI’WN]]‘
Next,

E[0(Xr+ Y1) (H (Xr + Y], o (Xp 4+ Y]) + YY)IF ]

_ f S+ YU (H(x + v, x(x +3) + ) (T — t, X, ) pr(y) P () dx dy d§
_ f S (@ (H (g, xg + 7)) p(T — 1, X, 1) pr(g — ) pw(5) dx dg d5

= / S (W (H(g, Tng + ))ult, X,, &) pn(¥) dg dy.

With g fixed, set h = H(g, Tyg + ) so that y = G(g, h) — tyg, dy = |J°|(g, h) dh. Addi-
tionally multiplying by 14, and taking expectations yields

E[14,¢ (G (H)]

(S3.5)
=E[1AI / b (Y (h) pn(G(g, h) — v g)[TC| (g, hu(t, X, &) dgdh]-
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By Lemma S3.1 we know that given 7, H has pdf ¢(¢, X,, -). Therefore, for any suitably
measurable and integrable function y;,

E[]-A/X(taXtaH)‘nl’(H)]ZE[]-At‘/\dl(h)X(ta Xtah)z(t)Xt) h)dh]
Thus, with
1 .
x(t,x,h) = TR fcb(g)pN(G(g,h) — ng)|C|(g, hu(t, x, ) dg,

we see that E[14,¢(G)yY(H)] =E[14,x(t, X,, H)Y(H)] for all 4,, , and hence

(G(g, H) — mvg)[J°| (g, H)u(t, X,, g) J
01, X,, H) &

B[6(GNIF] = x(t. X 1) = [ b ™
so that given F}", G, has pdf

Pn(G(g, H) — mng) || (g, Hu(t, X, 8)
e(ta XtaH) ’

This shows that p,H’g is the density of P[G; € -|F/"] with respect to P[G € -] since G, has
unconditional pdf (0, X, -). The statement in (S3.3) follows from (S2.1), (S3.1), and part
(iii) of Lemma S3.1. The statements in (ii) follow from Lemma S4.3 and Proposition S4.6.
The statements in (iii) follow from Fontana (2018, Proposition 2.9 and Corollary 2.10).

Q.E.D.

Continuing, we prove results about the filtration F¥Y = F™ v 5(Gy) for Gy from As-
sumption 7.2. To state the lemma, recall the pdf for Gy given in (C.1).

LEMMA S3.3:
(i) Foreach t <T,P[Gy € -|F"1 ~P[Gy € -] almost surely with density

e u(t, X, G(g, HN)|I|(g, H) pn(g — TvG(g, H))

Pri= 06, X, Hyun(g) - (539)

In particular, with p™-¢ from (S3.2),
pier . pOGhH _ |JG|(G1,H)MN(GN)

H,Gy —  _Gn,H

Pn,: Pnyo B |JG|(GN,H)M(O, XOaGI).

(S3.7)

(ii) We have FN =T'.

PROOF: We start with (i). These calculations are very similar to those in Lemma S3.2
and as such, we will not include all the steps. Let ¢, y € C*(RY) and A, e FZ fort < T.
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First
E[¢(Gy)g(H)IF "]
=E[b(rn (X7 + Y1) + YY) (H (X7 + YE, 7y (X7 + YE) + V)| 2V

= [ btrvg + 50(H . 7w+ P)P(T ~ 1, X, 00 — 1)y dx dgdy
= [ btrve + (H(E T8 + P)utt, X )y () dg d5
= [ b @t 2)utt. X pu(z - 7y dg
For z fixed, set i = H(g, z) so that g = G(z, h) and dg = |J%|(z, h) dh. This leads to
f (@) phu(t, X,, G(z, W)|IC|(z, ) px(z — T~ G (2, h)) dz dh.
Therefore,
B[ 14,6 (G) W (H)]

— E|:1A, / d ()P (hyu(t, X,, G(z, h)) |JG](Z, h)pn(z — wG(z, h))dz dh]
Repeating the analogous steps as in Lemma S3.2, we deduce that

u(t, X, G(z, ))|J¢|(z, H) py(z — v G(z, H))
E(L Xt7 H)

E[(Gy)IF"] = f $(2) dz.

so that given F}", Gy has pdf (replacing g with z)

u(t, X,, G(g, H))|J¢|(g, H) pn(g — vG(g, H))
K(t’ XU H)

and hence (S3.6) follows, as uy is the pdf for Gy. The identity in (S3.7) is immediate.
Last, FN¥ = F’ follows because H (x, y) is invertible in both x and y. Q.E.D.

