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THIS SUPPLEMENTAL MATERIAL consists of Appendices C, D, E, F, and G to the main
text.

APPENDIX C: PROOFS FOR THE PRELIMINARY RESULTS

PROOF OF LEMMA A1: The proof proceeds by recursion. Denote �k(n)fj ∈ Fk(n) the
mixture approximation of fj from Lemma D1. For de = 1, Lemma D1 implies ‖f1 −
�k(n)f1‖TV = O( log[k(n)]r/b

k(n)r ) and ‖f1 − �k(n)f1‖∞ = O( log[k(n)]r/b

k(n)r ). Suppose the result holds
for f1 × · · · × fde . Let f = f1 × · · · × fde × fde+1; let

dt+1 = f1 × · · · × fde × fde+1 −�k(n)f1 × · · · ×�k(n)fde ×�k(n)fde+1�

dt = f1 × · · · × fde −�k(n)f1 × · · · ×�k(n)fde �

The difference can be rewritten recursively:

dt+1 = dtfde+1 +�k(n)f1 × · · · ×�k(n)fde (fde+1 −�k(n)fde+1)�

Since
∫
fde+1 = ∫

�k(n)f1 × · · · × �k(n)fde = 1, the total variation distance is ‖dt+1‖TV ≤
‖dt‖TV + ‖fde+1 −�k(n)fde+1‖TV =O( log[k(n)]r/b

k(n)r ). And the supremum distance is

‖dt+1‖∞ ≤ ‖dt‖∞‖fde+1‖∞ + ‖�k(n)f1 × · · · ×�k(n)fde‖∞‖fde+1 −�k(n)fde+1‖∞

≤ ‖dt‖∞
(‖fde+1‖∞ + ‖f1 × · · · × fde‖∞‖fde+1 −�k(n)fde+1‖∞

)
=O

(
log

[
k(n)

]r/b
k(n)r

)
� Q.E.D.

PROOF OF LEMMA A2: To reduce notation, the t and s subscripts will be dropped in
the following. The proof is similar for both e1 and e2 so the proof is only given for e1.

First, the densities of e1 and e2 are derived; the first two results follow. Noting that the
draws are defined using quantile functions, inverting the formula yields ν1 = 1

1−e2+ξ1
1

. This

is a proper CDF on (−∞�0] since e1 → 1

1−e2+ξ1
1

is increasing and has limits 0 at −∞ and

1 at 0. Its derivative is the density function: (2 + ξ1) e
1+ξ1
1

(1−e2+ξ1
1 )2

. It is continuous on (−∞�0]

and has an asymptote at −∞: (2 + ξ1) e
1+ξ1
1

(1−e2+ξ1
1 )2

× e
3+ξ1
1 → (2 + ξ1) as e1 → −∞. Since
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ξ1 ∈ [ξ� ξ̄] with 0< ξ, then E|e1|2 ≤ C <∞ for some finite C > 0. Similar results hold for

e2 which has density (2 + ξ2) e
1+ξ2
2

(1+e2+ξ2
2 )2

on [0�+∞).

Second, ξ1 → e1(ξ1) is shown to be L2-smooth. Let |ξ1 − ξ̃1|≤ δ; using the mean value
theorem, for each ν1 there exists an intermediate value ξ̌1 ∈ [ξ1� ξ̃1] such that

(
1
ν1

− 1
) 1

2+ξ1 −
(

1
ν1

− 1
) 1

2+ξ̃1 = 1

2 + ξ̌1

log
(

1
ν1

− 1
)(

1
ν1

− 1
) 1

2+ξ̌1
(ξ1 − ξ̃1)�

The first term is bounded by 1/(2 + ξ), the second is bounded by log( 1
ν1

+ 1)( 1
ν1

+ 1)
1

2+ξ ,
and the last term is bounded above, in absolute value, by δ.

Finally, in order to conclude the proof, the integral
∫ 1

0 log( 1
ν1

+ 1)( 1
ν1

+ 1)
2

2+ξ dν1 needs

to be finite. By a change of variables, it can be rewritten as
∫ ∞

2 log(ν)ν
2

2+ξ−2
dν. Since

2
2+ξ − 2<−1, the integral is always finite and thus

[
E

(
sup

|ξ1−ξ̃1|≤δ

∣∣est�1(ξ1) − est�1(ξ̃1)
∣∣2

)]1/2 ≤ δ

2 + ξ

√∫ ∞

2
log(ν)ν

2
2+ξ−2

dν�
Q.E.D.

PROOF OF LEMMA A3: Since Bk(n) is contained in a ball of radius max(μk(n)�σ�‖θ‖∞)
in R

3[k(n)+2]+dθ under ‖ ·‖m, the covering number for Bk(n) can be computed under the ‖ ·‖m
norm using a result from Kolmogorov and Tikhomirov (1959). As a result, the covering
number N(x�Bk(n)�‖ · ‖m) satisfies N(x�Bk(n)�‖ · ‖m) ≤ 2(3[k(n) + 2] + dθ)(

2 max(μ̄k(n)�σ̄)

x
+

1)3[k(n)+2]+dθ . The rest follows from Lemmas 2 and D5. Q.E.D.

PROOF OF LEMMA A4: First, using the assumption that B is a bounded linear operator,

Qn(�k(n)β0)

≤M2
B

∫ ∣∣E(
ψ̂n(τ) − ψ̂Sn(τ��k(n)β0)

)∣∣2
π(τ) dτ

≤ 3M2
B

(∫ ∣∣E(
ψ̂n(τ) − ψ̂Sn(τ�β0)

)∣∣2
π(τ) dτ

+
∫ ∣∣E(̂̂

ψSn(τ�β0) − ψ̂Sn(τ��k(n)β0)
)∣∣2
π(τ) dτ

)
�

Each term can be bounded above individually. Rewrite the first term in terms of distribu-
tion: |E(ψ̂n(τ) − ψ̂Sn(τ�β0))|=|1

n

∑n

t=1

∫
eiτ

′(yt �xt)[f ∗
t (yt �xt) − ft (yt �xt)]dyt dxt|, where ft is

the distribution of (yt (β0)�xt) and ft the stationary distribution of (yt(β0)�xt). Using the
geometric ergodicity assumption, for all τ,∣∣∣∣∣ 1

n

n∑
t=1

∫
eiτ

′(yt �xt)
[
f ∗
t (yt �xt) − ft (yt �xt)

]
dyt dxt

∣∣∣∣∣
≤ 1
n

n∑
t=1

∫ ∣∣f ∗
t (yt �xt) − ft (yt �xt)

∣∣dyt dxt
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= 2
n

n∑
t=1

∥∥f ∗
t − ft

∥∥
TV

≤ 2Cρ
n

n∑
t=1

ρt ≤ 2Cρ
(1 − ρ)n

for some ρ ∈ (0�1) and Cρ > 0. This yields a first bound:

∫ ∣∣E(
ψ̂n(τ) − ψ̂Sn(τ�β0)

)∣∣2
π(τ) dτ ≤ 4C2

ρ

(1 − ρ)2

1
n2 =O

(
1
n2

)
�

The mixture norm ‖ · ‖m is not needed here to bound the second term since it involves
population CFs. Some changes to the proof of Lemma 2 allows to find bounds in terms of
‖ · ‖B and ‖ · ‖TV for which Lemma A1 gives the approximation rates.