With all the preparatory lemmas in place, we prove Theorem 7.3. Note that by Assump-
tion 7.1, p;, and hence u, is bounded from above. Similarly, Assumptions 7.1 and 7.2, and
Lemma S3.1 imply £ is bounded from above, and thus we deduce

/ (log(u(oa XO’ g)))+(u(07 XO: g)+uN(g)) dg<OO,

R4

/ (log(u(0, X, G(g, h))))+u(0, X0, 8)0(0, Xy, h) dgdh < oo, (S3.8)
RIxRYy

/ (log(£(0, Xo, 1)) €(0, Xo, h) dh < cc.
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PROOF OF THEOREM 7.3: We start by collecting facts regarding Q. First, B := B. +
fo v, duis a (@, [F™) Brownian motion with the PRP. Next, § is a (Q, F™) martingale by

construction, with dS; = o, dB;Q = o,(V, + dB,). Last,

Z, 7.0, X,,H) ( / >
== 5 — V/ dBm S39
pfl E(t’ X17 H) 0 ! “ t ( )

dﬁ
X P .

zi=

dIP’
for + < T. Indeed, the second equality follows from (7.4) and (C.2), the third equal-
ity follows from (S3.1), and the fourth equality follows from (S3.1), (C.2), and dB" =
dB, — " dt. Now consider the uninformed investor’s value function. Clearly, Q e M and,

in fact, we claim Q € M™. First, ZgQ =1s0 Z2= 7% Second, as £(0, X,, H) is Fi mea-
surable, E[Zflf(;”] =1,P=Pon o(H),and H ~ £(0, X,, -), then

E[Z210g(22)] < B[ Zr log(Z)] + / (log(¢(0, Xo, 1)) €(0, Xo, h) d
heRy
+E[Z;log(&(T, X7, H)) ] < 00, (83.10)

where the last mequahty holds from (S3.8), (C.3), and (C.4)(a). Thus, Hy(Q[P) < oo al-
most surely so Q € M™. Next, we claim that for all Q € M™,

70=2727% (S3.11)

so Z% = 7%, Indeed, from Lemma S3.1 part (iii), we can write Z% = Zg@é'(fo' 0, dB"")r for
some 0 € P(F™). Girsanov’s theorem and (7.6) imply S has dynamics

dSt - (Tt((V[ + 0:) dt + dB;Q), BQ - Bm - / Gu dbt.
0

That Q € M™ implies fo o,(v, + 0,) du is a continuous (Q, F™) local martingale of finite
variation, and hence is identically zero. This gives 8 = v Leby 71 x P almost surely, which
in light of (S3.9) verifies (S3.11).
By duality, for each 7 € A", Q € M™, and F}'-measurable A > 0,
]FO’"}
1
< —/\(log(/\) -+ —/\E[— log( >|}"’"]
Yu

E|:_ ie—yUW}T
Yu
Yu PT

}"(;"} < E[yi (AZ3)(log(AZF) — 1) + AZFWF

where we have set A = AZZ and used (S3.11). The infimum above over A is achieved at
log(X) = —E[(Zr/ p¥)log(Zr/ p')|F', and plugging this in yields

<——e

E |:_ i e VT
Yu

Yu

1 -E Tlog( »f'"]
]-"’"}
0
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Furthermore, there is equality if and only if

1. [Z 1 z
Wy = —E[—Tl ( )(f*"] log<—£> (S3.12)
yo Lp7 pr Yu Pr

and ]E[(ZT/p YWZ|Fi"1 =0, but this latter equality is immediate. By (S3.9), (S3.10), and
|xlog(x)| < xlog(x) +2/e, x > 0, we know that

1. Z
MY .= —F° [log<—§> ‘]-',’”]
Yu Pr

is a (Q, F") martingale. Thus, by PRP there is a 8V € P(F™) such that for |0Y1*du < oo
and MV = M/ + fd(@f{)/ng. As o is invertible and dS, = o,dB%, if we set 7V :=
(0/)710Y, then W™ = MV — MU is a (Q, F™) martingale verifying (S3.12). Using (S3.1)
and (S3.9), noting that €(0, X, H) is " measurable, and using IE[ZﬂE;"] =1, we sim-
plify (S3.12) to deduce the existence of an optimal strategy 7V € A™ such that

1 ~[s Zr 1 Zr
Wi —IE[Z lo (7) ]-'”'] B (7)

T Ty U X o) 7 o S\UT, X1, H) (S3.13)
W isa (Q, ") martingale.

We next consider the noise trader’s value function for a fixed g € R?. Since p:¢ from
(S3.3) is a strictly positive (P, F*) martingale (see (S3.3) and Lemma S4.3), the identity
in (S3.3) implies that IP# from (2.8) is well defined. We have already shown Q € M. Fur-
thermore, from (B.3), (S3.3), and (S3.9) we know that

P V4 V4 X,
708 .= @ dar) Lz, Xeg) (S3.14)
dP d]PJ Fm dpP o prT 8 pi(g—Xr)
As Z0% =1,
~T. V4 X
]E]Pg[Zleog ZQg |:10g( — ):| :E|:Zﬂog(M):|
prTg pi(g —Xr)
<E[Zr10g(Zr)] + (log(u(0, Xo, £))) " +E[Zr (log(p:1(g — X1))) ]
- oo (S3.15)