To bound the second term, rewrite the simulated data as

yst = gobs�t

(
xt:1�β� est:1

)
� ust = glatent�t

(
β� est:1

)
�

with β = (θ� f ), est ∼ f , and xt:1 = (xt� � � � � x1)� est:1 = (est � � � � � e
s
1). Under Assumption 2

or 2′, using the same sequence of shocks (est ): E(‖gobs�t(xt:1�β0� est:1) − gobs�t (xt:1��k(n)β0�

est:1)‖) ≤ C‖�k(n)f0 − f0‖γB. This is similar to the proof of Lemma 2; first rewrite the differ-
ence as

E(‖gobs

(
gobs�t−1

(
xt−1:1�β0� est−1:1

)
�xt�β0� glatent

(
glatent�t−1

(
β0� est−1:1

)
�β0� e

s
t

))
− gobs(gobs�t−1

(
xt−1:1��k(n)β0� est−1:1

)
�xt��k(n)β0�

glatent

(
glatent�t−1

(
�k(n)β0� est−1:1

)
��k(n)β0� e

s
t‖

)
�

Using Assumptions 2–2′, the following recursive relationship holds:

E
(∥∥gobs

(
gobs�t−1

(
xt−1:1�β0� est−1:1

)
�xt�β0� glatent

(
glatent�t−1

(
β0� est−1:1

)
�β0� e

s
t

))
− gobs

(
gobs�t−1

(
xt−1:1��k(n)β0� est−1:1

)
�xt��k(n)β0�

glatent

(
glatent�t−1

(
�k(n)β0� est−1:1

)
��k(n)β0� e

s
t

))∥∥)
≤ [

E
(∥∥gobs

(
gobs�t−1

(
xt−1:1�β0� est−1:1

)
�xt�β0� glatent

(
glatent�t−1

(
β0� est−1:1

)
�β0� e

s
t

))
− gobs

(
gobs�t−1

(
xt−1:1��k(n)β0� est−1:1

)
�xt��k(n)β0�

glatent

(
glatent�t−1

(
�k(n)β0� est−1:1

)
��k(n)β0� e

s
t

))∥∥2)]1/2

≤ C1

[
E
(∥∥gobs�t−1

(
xt−1:1�β0� est−1:1

) − gobs�t−1

(
xt−1� � � � � x1��k(n)β0� est−1:1

)∥∥2)]1/2

+C2‖β0 −�k(n)β0‖γB +C3

[
E
(∥∥glatent�t

(
β0� est:1

) − glatent�t

(
�k(n)β0� est:1

)∥∥2)]γ/2
�

The last term also has a recursive structure:[
E
(∥∥glatent�t

(
β0� est:1

) − glatent�t

(
�k(n)β0� est:1

)∥∥2)]1/2

≤ C4

[
E
(∥∥glatent�t−1

(
β0� est−1:1

) − glatent�t−1

(
�k(n)β0� est−1:1

)∥∥2)]1/2 +C5‖β0 −�k(n)β0‖γB�
Together, these inequalities imply

E(‖gobs

(
gobs�t−1

(
xt−1� � � � � x1�β0� est−1:1

)
�xt�β0� glatent

(
glatent�t−1

(
β0� est−1:1

)
�β0� e

s
t

))
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− gobs(gobs�t−1

(
xt−1� � � � � x1��k(n)β0� est−1:1

)
�xt��k(n)β0�

glatent

(
glatent�t−1

(
�k(n)β0� est−1:1

)
��k(n)β0� e

s
t‖

)
≤ 1

1 −C1

(
C2‖β0 −�k(n)β0‖γB +C3

C
γ

5

(1 −C4)γ
‖β0 −�k(n)β0‖γ2

B

)
�

Recall that ‖τ‖∞
√
π(τ) is bounded above and π(τ)1/4 is integrable, so that∫ ∣∣E(
eiτ

′(yt (β0�xt:1)) − eiτ′(yt (�k(n)β0�xt:1))
)∣∣2
π(τ) dτ

≤
(
C2‖β0 −�k(n)β0‖γB +C3

C
γ

5

(1 −C4)γ
‖β0 −�k(n)β0‖γ2

B

)

×
sup
τ

[‖τ‖∞
√
π(τ)

]∫
π(τ)1/4 dτ

1 −C1

�

To conclude the proof, the difference due to est needs to be bounded. In order to do so,
it suffices to bound the following integral:

∫
eiτ

′(yt (y0�u0�xt:1�β0�e
s
t:1)�xt )

(
t∏
j=1

f0

(
esj

) −
t∏
j=1

�k(n)f0

(
esj

))
fx(xt:1) dest:1 dxt:1�

A direct bound on this integral yields a term of order of t‖f0 −�k(n)f0‖TV which increases
with t, which is too fast to generate useful rates. Rather than using a direct bound, con-
sider Assumptions 2–2′. The time-series yst can be approximated by another time-series
term which only depends on a fixed and finite (est � � � � � e

s
t−m) for a given integer m ≥ 1.

Makingm grow with n at an appropriate rate allows to balance the biasm‖f0 −�k(n)f0‖TV

(computed from a direct bound) and the approximation due to m< t.
The m-approximation rate of yt is now derived. Let β= (θ� f ) ∈ B, est � � � � � e

s
1 ∼ f , and

ỹst such that ỹst−m = 0� ũst−m = 0 and then ỹsj = gobs(ỹsj−1�xj�β� ũ
s
j)� ũ

s
j = glatent(ũsj−1�β�e

s
j)

for t − m + 1 ≤ j ≤ t. Each observation t is approximated by its own time-series. For
observation t −m, by construction, E(‖yst−m − ỹst−m‖) = E(‖yst−m‖) ≤ [E(‖yst−m‖2)]1/2 and
E(‖ust−m − ũst−m‖) = E(‖ust−m‖) ≤ [E(‖ust−m‖2)]1/2. Then, for any t ≥ t̃ ≥ t −m,

E
(∥∥ust̃ − ũst̃∥∥) ≤ C4

[
E
(∥∥ust̃−1 − ũst̃−1

∥∥2)]1/2
�

E
(∥∥yst̃ − ỹst̃

∥∥) ≤ C3C
γ

4

[
E
(∥∥ust̃−1 − ũst̃−1

∥∥2)]γ/2 +C1

[
E
(∥∥yst̃−1 − ỹst̃−1

∥∥2)]1/2
�

The previous two results and a recursion argument lead to the following inequalities:

E
(∥∥ust − ũst∥∥) ≤ Cm

4

[
E
(∥∥ust−m∥∥2)]1/2

� (C.1)

E
(∥∥yst − ỹst

∥∥) ≤ C3C
γm

4

[
E
(∥∥ust−m∥∥2)]γ/2 +Cm

1

[
E
(∥∥yst−m∥∥2)]1/2

� (C.2)

For β= β0��k(n)β0 since the expectations are finite and bounded by assumption,
E(‖yst − ỹst ‖) ≤ Cmax(C1�C4)γm with 0 ≤ max(C1�C4) < 1 and some C > 0. For the

first observations t ≤ m, the data are unchanged, yst = ỹst , so that the bound still holds.
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The integral can be split and bounded:∣∣∣∣∣
∫
eiτ

′(yt (y0�u0�xt:1�β0�e
s
t:1)�xt )

(
t∏
j=1

f0

(
esj

) −
t∏
j=1

�k(n)f0

(
esj

))
fx(xt:1) dest:1 dxt:1

∣∣∣∣∣
≤ ∣∣E([

ψ̂Sn(τ�β0) − ψ̂Sn(τ��k(n)β0)
] − [

ψ̃Sn(τ�β0) − ψ̃Sn(τ��k(n)β0)
])∣∣

+
∫ ∣∣∣∣∣

(
t∏

j=t−m+1

f0

(
esj

) −
t∏

j=t−m+1

�k(n)f0

(
esj

))
dest:t−m+1

∣∣∣∣∣
≤ 4Cmax(C1�C4)γm + 2m‖�k(n)f0 − f0‖TV�

The last inequality is due to the cosine and sine functions being uniformly Lipschitz con-
tinuous and equations (C.1)–(C.2). Recall that ‖�k(n)f0 −f0‖TV =O( log[k(n)]2r/b

k(n)r ). To balance

the two terms, pick m= − r

γ log[max(C1�C4)]
log[k(n)]> 0. Then, max(C1�C4)γm = k(n)−r and

Cmax(C1�C4)γm + 2m‖�k(n)f0 − f0‖TV =O
(

log
[
k(n)

]2r/b+1

k(n)r

)
�

Combining all the bounds above yields

Qn(�k(n)β0) =O
(

max
[

log
[
k(n)

]4r/b+2

k(n)2r �
log

[
k(n)

]4γ2r/b

k(n)2γ2r
�

1
n2

])
�

where ‖ · ‖B = ‖ · ‖∞ or ‖ · ‖TV so that ‖β0 − �k(n)β0‖γ2

B = O( log[k(n)]4γ2r/b

k(n)2γ2r
). The term due

to the non-stationarity is of order 1/n2 = o(max[ log[k(n)]4r/b+2

k(n)2r � log[k(n)]4γ2r/b

k(n)2γ2r
]) so it can be ig-

nored. This concludes the proof. Q.E.D.

PROOF OF LEMMA A5: Using the inequality 1/2|a|2 ≤|a− b|2 +|b|2 for any a�b ∈R:

0 ≤ 1/2
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ��k(n)β0)

)
dβ

[β̂n −�k(n)β0]
∣∣∣∣

2

π(τ) dτ

≤
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −β0]
∣∣∣∣

2

π(τ) dτ

+
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −β0] −BdE
(
ψ̂Sn(τ��k(n)β0)

)
dβ

[β̂n −�k(n)β0]
∣∣∣∣

2

π(τ) dτ

≤
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −β0]
∣∣∣∣

2

π(τ) dτ

+
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ��k(n)β0)

)
dβ

[�k(n)β0 −β0]
∣∣∣∣

2

π(τ) dτ

+
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −β0] −BdE
(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −�k(n)β0]
∣∣∣∣

2

π(τ) dτ�
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By assumption, the term on the left isOp(δ2
n); by condition (ii), the middle term is Op(δ2

n),
and condition (i) implies that the term on the right is also Op(δ2

n). It follows that

∫ ∣∣∣∣BdE
(
ψ̂Sn(τ��k(n)β0)

)
dβ

[β̂n −�k(n)β0]
∣∣∣∣

2

π(τ) dτ=Op
(
δ2
n

)
� (C.3)

Now, note that both β̂n and �k(n)β0 belong to the finite-dimensional space Bk(n) parame-
terized by (θ�ω�μ�σ). To save space, β̂n will be represented by ϕ̂n = (θ̂n� ω̂n� μ̂n� σ̂n) and
�k(n)β0 by ϕk(n) = (θk(n)�ωk(n)�μk(n)�σk(n)). Using this notation, equation (C.3) becomes

∫ ∣∣∣∣BdE
(
ψ̂Sn(τ��k(n)β0)

)
dβ

[β̂n −�k(n)β0]
∣∣∣∣

2

π(τ) dτ

=
∫ ∣∣∣∣BdE

(
ψ̂Sn(τ��k(n)β0)

)
d(θ�ω�μ�σ)

[ϕ̂n −ϕk(n)]
∣∣∣∣

2

π(τ) dτ

= trace
(

[ϕ̂n −ϕk(n)]′

×
∫
B
dE

(
ψ̂Sn(τ��k(n)β0)

)
d(θ�ω�μ�σ)

′

B
dE

(
ψ̂Sn(τ��k(n)β0)

)
d(θ�ω�μ�σ)

π(τ) dτ[ϕ̂n −ϕk(n)]
)

≥ λn‖ϕ̂n −ϕk(n)‖2 = λn‖β̂n −�k(n)β0‖2
m�

It follows that 0 ≤ λn‖β̂n −�k(n)β0‖2
m ≤Op(δ2

n) so that the rate of convergence in mixture
norm is ‖β̂n −�k(n)β0‖m =Op(δnλ−1/2

n ). Q.E.D.

PROOF OF LEMMA A6: Using the rate assumptions and Lemma D7 implies the desired
result. Q.E.D.

APPENDIX D: INTERMEDIATE RESULTS

LEMMA D1—Kruijer, Rousseau, and van der Vaart (2010): Suppose that f is a continu-
ous univariate density satisfying: (i) Smoothness: f is r-times continuously differentiable with
bounded rth derivative. (ii) Tails: f has exponential tails, that is, there exist ē�Mf1� a�b > 0
such that f1(e) ≤ Mf1e

−a|e|b�∀|e| ≥ ē. (iii) Monotonicity in the tails: f is strictly positive
and there exists e < e such that fS is weakly decreasing on (−∞� e] and weakly increas-
ing on [e�∞). Let Fk be the sieve space consisting of Gaussian mixtures with the follow-
ing restrictions. (iv) Bandwidth: σj ≥ σk = O( log[k(n)]2/b

k
). (v) Location parameter bounds:

μj ∈ [−μ̄k� μ̄k]. (vi) Growth rate of bounds: μ̄k = O(log[k]1/b). Then there exists a mixture
sieve approximation of f , �kf ∈ Fk, such that, as k → ∞, ‖f − �kf‖F = O( log[k(n)]2r/b

k(n)r ),
where ‖ · ‖F = ‖ · ‖TV or ‖ · ‖∞.

LEMMA D2—Chen and Pouzo (2012): Let β̂n be such that Q̂n(β̂n) ≤ infβ∈Bk(n) +Op∗ (ηn),
where (ηn)n≥1 is a positive real-valued sequence such that ηn = o(1). Let Q̄n : B →
[0�+∞) be a sequence of non-random measurable functions and let the following condi-
tions hold: a. (i) 0 ≤ Q̄n(β0) = o(1); (ii) there is a positive function g0(n�k�ε) such that
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infh∈Bk:‖β−β0‖B>ε Q̄n(β) ≥ g0(n�k�ε) > 0 for each n�k ≥ 1, and lim infn→∞ g0(n�k(n)� ε) ≥
0 for all ε > 0. b. (i) B is an infinite-dimensional, possibly non-compact subset of a Banach
space (B�‖‖B); (ii) Bk ⊆ Bk+1 ⊆ B for all k ≥ 1, and there is a sequence {�k(n)β0 ∈ Bk(n)}
such that Q̄n(�k(n)β0) = o(1). c. Q̂n(β) is jointly measurable in the data (yt� xt)t≥1 and the
parameter h ∈ Bk(n) . d. (i) Q̂n(�k(n)β0) ≤ K0Q̄n(�k(n)β0) + Op∗ (c0�n) for some c0�n = o(1)
and a finite constant K0 > 0; (ii) Q̂n(β) ≥ KQ̄n(β) − Op∗ (cn) uniformly over h ∈ Bk(n)

for some cn = o(1) and a finite constant K > 0; (iii) max(c0�n� cn� Q̄n(�k(n)β0)�ηn) =
o(g0(n�k(n)� ε)) for all ε > 0. Then, for all ε > 0, P∗(‖β̂n −β0‖B > ε) → 0 as n→ ∞.