Above, the finiteness follows from (C.3) and (C.4)(b). Thus H,(Q|P#) < oo and M™8 £ (.
Now, let Q € M™s_ From (S3.11) we know Z©@ = Z?Z/p”. Thus, with respect to Ps,
798 = 727 /(p! p"). Therefore, repeating the duality argument, a strategy ¢ is op-
timal if and only if

aN.g 1 P& ZT ZT m 1 ZT
e e 7 - e S ) (S3.16)
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By (S3.15) and |xlog(x)| < xlog(x) 4+ 2/e, x > 0, we know that

- 5
MN:s :=——EQ|:10 ( ) .7:’":|
‘ o p?’p?g ‘

is a (Q, F") martingale. Thus, there is V¢ € P(F™) so that MN-¢ = M)"¢ + Joorey ng.
If we set

Ve = (o)) oM, ($3.17)

then W' = MN¢ . —M"* is a (Q, F™) martingale verifying (S3.16). Using (S3.14) and
(S3.15), this simplifies to

) 1 ~[ - Zr 4
ww”'gz—E[z lo (—) }"’”} —lo (— - )
’ YN 1708 pi(g—Xr) ‘ YN g pi(g—X7)

where the last equality follows as u(0, X, g) is constant and IE[Zﬂfé”] = 1. Thus, we have
shown the existence of an optimal strategy 76 € AN-¢ which satisfies

. 1 ~[» V4 1 z
T S RV AR
S e U N P 7 P\ pilg — X1) (S3.18)

W isa (Q, F") martingale.

We next turn to the informed investor. Equatlon (S3.9) 1mphes that Z/ pY 1s a (P, F™)
martingale starting at 1. Thus, if we define Q! through dQ' /dP = Z7/( pT pT “1), then
Lemma S4.8 part (ii) implies that Q' € M!, while calculation shows Z¢' = Z/(p p*-6r).
Furthermore, B is a (Q', F') Brownian motion with the PRP (Fontana (2018, Propo-
sition 2.9) and Remark $4.4). Now Q' € M’ will follow if E[ZY log(Z%)|F!] < c0. To
show this, we first claim (note the presence of Z2')

EY[|log(Z)|] ZE[pprm, log(p ];,;GJH < 0. (S3.19)
TET TET

Since (x/y)llog(x)l < (1/y)(xlog(x) + 2/e) for x, y > 0, we see (for x = ZT/(p’T’ pH-O1y
and y = p"“')

ZT ZT ZT ZT 2
E|: lo g( - )H < E[ log< - ) + ] (53.20)
plpier plpe papTot TN pEpTe ) epy

By definition of p”-°I and since G; ~ u(0, X, -),

1 1
E[—HG,}ZE[/ 7= Do “u0, Xo,g)dg] (S3.21)
Py geR? Py
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< e )
pipr? T\ pl
V4 Z
:E[—E/ log(—T)u(O Xo,g)dg]
Pr Jrd prT

=15 ZTu(OaX():g))]
= E| Zrlog| ———————= ) [u(0, Xy, 2)d
/Rd [T g(pl(g_XT) (0, Xo, g) dg

Next,

<[ Zr log(Z)] + / B[ 2 (log(p1 (g — X1))) Ju(0, X0, g) dg
geRd
+ / (log(u(0, X, £))) " u(0, Xq, g) dg < oo. (S3.22)
geRd

Above, the first equality follows by conditioning on F7* and using part (i) of Lemma S3.2,
the second equality using (B.3), (S3.1), and (S3.3), and the second inequality follows from
(C.3), (S3.8), and (C. 4)(c) Therefore, (S3.19) follows from (S3.20), (S3.21), and (S3.22).

But (S3.19) implies E[ZY log(Z¥ )IFI] < oo since

0 <E[Z2¥ log(Z¥)1F] < —E[Z¥ [log(Z¥) || F1].

0

Next, we claim that any Q € M’ has density process Z% = Z@ZQI Indeed, using part
(iii) of Lemma S3.2, we deduce the ex1stence of § € P(F') so that Z} = Z&( Jy 0,dB)1
Using Girsanov, along with dB! = dB" — “ dt and (7.6), we see S has dynamics dS, =
o, (v, + " 4+ 6,)dt + o, dBY', where B@J =B’ — [ 0,du. As S, B®>" are continuous
(Q, Flocal martingales, v + w67 + 6 = 0 from whence

Z
z;@=z?s(—f(vu+u”0’) dBi) =2y~
t Pt P

0

To obtain the last equality we use the steps

. . B
Zt _ Ztu(07X0> GI) ( d L‘)
Pl e u(t, X, G) ‘5( dB)

=g<_/0‘(m+ﬂff) Idu)
du

g<_ / (a4 w67 (dBY — ))

0
g( / (v + 1Y dB;) .
0 t
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The first equality follows from (S3.3), the second from (S2.2) and part (iii) of Lemma S3.2,
the fourth from v =¥ + u, dB" = dB, — u¥ dt, and (S3.4), and the fifth also from part

(iii) of Lemma S3.2. This proves the assertion.
The duality argument shows 7/ is optimal if and only if

! 1 ZT ZT 1 —ZT
WT =_E[ H oH,Gj 10g< H°HG1> 0}_;10g<p1;f)¥’61>.