LEMMA D3: Let (Yt)t≥1 be mean zero, α-mixing with rate α(m) such that
∑

m≥1 α(m)1/p <

∞ for somep> 1, and|Yt|≤ 1 for all t ≥ 1. Then we have E(n|Ȳn|2) ≤ 1+24
∑

m≥1 α(m)1/p.

LEMMA D4: Let (Xt)t>0 be a sequence of real-valued, centered random variables and
(αm)m≥0 be the sequence of strong mixing coefficients. Suppose that Xt is uniformly bounded
and there exist A�C > 0 such that α(m) ≤Aexp(−Cm); then there exists K > 0 that de-
pends only on the mixing coefficients such that, for any p≥ 2,

E
(|√nX̄n|p

)1/p ≤K
[
√
p

(∫ 1

0
min

(
α−1(u)� n

) n∑
t=1

Q2
t (u)
n

)1/2

+ n1/p−1/2p2
∥∥∥sup
t>0
Xt

∥∥∥
∞

]
�

where Qt is the quantile function of Xt , min(α−1(u)� n) = ∑n

i=k 1u≤αk .

LEMMA D5: Suppose that (Xt (β))t>0 is a real-valued, mean zero random process for
any β ∈ B. Suppose that it is α-mixing with exponential decay: α(m) ≤ Aexp(−Cm) for
A�C > 0 and bounded |Xt (β)|≤ 1. Let X = {X : B → C�β→Xt (β)} and suppose that∫ 1

0 log2N[](x�X �‖ · ‖) dx <∞; then
∫ 1

0 x
ϑ/2−1

√
logN[](x�X �‖ · ‖) + log2N[](x�X �‖ · ‖) <

∞ for all ϑ ∈ (0�1) and

E

(
sup
β∈B

∣∣√n[ψ̂St (β) −E
(
ψ̂St (β)

)]∣∣2
)

≤K
(∫ 1

0
xϑ/2−1

√
logN[]

(
x�X �‖ · ‖) + log2N[]

(
x�X �‖ · ‖)dx)�

ASSUMPTION 2′—Data generating process—L2-smoothness: yst is simulated according
to the dynamic model (1)–(2) where gobs and glatent satisfy the following L2-smoothness con-
ditions for some γ ∈ (0�1] and any δ ∈ (0�1):
y(i)′. For some 0 ≤ C̄1 < 1, [E(sup‖β1−β2‖B≤δ ‖gobs(yst (β1)�xt�β1�u

s
t (β1)) − gobs(yst (β2)�

xt�β1�u
s
t (β1))‖2|yst (β1)� yst (β2))]1/2 ≤ C̄1‖yst (β1) − yst (β2)�‖

y(ii)′. For some 0 ≤ C̄2 <∞, [E(sup‖β1−β2‖B≤δ ‖gobs(yst (β1)�xt�β1�u
s
t (β1))−gobs(yst (β1)�

xt�β2�u
s
t (β1))‖2)]1/2 ≤ C̄2δ

γ .
y(iii)′. For some 0 ≤ C̄3 < ∞, [E(sup‖β1−β2‖B≤δ ‖gobs(yst (β1)�xt�β1�u

s
t (β1)) −

gobs(yst (β1)�xt�β1�u
s
t (β2))‖2|ust (β1)�ust (β2))]1/2 ≤ C̄3‖ust (β1) − ust (β2)‖γ .

u(i)′. For some 0 ≤ C̄4 < 1, [E(sup‖β1−β2‖B≤δ ‖glatent(ust−1(β1)�β�est (β1)) −
glatent(ust−1(β2)�β�est (β1))‖2)]1/2 ≤ C̄4‖ust−1(β1) − ust−1(β2)�‖
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u(ii)′. For some 0 ≤ C̄5 < ∞, [E(sup‖β1−β2‖B≤δ ‖glatent(ust−1(β1)�β1� e
s
t (β1)) −

glatent(ust−1(β1)�β2� e
s
t (β1))‖2)]1/2 ≤ C̄5δ

γ .
u(iii)′. For some 0 ≤ C̄5 < ∞, [E(sup‖β1−β2‖B≤δ ‖glatent(ust−1(β1)�β1� e

s
t (β1)) −

glatent(ust−1(β1)�β1� e
s
t (β2))‖2|est (β1)� est (β2))]1/2 ≤ C̄6‖est (β1) − est (β2)‖

for ‖β1 −β2‖B = ‖θ1 − θ2‖ + ‖f1 − f2‖∞ or ‖θ1 − θ2‖ + ‖f1 − f2‖TV .

LEMMA D6: Suppose that (yst �xt)t≥1 is geometrically ergodic for β= β0 and the moments
are bounded |ψ̂st (τ�β0)|≤M for all τ; then Qn(β0) =O(1/n2).

LEMMA D7—Stochastic equicontinuity: Let Mn = log log(n + 1) and δmn = δn/
√
λn.

Let �Sn(τ�β) = ψ̂Sn(τ�β) − E(ψ̂Sn(τ�β)). Suppose that the assumptions of Lemma A5 and
the conditions for Theorem 3 hold; then, for any η> 0, uniformly over β ∈ Bk(n) ,

[
E

(
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2
π(τ)

2
2+η

)]1/2 ≤ C (Mnδmn)
γ2
2√

n
Im�n�

where Im�n is defined as

Im�n =
∫ 1

0

(
x−ϑ/2

√
logN

(
[xMnδmn]

2
γ2 �Bk(n)�‖ · ‖m

) + log2N
(
[xMnδmn]

2
γ2 �Bk(n)�‖ · ‖m

))
dx�

For the mixture sieve, the integral is a O(k(n) log[k(n)] + k(n)|log(Mnδmn)|) so that

[
E

(∫
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2
π(τ) dτ

)]1/2

=O
(

(Mnδmn)
γ2
2 max

(
log

[
k(n)

]2
�
∣∣log[Mnδmn]

∣∣2)k(n)2

√
n

)
�

Now suppose that (Mnδmn)
γ2
2 max(log[k(n)]2�|log[Mnδmn]|2)k(n)2 = o(1). The first

stochastic equicontinuity result is

[
E

(∫
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2
π(τ) dτ

)]1/2

= o(1/
√
n)�

Also, suppose that β→ ∫
E|ψ̂st (τ�β0) − ψ̂st (τ�β)|2π(τ) dτ is continuous at β = β0 under

the norm ‖ · ‖B, uniformly in t ≥ 1. Then, the second stochastic equicontinuity result is

[
E

(∫
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ�β0)
∣∣2
π(τ) dτ

)]1/2

= o(1/
√
n)�

LEMMA D8: Suppose that ‖β̂n−β0‖weak =Op(δn). Under the assumptions of Theorem 3,

(a)
∫
ψβ(τ�u∗

n)(BE(ψ̂Sn(τ� β̂n) − ψ̂Sn(τ�β0)) −BdE(ψ̂Sn(τ�β0))
dβ

[β̂n −β0])π(τ) dτ = o(1/√
n).



SIEVE-SMM ESTIMATOR FOR DYNAMIC MODELS 9

(b)
∫
ψβ(τ�u∗

n)(BE(ψ̂Sn(τ� β̂n) − ψ̂Sn(τ�β0)) −B[ψ̂Sn(τ� β̂n) − ψ̂Sn(τ�β0)])π(τ) dτ =
o(1/

√
n).

(c)
∫

[ψβ(τ�u∗
n)(B[ψ̂n(τ) − ψ̂Sn(τ� β̂n)]) + ψβ(τ�u∗

n)(B[ψ̂n(τ) − ψ̂Sn(τ� β̂n)])]π(τ) dτ =
o(1/

√
n).

APPENDIX E: PROOFS FOR THE INTERMEDIATE RESULTS

PROOF OF LEMMA D3: The proof follows from Davydov’s (1968) inequality: let p�q�
r ≥ 0�1/p + 1/q + 1/r = 1, for any random variables X�Y : |cov(X�Y )| ≤ 12α(σ (X)�
σ (Y ))1/p

E(|X|q)1/q
E(|Y|r)1/r , where α(σ (X)�σ (Y )) is the mixing coefficient between X

and Y . As a result,

E
(
n|Ȳn|2

) = 1
n

n∑
t=1

E
(|Xn|2

) + 1
n

∑
t �=t′

cov(Yt�Yt′) ≤ 1 + 2 × 1
n

∑
t>t′

cov(Yt�Yt′)

≤ 1 + 24 × 1
n

∑
t>t′
α
(
σ (Yt)�σ (Yt′)

)1/p(
E|Yt |q

)1/q(
E|Yt′ |r

)1/r

= 1 + 24
n∑

m=1

n−m
n

α(m)1/p ≤ 1 + 24
∞∑
m=1

α(m)1/p�
Q.E.D.

PROOF OF LEMMA D4: Theorem 6.3 of Rio (2000) implies the following inequality:

E

(∣∣∣∣∣
n∑
t=1

Xt

∣∣∣∣∣
p)

≤ apspn + nbp
∫ 1

0
min

(
α−1(u)� n

)p−1
Qp(u) du�

where ap = p4p+1(p+ 1)p/2 and bp = p

p−1 4p+1(p+ 1)p−1, Q= supt>0Qt , and
s2
n = ∑n

t=1

∑n

t′=1|cov(Xt�Xt′)|. Since Xt is uniformly bounded, using the results from
Appendix C in Rio (2000):

∫ 1
0 min(α−1(u)� n)p−1Qp(u) du ≤ 2[

∑n−1
k=0(k + 1)p−1αk] ×

‖ supt>0Xt‖∞. Because the strong-mixing coefficients are exponentially decreasing, it im-
plies

n−1∑
k=0

(k+ 1)p−1αk ≤Aexp(C)
∑
k≥1

kp−1 exp(−Ck)

≤Aexp(C)(p− 1)p−1 1(
1 − exp(−C)

)p−1 �

And Corollary 1.1 of Rio (2000) yields s2
n ≤ 4

∫ 1
0 min(α−1(u)� n)

∑n

t=1Q
2
k(u) du. Alto-

gether,

E
(|√nX̄n|p

)1/p ≤K1(p+ 1)1/2

(∫ 1

0
min

(
α−1(u)� n

) n∑
t=1

Q2
t (u)
n

)1/2

+K2n
1/p−1/2(p− 1)(p−1)/p(p+ 1)(p−1)/p

∥∥∥sup
t>0
Xt

∥∥∥
∞
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≤K
(

√
p

(∫ 1

0
min

(
α−1(u)� n

) n∑
t=1

Q2
t (u)
n

)1/2

+ n1/p−1/2p2
∥∥∥sup
t>0
Xt

∥∥∥
∞

)
�

with K1 ≥ 21/pp1/p4(p+1)/p, K2 ≥ (p/[p − 1])1/p4(p+1)/p21/pAexp(C) 1
(1−exp(−C))(p−1)/p . Note

that since p ≥ 2, 21/p ≤ √
2�p1/p ≤ 1�4(p+1)/p ≤ 16, etc. The constants K1�K2 do not de-

pend on p. K only depends on the constants A and C. Q.E.D.

PROOF OF LEMMA D5: Let Zn(β) = 1√
n

∑n

t=1Xt (β); by Lemma D4,

∥∥Zn(β)
∥∥
p

= E
(∣∣Zn(β)

∣∣p)1/p ≤K
(

√
p

1
n

n∑
t=1

∥∥Xt (β)
∥∥ϑ/2 +p2n−1/2+1/p

∥∥∥sup
t>0
Xt (β)

∥∥∥
∞

)
�

The term 1
n

∑n

t=1 ‖Xt (β)‖ϑ comes from Hölder’s inequality; for any ϑ ∈ (0�1),

∣∣∣∣∣
∫ 1

0
min

(
α−1(u)� n

) n∑
t=1

Q2
t (u)
n

∣∣∣∣∣
1/2

≤
(∫ 1

0
min

(
α−1(u)� n

)1/(1−ϑ)
) 1−ϑ

2
(∫ 1

0

∣∣∣∣∣1
n

n∑
t=1

Qt (u)2

∣∣∣∣∣
1/ϑ)ϑ

2

≤
(

1
1 −ϑ

n∑
j=1

(1 + j)1/(1−ϑ)α(j)

) 1−ϑ
2

1
n

n∑
t=1

(∫ 1

0

∣∣Qt (u)
∣∣2/ϑ

du

)ϑ
2

≤
(

1
1 −ϑ

n∑
j=1

(1 + j)1/(1−ϑ)α(j)

) 1−ϑ
2

1
n

n∑
t=1

‖Qt‖ϑ/21 �

The last inequality follows from assuming |Qt|≤ 1. To simplify notation, use 1
n

∑n

t=1 ‖Qt‖ϑ1
rather than 1

n

∑n

t=1 ‖Qt‖ϑ/21 . Also, since α(j) has exponential decay,
∑∞

j=1(1 + j)1/(1−ϑ) ×
α(j) <∞, so the first term is a constant which only depends on (α(j))j and ϑ. To derive
the inequality, construct bracketing pairs (βkj ��

k
j )1≤j≤N(k) with N(k) =N[](2−k�X �‖ · ‖2)

the minimal number of brackets needed to cover X . By definition of N(k), there exist
brackets (�kt�j)j=1�����N(k) such that: (1) E(|�kt�j|

2)1/2 ≤ 2−k for all t� j�k; (2) for all β ∈ B
and k ≥ 1, there exists an index j such that |Xt (β) −Xt (βkj ) ≤ �kt�j . Note that brackets
constructed the usual way need not be α-mixing; a construction which preserves the de-
pendence properties is given at the end of the proof.

Assume that, without loss of generality, |�kj|≤ 1 for all j�k. Let (πk(β)��k(β)) be a
bracketing pair for β ∈ B. Let q0�k�q be positive integers such that q0 ≤ k ≤ q and let
Tk(β) = πk ◦πk+1 ◦ · · · ◦πq(β). Using the following identity:

[
E

(
sup
β∈B

∣∣Zn(β)
∣∣2

)]1/2

=
[
E

(
sup
β∈B

∣∣∣∣∣Zn(β) −Zn
(
Tq(β)

)
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+
q∑

k=q0+1

[
Zn

(
Tk(β)

) −Zn
(
Tk−1(β)

)] +Zn
(
Tq0 (β)

)∣∣∣∣∣
2)]1/2

and the triangle inequality, decompose the identity into three groups:
[
E

(
sup
β∈B

∣∣Zn(β)
∣∣2

)]1/2 ≤
[
E

(
sup
β∈B

∣∣Zn(β) −Zn
(
Tq(β)

)∣∣2
)]1/2

+
q∑

k=q0+1

[
E

(
sup
h∈B

∣∣Zn(Tk(β)
) −Zn

(
Tk−1(β)

)∣∣2
)]1/2

+
[
E

(
sup
β∈B

∣∣Zn(Tq0 (β)
)∣∣2

)]1/2 ≤Eq+1 +
q∑

k=q0+1

Ek +Eq0 �

The following inequality is due to Pisier (1983): for any X1� � � � �XN random variables,
[E(max1≤t≤N|Xt|p)]1/p ≤ N1/p max1≤t≤N[E(|Xt|p)]1/p. Now {Tk(β)�β ∈ B} has at most
N(k) elements by construction. Some terms can be simplified:Ek = E(maxg∈Tk(B)|Zn(g)−
Zn(Tk−1(g))|2)1/2 for q0 +1 ≤ k≤ q. For p≥ 2 using both Hölder and Pisier’s inequalities:

Ek ≤
[
E

(
sup

β∈Tk(B)

∣∣Zn(β) −Zn
(
Tk−1(β)

)∣∣p)]1/p

≤N(k)1/p max
g∈Tk(B)

[
E
(∣∣Zn(g) −Zn

(
Tk−1(g)

)∣∣p)]1/p
�

By the definition of �kj , Ek ≤ N(k)1/p max1≤j≤N(k)[E(|�kj (g)|p)]1/p. This is also valid for
Eq+1. Using Rio’s inequality for α-mixing dependent processes,

Ek ≤KN(k)1/p
(√
p max
g∈Tk(B)

∥∥�k(g)
∥∥ϑ/2

1
+p2n−1/2+1/p max

g∈Tk(B)

∥∥�k(g)
∥∥

∞

)
≤KN(k)1/p

(√
p2−ϑ/2k +p2n−1/2+1/p

)
≤KN(k)1/p2−k(√p2k−ϑ/2k +p2

[
n−1/22k

]1−2/p
22k/p

)
�

For p> 2 and 2q/
√
n≥ 1, the inequality becomes

Ek ≤KN(k)1/p2−k(√p2k−ϑ/2k +p2
[
n−1/22q

]
22k/p

)
�

Choosing p= k+ logN(k) implies

N(k)1/p ≤ exp(1)�
√
p≤ √

k+
√

logN(k)�p2 ≤ 4
[
k2 + log2N(k)

]
� 22k/p ≤ 4�

Applying these bounds to the previous inequality,

Ek ≤ 16K exp(1)2−k
([√

k+
√

logN(k)
]
2k−ϑ/2k + [

k2 + log
(
N(k)

)2] 2q√
n

)

≤ 2q√
n

16K exp(1)2−k([√k+
√

logN(k)
]
2k−ϑ/2k + k2 + log

(
N(k)

)2)
�
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Note that
∑

k≥1(
√
k+ k2)2−k ≤ 2

∑
k≥1 k

22−k = 12. Hence,

q+1∑
k=q0+1

Ek ≤ 2q+1

√
n

16K exp(1)

×
(

12 +
∫ 1

0

[
xϑ/2−1

√
logN[]

(
x�X �‖ · ‖) + log2N[]

(
x�X �‖ · ‖)]dx)�

Pick the smallest integer q such that q ≥ log(n)/(2 log 2) − 1 so that 4
√
n ≥ 2q ≥ √

n/2
and 2q/

√
n ∈ [1/2�4]. Only Eq0 remains to be bounded; using Rio’s inequality again,

[
E

(
sup
β∈B

∣∣Zn(Tq0 (β)
)∣∣2

)]1/2 ≤KN(q0)1/p
(√
p max
h∈Tq0 (B)

∥∥X1(β)
∥∥ϑ +p2n−1/2+1/p

∥∥X1(β)
∥∥

∞

)
�

For any ε > 0, pick p= max(2 + ε�q0 + logN(q0)); then, N(q0)1/p ≤ exp(1)� n−1/2+1/p ≤
n−1/2+1/(2+ε) ≤ 1. Then conclude that

[
E

(
sup
β∈B

∣∣Zn(Tq0 (β)
)∣∣2

)]1/2 ≤ 4 exp(1)K
(√
q0 +

√
logN(q0) + q2

0 + logN(q0)2
)

≤K′ logN(q0)2 ≤K′
∫ 1

0
log2N[]

(
x�X �‖ · ‖)dx�

Hence, there exists a constant K > 0 which only depends on (α(m))m>0 such that

[
E

(
sup
β∈B

∣∣Zn(β)
∣∣2

)]1/2 ≤K
∫ 1

0

[
xϑ/2−1

√
logN[]

(
x�X �‖ · ‖) + log2N[]

(
x�X �‖ · ‖)]dx�

Let
√
Cn = K

∫ 1
0 [xϑ/2−1

√
logN[](x�X �‖ · ‖) + log2N[](x�X �‖ · ‖)]dx; then

E(supβ∈B|Zn(β)|2) ≤ Cn for all n≥ 1.

Bracketing. Because of the dynamics, the dependence of Xt can vary with β, which
is not the case in Ben Hariz (2005) or Andrews and Pollard (1994). The following de-
tails the construction of the brackets (�kt�j) in the current setting. Suppose that β →
Xt (β) is Lp-smooth. Let βk1 � � � � �β

k
N(k) be such that Bkn ⊆ ⋃N(k)

j=1 B[δ/C]γ (βkj ); then, for
j ≤ N(k) and some Q ≥ 2, [E(sup‖β−βkj ‖B≤[δ/C]γ|Xt (β) − Xt (βkj )|Q)]1/Q ≤ δ. Let �kt�j =
sup‖β−βkj ‖B≤[δ/C]γ|Xt (β) − Xt(βkj )|; then [E(�2k

t�j)]1/2 ≤ [E(�Qkt�j )]1/Q by Hölder’s inequal-

ity, which is smaller than δ by construction. [E(|�kt�j|
2)]1/2 ≤ δ = 2−k by construction.

However, there is no guarantee that (�kt�j)t≥1 as constructed above is α-mixing. Another
construction for the bracket which preserves the mixing property is now suggested. Let
B ⊆ B a non-empty compact set in B. Note that since the (βkj ) cover B, they also cover
B. Let �̃kt�j be such that |1

n

∑n

t=1 �̃
k
t�j| = supβ∈B�‖β−βkj ‖≤[δ/C]γ|1

n

∑n

t=1Xt (β) − Xt (βkj )|. Be-

cause B is compact, the supremum is attained at some β̃kj ∈ B. For all t = 1� � � � � n, take
�̃kt�j =Xt (β̃kj )−Xt (βkj ). For each (j�k), the sequence (�̃kt�j)t≥0 is α-mixing by construction.
Furthermore, by construction, |�̃kt�j|≤|�kt�j|and thus [E(|�̃kt�j|

Q)]1/Q ≤ 2−k. These brackets,



SIEVE-SMM ESTIMATOR FOR DYNAMIC MODELS 13

built in B rather than B, preserve the mixing properties. The rest of the proof applied to
B implies

E

(
sup
β∈B

∣∣√n[ψ̂St (β) −E
(
ψ̂St (β)

)]∣∣2
)

≤K
(∫ 1

0
xϑ/2−1

√
logN[]

(
x1/γ�B�‖ · ‖) + log2N[]

(
x1/γ�B�‖ · ‖)dx)

≤K
(∫ 1

0
xϑ/2−1

√
logN[]

(
x1/γ�B�‖ · ‖) + log2N[]

(
x1/γ�B�‖ · ‖)dx)�

For an increasing sequence of compact sets Bk ⊆ Bk+1 ⊆ B dense in B, there is an increas-
ing and bounded sequence:

E

(
sup
β∈Bk

∣∣√n[ψ̂St (β) −E
(
ψ̂St (β)

)]∣∣2
)

≤ E

(
sup
β∈Bk+1

∣∣√n[ψ̂St (β) −E
(
ψ̂St (β)

)]∣∣2
)

≤K
(∫ 1

0
xϑ/2−1

√
logN[]

(
x1/γ�B�‖ · ‖) + log2N[]

(
x1/γ�B�‖ · ‖)dx)�

This sequence is thus convergent with limit less than or equal to the upper bound. Hence,
it must be that the supremum over B is also bounded. It can thus be assumed that (�kt�j)t≥1

are α-mixing. Q.E.D.