Yr LprPr PrPr
1 . Zr
M = —EY |:log<7H — G,)‘]:Ij|
Vi PrPr
is a (Q, F') martingale. Thus, there is a (91 € P(IF’ ) such that M/ = M! + fO(BI )% dBQ

Thus, if we set 7/ := (¢/)~16/, then W™ = M’ —Mlisa Q!,F martingale, and using
the conditional Bayes rule,

a1 e V4 1 V4
wi' = Lge [Ig(iH) ‘]—}{} _ _1og<+m,)
Vi prT Vi prT

) lo ’]—"’ _ L og(Er
T v\ )
H oH,Gp

proving optimality of #/. To simplify this expression note that as above p¥p;™" =
pi(Gr — X7)/u(0, Xy, G;), and since u(0, Xy, G,) is F{-measurable, it disappears from
the expression for W' . Furthermore, Lemma S4.8 implies

. Zr V4
EY |log( ———— ) |7 Zrlog( ——T—— ) '"D
[Og<P1(G1 XT)>‘]::| ( [ T0g<P1(g Xr) ‘]:

By (S3.19) we know that

§=Gy
=E[Zlog(Zn)|1 7]
— (E[Zrlog(pi(g = XDINF]) o, -
We conclude for the optimal trading strategy 7' that
P RO . ~ . .
Wi = (B[ Zrlog(Zn1 7] - (B[ Zr1og(p1(g = X)) 7D g,
1
1 Z; )
- —log| ——————), S3.23
i Og( (G, — X) (53.23)

W isa (Q', F") martingale.

Having identified the optimal wealth processes for each investor, we now put them to-

gether. We have already shown that W#' is a (Q, F/) martingale, and from Amendinger
(2000, Proposition 3.4), F" C F/, we know 7V is both F’-predictable and S-integrable

under Q’ . Furthermore, the semi-martingales F" — W and F — W have a common
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version. Thus, as (S3.13) implies W isa (Q, F™) martingale, Amendinger (2000, Theo-
rem 3.2) shows w isa (Q!, F) martingale. As for the noise trader, Lemma S3.4 below
proves

#N-O¥ is well defined, F/-predictable, and S-integrable under (Q’ B,
o ' on N (S3.24)
W isa (Q', F') martingale, and W™ = (W)

g=Gn'
Therefore, we use (S3.13), (53.23), and (S3.18) to obtain
T
/ (wU7T + w7 + a)NW,N GN) ds,
0

~U AT ~N,Gy
= Wi + o Wi + o yWi

v

. ; . Z
—ay (E[ZT log(Zn)|Fy'] — E[Zr log(&(T, X1, H))I F5'] - log(ﬁ))

+ay (E[ZT log(Z)I|Fy'] — (E[Zrlog(pi(g — XD)IF]) o,

—1
Og(pr, Xr)))

+ay (E [Zrlog(Zn)|F'] — (B[ Zrlog(pi(g — X0)IF]) o,

—1
0g<P1(GN _XT))>

Furthermore,

M= \/V(a)U’iT + 07+ oy ) ds, isa (QI F') martingale.
0

Recalling the definition of vy in (2.2), the above simplifies to

M; = — (B[ Zr log(Z)|Fy'] - log(Zr))

2| -

R

o (B[ Zrlog(¢(T, X, H))|Fy'] — log(¢(T, X, H)))
_ 011(( [ rlog(pc, (g — XT))|-7:6n])g=G, —log(pc,(Gr — X71)))

—ay((E[Zrlog(bc, (8 = XD)IF']) g, —l08(be,(Gy — X1)).

Now assume a PCE exists. Then wy 7Y + 0,7/ + o N7TN ‘N —_ IT and (7.7) follows. Next
assume (7.7). This gives My = IT'(W(X7) — Sy) = fo 11" dS,. By construction in (7.6), we
know S is a (@, F™) martingale, hences a (Q’ , F') martingale. Thus, we see for all t < T
that 0 = M, := fot(wyﬁff + w7l + wya-9N — I1) dS,. Thus, M is a continuous martin-



16 J. DETEMPLE, M. RINDISBACHER, AND S. ROBERTSON

gale with quadratic variation
v ¢ 2
0= (M), = / |0/ (w0 Y + w7 + wy 0% — M) du.
0

As ¢’ is nondegenerate Leby 7, x P almost surely, we have wy#U + 0,7 + oy =11,
and hence a PCE exists, finishing the proof. Q.E.D.

LEMMA S3.4: The statements in (S3.24) hold.

PROOF: Recall (S3.15), which states

EF [Z?’g log(Zg’g)] —EQ |:log<pHZfH’g):| < 00.

T Pr

The inequality x|log(x)| < xlog(x) + 2/e implies E2[|log(Z7/(p™ p#))|] < oo, which
in turn identifies the processes 6V¢ and 7"*¢ from (S3.17). In light of Lemma S3.3 and
the above integrability condition, we may apply Proposition S4.6 (with F =F", P = Q,
and B = B? therein). Part (i) implies 6¥-6~, #N-6~ are P(FV)-measurable, and hence
P(F')-measurable, as Lemma S3.3 shows F/ = FV. To ease notation, set F as the common
filtration. Next define the measure Q" by

dQy 7
- . (53.25)
dP  plt v

The filtration QV is the (F™ to F) martingale-preserving measure for Q and Gy. As such,
B%is a (QV,F) Brownian motion, and from parts (iii) and (iv) of Proposition S4.6 we

know that QY almost surely
t , . t , .
[ ooy ast— ([ ooy ass)
0 0

As Q' is equivalent to Q¥ on Fr, it follows that 7>~ is S-integrable under @', and from
the right equality above that W™ = (W#"*)| _, under Q'.

The last thing to show is that W N is a (@’ , ) martingale. To this end, we first show
that it is a (QV, F) martingale. Indeed,

e oo e )= L2 o)
P BT R piprt

where uy(g) from (C.1) is the pdf of Gy. To evaluate this expression set y(g, H) :=
E°[log(Zr/(p} pr NIIF. As Zo/(pl By *) = 1, x|log(x)| < xlog(x) + 2/e, and

T
/ |0f]’GN|2dt < 00, sup =0.
0

t<T

8=Gn

}uN(g) dg, (S3.26)
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INE[ZTU-"(;”] =1, calculations similar to (S3.15) show

ZT”((), X(), g))’ m]
0

2 ~[ .
JHY< -+ E| Zrlo ( =
x(g, H) e [T 8 pi(g—Xr)

[\

~

< =+ E[Zr1og(Z)|1 7] + (log(u(0, X0, £)))"

+ E[ZT(log(ﬁl(g - XT)))_IJ’(E"]- (83.27)
Using this in (S3.26),

EYY [

Z 2~ .
log(ﬁfhw) H == +E[Zrlog(Z7)] + /Rd (log(u(0, Xo, ) un(g) dg

TET

+ /d E[Z(log(pi(g — X1))) Jun(g) dg < oo,
R
(S3.28)
where the last inequality follows from (S3.8), (C.3), and (C.4)(c).
From (S3.28), and Lemma S4.8 we know W N isa (QN , F) martingale. Let us assume
for now that

EY[WT N <00, t<T. (53.29)

The (Q’ ) martingale property follows from that under ((@N ,F) and Lemma S3.3. In-
deed, from part (i) of Lemma S3.3 for r <7,
dQY

H,Gp H,Gp
14

dQv

dp P 0
. L _ . (S3.30)
dQ' |z, dP |5 " dQ'ls  pwoY  phow

As this does not change with ¢, the martingale property is clear. The last thing to show is
(S3.29). Using (S3.30) and that W#"¥ is a (QV, F) martingale, we find E¥' [|[W7"V|] <
E@I[|W$N’GN |1 so (S3.29) will hold for ¢ < T provided it holds at 7. To show this, we use

(S3.30), Lemma S4.8, and G; = G(Gy, H) to obtain

O,X(Ja é(GN,I_I))|JG|((;NaI—I)’ #N.Gy }
un(GOIC|(G(Gw, H), H)

¥ [y ] = [

: 0, X0, G(Z, ))& H) . .nzi ..
e [ O OEDIUGID ]
Rd 79/(G(&, H), H)

From (S3.16) we deduce

T
Wit <—<EQ[
| ! |_’)’N

ZT ZT
og( ) [77] + por (T ) )
pips" ‘ " pips"

Thus, by first conditioning on F", we obtain, using x(g, H) from above (see (S3.27)),

u(0, Xo, G(g, H))|J°|(3, H)
17°|(G (&, H), H)

2

B[ ) = 25
R4

YN

x(&, H) dg’] ,
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Q =Pon o(H) and H ~ £(0, Xy, -) under P. Thus,

5w ) <

2 0, Xo, G(g, m)|7%|(&, h
/ u(0, Xo, G(&, M) |7°|(& )X(g,h)Z(O,Xo,h)dg’dh'
]RdeH

™ 175(G(g, h), )

Now, for any appropriately measurable and integrable function f, for g fixed, the substi-
tution h = H(g, g) yields

/ f(g. 5 Hg. 9)dgdi = / F(G@. 1), 3. 1)[7%| (8, hyd dh.
R4 x R4

RIxRy
At f(g, 8, h) =u(0, X,, g)x(&, h)€(0, X,, h)/|J°|(g, h), we deduce

i/ M(O,X(),g)
Y Jrdsra |79)(g, H(g, 8))

Keeping g fixed, set h = H(g, &) so that g = G(g, h) with dg = |J°|(g, h). This gives

EY (Wi ] < x(3, Hg, )(0, X0, H(g, ) dg dg.