PROOF OF LEMMA D6: Since (yst �xt) is geometrically ergodic, the joint density con-
verges to the stationary distribution at a geometric rate: ‖ft (y�x) − f ∗

t (y�x)‖TV ≤ Cρt ,
ρ < 1. Because B is bounded linear and the moments ψ̂n� ψ̂sn are bounded above by M ,
uniformly in τ:

Qn(β0) ≤M2
B

∫ ∣∣∣E(
ψ̂Sn(τ�β0)

) − lim
n→∞

E
(
ψ̂n(τ)

)∣∣∣2
π(τ) dτ

≤M2M2
B

∫ ∣∣∣∣∣1
n

n∑
t=1

∫ [
ft (y�x) − f ∗

t (y�x)
]
dydx

∣∣∣∣∣
2

π(τ) dτ

≤M2M2
B

(
1
n

n∑
t=1

∫ ∣∣ft (y�x) − f ∗
t (y�x)

∣∣dydx
)2

≤ CM2M2
B

(
1
n

n∑
t=1

ρt

)2

≤ CM2M2
B

(1 − ρ)2 × 1
n2 =O(

1/n2
)
�

Q.E.D.

PROOF OF LEMMA D7: Lemma D5 implies that, for some C > 0,

[
E

(
sup

‖β1−β2‖m≤δ�‖βj−�k(n)β0‖m≤Mnδm�n�j=1�2

∣∣ψ̂st (τ�β1) − ψ̂st (τ�β2)
∣∣2

)]1/2

√
π(τ)

(Mnδm�n)γ
2/2
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≤ Ck(n)2γ2
(

δ

Mnδm�n

)γ2/2

�

Next, apply the inequality of Lemma D5 to generate the bound:

[
E

(
sup

‖β−�k(n)β0‖m≤Mnδm�n

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2

)]1/2√
π(τ) ≤ C (Mnδm�n)γ

2/2

√
n

Jm�n

for some C > 0�ϑ ∈ (0�1) and

Jm�n =
∫ 1

0

(
x−ϑ/2

√√√√logN
([
xMnδmn

k(n)2γ2

] 2
γ2

�Bk(n)�‖ · ‖m
)

+ log2N

([
xMnδmn

k(n)2γ2

] 2
γ2

�Bk(n)�‖ · ‖m
))

dx�

Since
∫ √

π(τ) dτ <∞, the term on the left-hand side of the inequality can be squared
and multiplied by

√
π(τ). Then, taking the integral,[

E

(∫
sup

‖β−�k(n)β0‖m≤Mnδm�n

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2
π(τ) dτ

)]1/2

≤ Cπ

(Mnδm�n)γ
2/2

√
n

Jm�n�

where Cπ = C ∫ √
π(τ) dτ. Note that Jm�n =O(k(n)2 max(log[k(n)]2� log[Mnδm�n]2)).

To prove the final statement, notation will be shortened using �ψ̂st (τ�β) = ψ̂st (τ�β0) −
ψ̂st (τ�β). Note that, by applying Davydov’s (1968) inequality,

nE
∣∣�ψ̂Sn(τ��k(n)β0) −E

[
�ψ̂Sn(τ��k(n)β0)

]∣∣2

≤ 1
n

n∑
t=1

E
∣∣�ψ̂st (τ��k(n)β0) −E

[
�ψ̂st (τ��k(n)β0)

]∣∣2

+ 24
n

n∑
m=1

(n−m)α(m)1/3 max
1≤t≤n

(
E
∣∣�ψ̂st (τ��k(n)β0) −E

[
�ψ̂st (τ��k(n)β0)

]∣∣6)2/3

≤
(

1 + 24
∑
m≥1

α(m)1/3

)
max
1≤t≤n

(
E
∣∣�ψ̂st (τ��k(n)β0) −E

[
�ψ̂st (τ��k(n)β0)

]∣∣6)2/3

≤ 48/3

(
1 + 24

∑
m≥1

α(m)1/3

)
max
1≤t≤n

(
E
∣∣�ψ̂st (τ��k(n)β0) −E

[
�ψ̂st (τ��k(n)β0)

]∣∣2)2/3
�

The last inequality is due to |�ψ̂st (τ�β)| ≤ 2. By the continuity assumption, the last
term is a o(1) when ‖β0 − �k(n)‖B → 0. As a result,

∫
E|�ψ̂Sn(τ��k(n)β0) − E[�ψ̂Sn(τ�

�k(n)β0)]|2π(τ) dτ = o(1/n). To conclude the proof, apply a triangle inequality and the
results above:[

E

(∫
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ�β0)
∣∣2
π(τ) dτ

)]1/2
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≤
[
E

(∫
sup

‖β−�k(n)β0‖m≤Mnδmn

∣∣�Sn(τ�β) −�Sn(τ��k(n)β0)
∣∣2
π(τ) dτ

)]1/2

+
[∫

E
(∣∣�ψ̂Sn(τ��k(n)β0) −E

[
�ψ̂Sn(τ��k(n)β0)

]∣∣2
π(τ) dτ

)]1/2

= o(1/
√
n)� Q.E.D.

PROOF OF LEMMA D8: Let Rn(β�β0) = E(ψ̂Sn(τ�β) − ψ̂Sn(τ�β0)) − dE(ψ̂Sn (τ�β0))
dβ

[β−β0].
(a) Since B bounded linear, the Cauchy–Schwarz inequality implies

∣∣∣∣
∫
ψβ

(
τ�u∗

n

)(
BE

(
ψ̂Sn(τ� β̂n) − ψ̂Sn(τ�β0)

) −BdE
(
ψ̂Sn(τ�β0)

)
dβ

[β̂n −β0]
)
π(τ) dτ

∣∣∣∣
=

∣∣∣∣
∫
ψβ

(
τ�u∗

n

)(
BRn(β̂n�β0)

)
π(τ) dτ

∣∣∣∣
≤MB

(∫ ∣∣ψβ(τ�u∗
n

)∣∣2
π(τ) dτ

)1/2(∫ ∣∣Rn(β̂n�β0)
∣∣2
π(τ) dτ

)1/2

�

By definition of Mn and the inequality above,

P

(∣∣∣∣
∫
ψβ

(
τ�u∗

n

)(
BRn(β̂n�β0)

)
π(τ) dτ

∣∣∣∣> ε√
n

)

≤ P

[
M2

B

(∫ ∣∣ψβ(τ�u∗
n

)∣∣2
π(τ) dτ

)
sup

‖β−β0‖weak≤Mnδn

(∫ ∣∣Rn(β�β0)
∣∣2
π(τ) dτ

)
>
ε2

n

]

+ P
(‖β̂n −β0‖B >Mnδn

)
P(‖β̂n −β0‖B >Mnδn) → 0 regardless of ε. Furthermore, Assumption 5(ii) implies

sup
‖β−β0‖weak≤Mnδn

(∫ ∣∣∣∣E(
ψ̂Sn(τ�β) − ψ̂Sn(τ�β0)

) − dE
(
ψ̂Sn(τ�β0)

)
dβ

[β−β0]
∣∣∣∣

2

π(τ) dτ
)1/2

= sup
‖β−β0‖weak≤Mnδn

(∫ ∣∣Rn(β�β0)
∣∣2
π(τ) dτ

)1/2

=O(
(Mnδn)2

)
�

Assumption 5(i) implies that (Mnδn)2 = o( 1√
n
), and thus, P(|

∫
ψβ(τ�u∗

n) ×
(BRn(β̂n�β0))π(τ) dτ| > ε√

n
) = o(1) regardless of ε > 0. Hence,

∫
ψβ(τ�u∗

n) ×
(BRn(β̂n�β0))π(τ) dτ = op(1/

√
n).