E@HW?N,GNHS%L u(0, Xy, 8)x(G(g, h), h)£(0, X,, h)dg dh
N JRExRy

2 .
YN R4

By first conditioning on F* and using (S3.27), then using IE[ZTU:(;”] =1, H X 200, X -),
and u(0, Xy, -) is a pdf, we see that

4 2~y -
<—+ —E|Zrlog(Z
I= eYN YN [Zrlog(Zn)]
2
+ — (log(u(07 X07 G(g7 h))))+u(0, XO’ g)e((), XO’ h) dg dh

YN RIXRy

B¢ Wy

N,GN|

2 ~r o~y .- _
+— | E[(E[Zr(log(p1(& = X)) 1F D0, Ju00, Xo, 8) dg

YN Jrd

< 0. (S3.31)

Above, the second inequality follows from (C.3), (S3.8), and (C.4)(d). This verifies (S3.29)
and hence WY is a (Q!, F/) martingale. Thus, all statements in (S3.24) hold. Q.E.D.

S4. ON INITIAL ENLARGEMENTS

In this section, we collect a number of results for parameter-dependent Brownian
stochastic integrals in initially enlarged filtrations. Many of these results may be either
found in, or deduced from, Stricker and Yor (1978), Amendinger (2000), Gasbarra,
Valkeila, and Vostrikova (2006), Esmaeeli and Imkeller (2018), and especially Fontana
(2018). We present them for ease of reference.

We take a complete filtered probability space ({2, F,F, P), where F satisfies the usual
conditions. There is a d-dimensional (P, F) Brownian motion B, which has the predictable



ASYMMETRIC INFORMATION EQUILIBRIA 19

representation property, but we do not mandate F = F2. Next, let ) € R™ be an open set,
with Borel sigma-algebra B())). Write P(F) and O(F) for the F-predictable and optional
sigma algebras. Last, for ease of terminology, we use the following definition.

DEFINITION S4.1: The relationship 6 : [0, T] x 2 x YV — R? is Y-predictable (respec-
tively, V-optional) if 0 is P(F) @ B()) (resp. O(F) ® B())) measurable.

Let Y be a random variable taking values in )} and make the following assumption.

ASSUMPTION S4.2: For t < T, P[Y € -|F,] ~ P[Y € -] almost surely. Denote by p, =
p(t, -, y) the resultant density and by \ the unconditional law of Y.

Define G :=F v s(Y'). The first lemma contains three results from Fontana (2018).

LEMMA S4.3: Let Assumption S4.2 hold. Then (i) p is Y-optional, (ii) G satisfies the
usual conditions of right-continuity and saturation of P-null sets in Gy, and (iii) both p{ / p¥
and 1/ pY are strictly positive (P, G) martingales with constant expectation 1.

PROOF: Parts (i), (ii), and (iii) for 1/p" follow directly from Lemma 2.3, Lemma 4.2,
and Proposition 4.4, respectively, in Fontana (2018). As for p}/p*, let0<s <t <T,
A € F;,and H € B(}). Recalling that A is the law of Y,

)4 py
E[lAleeH p(;] |:1A3/ pg/\(dy)i| :E[lAslyEHp—(;].
t 5

The first equality follows by conditioning on ¢ and the (reverse) second follows by con-
ditioning on s. Taking A; = (2 and H = ), and using Fontana (2018, Equation (4.1)) at
f =1 shows that E[ fy poA(dy)] =1, which finishes the result. Q.E.D.

REMARK S4.4: Given Lemma S4.3, it follows from Jacod (1985, Section 1) and Gas-
barra, Valkeila, and Vostrikova (2006, Lemma 4.2) that 6 = ¢ is V-predictable if and only
if 0¥ € P(G). Additionally, by part (iii) above, we may define the martingale=preserving
measure P by either dP) /dP = 1/pY. or dP¥ /dP = pY/pY. Note that if F, is P-trivial,
then BY = P". Next, Fontana (2018, Proposition 2.9) proves that B is a (P}, G) Brownian
motion with the predictable representation property. Similarly, Fontana (2018, Propo-
sition 4.4) implies B is a (P, G) Brownian motion. As dP} /dP¥|g, = p;, which is G,
measurable, it follows that B has the predictable representation property under (P, G)
as well. For technical integrability reasons, it is more convenient for us to work with P¥
rather than P}

The first main result concerns martingale representation. To state it, make the following
assumption.

ASSUMPTION S4.5: We have that ¢ = ¢ (w, y) is a Fr ® B(Y)-measurable function such
that E[|¢ (-, y)|] < oo foreach ye Y.

Next, denote by 6 = 6” the process 6” € P(IF) for each y € ) and such that

M= E[¢(.,y)|];] =M; + /A(Gf,)'dBu. (S4.1)
0

We then have the following intuitive result and corollary.
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PROPOSITION S4.6: Let Assumptions S4.2 and S4.5 hold, and let 6 be from (S4.1). Then
(i) 0 is Y-predictable, hence P(G) measurable, (ii) the stochastic integral [ (62) dB, is Y-
predictable, (iii) the stochastic integral [ (0)) dB, is well defined, and (iv) [,(0)) dB, and
(/,(62) dB,)|,—y are indistinguishable.

COROLLARY S4.7: If additionally 0 is strictly positive almost surely, then the same conclu-
sions hold for v = v’ defined by

Gy 5(/ (vﬁ)’dBu) .
E[d) (" Y)] 0 T

PROOF OF PROPOSITION S4.6: For (i), it follows from Stricker and Yor (1978, Proposi-
tion 3) that we can take M = M” in (S4.1) to be a cadlag and 3()/)-measurable version of
the F-optional projection of ¢ (-, y) (see also the proof of Fontana (2018, Lemma 4.2)).
The result then follows from Fontana (2018, Proposition A.1).

Part (ii) is proved in Stricker and Yor (1978, Proposition 5) when E[( for |o(t, -,
y)I>d1)'?] < oo (and noting the integral sample paths are continuous). For the gen-
eral case, set 0, = 61, and write M" as the resultant )-predictable map. Clearly, we
have P-lim, .« fOT 10,(t,-,y) — O,(t,-, y)|*dt =0, and hence by Karatzas and Shreve
(1991, Proposition 3.2.26) we know P-lim,, . Sup,_; |M, (¢, -, y) — M, (t, -, y)| = 0. The
result follows using Stricker and Yor (1978, Proposition 1) with F, P therein being P (IF)
and P x Leby 7, respectively. For part (iii), we first note that by part (i), 6 € P(G).
Next, as B is a (ﬁy, G) Brownian motion, hence it is (P, G) semi-martingale. Thus,
the result will follow if P fOT |07 |>du < oo] = 1. By Fubini, we know that 1 710 Rdusoo =
(1./J|6Z|2du<oo)|yzyand that (w, g) —> 1</g~|9{[|2du)(m)<oo is Fr ® B(Y)-measurable. Thus, from
Fontana (2018, Equation (4.1)) we conclude

T
IP’[/ |e§|2du<oo] :/E[pmfoflf,ﬁlzdm])\(dy)=/E[pyr]/\(dy)=l, (S4.2)
0 hY ¥y

where the last equality follows from Fontana (2018, Equation (4.1)) applied to f = 1.

That part (iv) holds is stated in the proof of Fontana (2018, Proposition 4.10) as fol-
lowing from (a) an application of the monotone convergence theorem and (b) Stricker
and Yor (1978, Proposition 5) combined with the dominated convergence theorem for
stochastic integrals (see Protter (2005, Chapter IV, Theorem 32)). Part (iv) is also im-
plicitly used in the proof of Amendinger, Imkeller, and Schweizer (1998, Corollary 2.10).
However, for the sake of clarity, we will offer a detailed sketch.

First, assume 6(¢, ,y) = (¢, w)h(y), where ¢ € P(F) and h € B()) are bounded.
Considering integration with respect to the (P, F)Brownian motion B, it follows that
(fd(B{t)’ dB,)|,—y = h(Y) fo ¥ (u,-) dB,. Next, considering integration with respect to the
(PY, G) Brownian motion B, we have fot(ﬂlf)/dBu = h(Y) [, ¥(u,-) dB,. The result fol-
lows by path continuity. Next, let bounded {6,} converge (boundedly) to a bounded 6.
Write the associated integrals as M,,, M. Foreach ¢t <T.

t 2
E“”"Y[(M(t,-, Y) - / 0<u,-,Y)/dBu) ]
0

t 2
<2E7 [(M(t,-,Y) = M, (t,-, Y))"] + 2E7" [( / (0.(u, -, Y) — 0(u, -, Y))’dBu) }
0
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First,
B [(M(t,,Y) = M2, V)] =B iY(MO,-,Y)—Mnu,-,Y))z}
Lp,
=k /(M(f, 5Y) = M(t, -, Y))z/\(dy):|
Yy

_E /(/ |9(u,.,y>—0n<u,-,y>|2du))~<dy>]
y 0

—E" [/ 0Cu, -, Y) = 0,(u, -, Y)|2du}.
0

Above we have used the definition of p¥ and the Ito isometry. Similarly

t ) ) ,
= [(/ (6uCa -, ¥) = 68, Y))/dB“> } = [/ 60, Y) ~ 6,(u, Y)|2du]
0 0

The bounded convergence theorem implies almost surely for ¢ < T that M(¢,-,Y) —
fot O(u,-,Y) dB, =0. As 6 is bounded, [, 6(u,-,Y) dB, is a (P¥, G) martingale. But
this implies M (¢, -, Y) is also a (P, G) martingale. As martingale representation holds
with respect to B, we deduce M (-, -, Y) has continuous paths, and hence M (-, -, Y) and
fo 0(u, -, Y) dB, are indistinguishable. The monotone class theorem gives the result for

bounded 0. We now extend to 6 such that for |6(u, -, Y)|>du < oo. For each ¢, n,

t t
M(t,-,Y)—/ 0(u,-,Y)/dBu=(/ (o(u,.,y)1|9<u,.,y)|>n)’d3u)
0

0

y=Y
t

- / (0t > Y) Lt yy1on) dB. (S43)
0

We first handle the rightmost term above. By construction of p¥, for each & > 0,

T
~ 2
PY |:/(; ’O(Lt, > Y)| Lo, yyjzn dut = 8i| = /;}E[ljb’r6(”»‘,)’)21H(u,-,y)>ndu28]/\(dy)'

Since foreach y € ), fOT 10(tt, -, Y)1*j6(u,..yy=n du — 0 almost surely as n 1 oo, two applica-
tions of the dominated convergence theorem allow us to conclude that lim,,; fOT |0(u, -,
Y)*1ioeu,..vy=n du =0 in BY probability. Therefore, by Karatzas and Shreve (1991, Propo-
sition 3.2.26) we know that in P¥ probability,

limsup
ntoo t<T

/ (0(“, Y Y)lw(u,»,Y)lzn),dBu =O
0

As for the first term on the right side of (S4.3), set M,(t,-,y) := fot(e(u,-,y) X

Lio(u,..y1=n) dBy. Since for each y € Y, fOT 10w, -, Y)I*1j(u,..y1=n du converges to 0 almost
surely, we again deduce from Karatzas and Shreve (1991, Proposition 3.2.26) that in P
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probability sup,_; [M,(¢, -, y)| — 0. As M, is Y-optional,

24 [sup|Mn(t, ., Y)| > 8] = / ELgup,_p M- pize 1A (AY),
Y

t<T

so that sup,_; [M,(¢,-,Y)| — 0 in BY probability. Thus, by taking subsequences where
the convergence takes place almost surely Q¢ and hence P, we deduce from (S4.3) that
sup,_ |M(¢,-,Y) — fol 0(u, -, Y) dB,| =0 almost surely, finishing the result. O.E.D.

PROOF OF COROLLARY S4.7: It is clear that v = 6/M. Thus, by the results on 6 above
(in particular, the connection to the proof of (iv) which proved indistinguishability for
general 6), it suffices to prove that foT [vY|*du < oo almost surely. But this will follow pro-
vided inf,.7 M > 0 almost surely. But this latter fact follows using the same calculations
as in (S4.2), but now for the random variable 1,;_, ., which is almost surely 1 for all y
since M” has continuous paths. Q.E.D.

Last, we relate (Q¢, G) and (Q, F) conditional expectations, where Q is a measure on
Fr, and Q€ is built from Q in a similar manner to how PY was built from P.

LEMMA S4.8: Let Z be a strictly positive (P, F) martingale with E[Z,] = 1. Define Q
via dQ/dP := Zr and Z® := Z./pY. Then Z® is a (P, G) martingale. Next, define Q® by
dQ¢/dP =Z%. Let 0<s <t <T,let ¢ be F,-measurable, taking values in G C R", and
let f:G x Y — R be a measurable function such that either (a) f is nonnegative or (b)
EQ|f (b, y)|] < oo foreach y € Y as well as fy EQ|f (b, y)IIA(dy) < co. Then

EV[f(6, VIG] = (E2[f (S, MIF]) _,-

PROOF: LetO0<s<t<T, A, € F,, H € B()) and denote by A the law of Y. We have

1
E[lAleeHZ;G’] ZE[lAleeHZt_Y] =/ E[14,Z1]A(dy)
H

t

- / EI1,, ZIA(dy) = E[14,1yen 25
H

Taking the above for A, = 2 and H = ), we see E[ZF] = fy E[Z]A(dy) = fy E[Zy] x
A(dy) = 1. Here, we have used the martingale property for Z and E[Z)] = 1. The
martingale property readily follows. As for the conditional expectation equality, if f is
not nonnegative, the condition fy EQ[|f (b, y)|]A(dy) < oo implies EC[|f (¢, Y)|] < oo,
so the conditional expectation is well defined. Next, let A; € F, and H € B()). Set
X' (y) :=E%[f(, y)|FE]. Note that (w, y) = x'(y) is F; x B())-measurable, and hence
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X.(Y) is G,-measurable. As Z€ is a (P, G) martingale,
B[ Ly Lyenx' (V)] = [1A51Y€HXS(Y>pY} E[usz E[lﬁHXS(Y)pY |fBH
- [u | Xé(y)l)\(dy)] | Bl Zoxiolady)
- /H E[14,Z,f (b, ]A(dy) = JE[LISZ: fH (9, y)A(dy)]

Z, G
- E[lA,_lyEHp—tyf((b, Y)] =E% [Lilyenf(, YV)]. O.E.D.
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