(b) Let �Sn(τ�β) = ψ̂Sn(τ�β) − E[ψ̂Sn(τ�β)]. By the second stochastic equicontinuity re-
sult of Lemma D7 and the Cauchy–Schwarz inequality,∣∣∣∣

∫
ψβ

(
τ�u∗

n

)(
B

[
�Sn(β̂n) −�Sn(β0)

])
π(τ) dτ

∣∣∣∣
≤

(∫ ∣∣ψβ(τ�u∗
n

)∣∣2
π(τ) dτ

)1/2(∫ ∣∣B[
�Sn(β̂n) −�Sn(β0)

]∣∣2
π(τ) dτ

)1/2
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≤MB

(∫ ∣∣ψβ(τ�u∗
n

)∣∣2
π(τ) dτ

)1/2(∫ ∣∣[�Sn(β̂n) −�Sn(β0)
]∣∣2
π(τ) dτ

)1/2

≤MB

(∫ ∣∣ψβ(τ�u∗
n

)∣∣2
π(τ) dτ

)1/2

×
(

sup
‖β−�k(n)β0‖≤Mnδmn

∫ ∣∣[�Sn(β) −�Sn(β0)
]∣∣2
π(τ) dτ

)1/2

= op(1/
√
n)�

where the last inequality holds with probability going to 1 by definition of Mnδmn.
(c) Let εn = ± 1√

nMn
= o( 1√

n
). For h ∈ (0�1), define β̂(h) = β̂n + hεnu

∗
n; notice that

β̂n = β̂(0). Recall that β̂n is the approximate minimizer of Q̂s
n, so that 0 ≤ Q̂S

n(β̂n) ≤
infβ∈Bk(n) Q̂

S
n(β) +Op(ηn). Hence, the following holds:

0 ≤ 1
2
(
Q̂S
n

(
β̂(1)

) − Q̂S
n

(
β̂(0)

)) +Op(ηn) (E.1)

= 1
2

[∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B

(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))
π(τ) dτ (E.2)

+
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B

(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))
π(τ) dτ (E.3)

+
∫ ∣∣B(

ψ̂Sn
(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))∣∣2
π(τ) dτ

]
+Op(ηn)� (E.4)

To prove Lemma D8(c), (E.2)–(E.3) are expanded individually and shown to be
op(1/

√
n), and (E.4) is bounded, shown to be negligible under the assumptions.

The first step deals with (E.4):(∫ ∣∣B(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))∣∣2
π(τ) dτ

)1/2

≤MB

(∫ ∣∣ψ̂Sn(τ� β̂(0)
) − ψ̂Sn

(
τ� β̂(1)

)∣∣2
π(τ) dτ

)1/2

≤
(∫ ∣∣[ψ̂Sn(τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

)] −E
[
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

)]∣∣2
π(τ) dτ

)1/2

+
(∫ ∣∣E[

ψ̂Sn
(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

)]∣∣2
π(τ) dτ

)1/2

�

By the triangle inequality and the stochastic equicontinuity results from Lemma D7,(∫ ∣∣[ψ̂Sn(τ� β̂(0)
) − ψ̂Sn

(
τ� β̂(1)

)] −E
[
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

)]∣∣2
π(τ) dτ

)1/2

=Op
(
Im�n(Mnδmn)γ

2/2

√
n

)
�
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Also, note that β̂(1) = β̂(0) + εnu∗
n, so that the mean value theorem applies to last term:

(∫ ∣∣E[
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

)]∣∣2
π(τ) dτ

)
=

(∫ ∣∣∣∣dE[ψ̂Sn
(
τ� β̂(h̃)

)
dβ

[
εnu

∗
n

]∣∣∣∣
2

π(τ) dτ
)

for some intermediate value h̃ ∈ (0�1). Also, by assumption, (
∫

|dE[ψ̂Sn (τ�β̂(h̃))
dβ

[u∗
n]|

2 ×
π(τ) dτ)1/2 = Op(1). Together, these two imply (

∫
|E[ψ̂Sn(τ� β̂(0)) − ψ̂Sn(τ� β̂(1))]|2 ×

π(τ) dτ)1/2 =O(εn). This yields the bound for (E.4):

∫ ∣∣B(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))∣∣2
π(τ) dτ ≤Op

(
ε2
n

) +Op
(

(Mnδmn)γ
2
I2
m�n

n

)
�

The remaining terms, (E.2)–(E.3), are conjugates of each other. A bound for (E.2) is
also valid for (E.3). Expanding (E.2) yields∫

B
(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B

(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))
π(τ) dτ (E.2)

=
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
× [
B

(
�Sn

(
τ� β̂(0)

) −�Sn
(
τ� β̂(1)

))]
π(τ) dτ (E.5)

+
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
×BE(

ψ̂Sn
(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))
π(τ) dτ� (E.6)

Applying the Cauchy–Schwarz inequality to (E.5) implies∣∣∣∣
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))[
B

(
�Sn

(
τ� β̂(0)

) −�Sn
(
τ� β̂(1)

))]
π(τ) dτ

∣∣∣∣ (E.5)

≤MB

(∫ ∣∣Bψ̂n(τ) −Bψ̂Sn
(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

(E.7)

×
(∫ ∣∣�Sn(τ� β̂(0)

) −�Sn
(
τ� β̂(1)

)∣∣2
π(τ) dτ

)1/2

� (E.8)

The term (E.7) can be bounded above using the triangle inequality:

(∫ ∣∣Bψ̂n(τ) −Bψ̂Sn
(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

≤MB

(∫ ∣∣ψ̂n(τ) − ψ̂Sn(τ�β0)
∣∣2
π(τ) dτ

)1/2

+
(∫ ∣∣Bψ̂Sn(τ�β0) −Bψ̂Sn

(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

�
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An application of Lemma D3 and the geometric ergodicity of (yst �xt) yields (
∫

|ψ̂n(τ) −
ψ̂Sn(τ�β0)|2π(τ) dτ)1/2 =Op(1/

√
n). Then, expanding the term in ψ̂sn,(∫ ∣∣Bψ̂Sn(τ�β0) −Bψ̂Sn

(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

≤
(∫ ∣∣BE[

ψ̂Sn(τ�β0) − ψ̂Sn
(
τ� β̂(0)

)]∣∣2
π(τ) dτ

)1/2

+MB

(∫ ∣∣[ψ̂Sn(τ�β0) − ψ̂Sn
(
τ� β̂(0)

)] −E
[
ψ̂Sn(τ�β0) − ψ̂Sn

(
τ� β̂(0)

)]∣∣2
π(τ) dτ

)1/2

≤
(∫ ∣∣BE[

ψ̂Sn(τ�β0) − ψ̂Sn
(
τ� β̂(0)

)]∣∣2
π(τ) dτ

)1/2

+Op
(

(Mnδmn)γ
2/2Im�n√
n

)

≤MB

(∫ ∣∣∣∣E[
ψ̂Sn(τ�β0) − ψ̂Sn

(
τ� β̂(0)

)] − dE
(
ψ̂Sn(τ�β0)

)
dβ

[
β0 − β̂(0)

]∣∣∣∣
2

π(τ) dτ
)1/2

+
(∫ ∣∣∣∣BdE

(
ψ̂Sn(τ�β0)

)
dβ

[
β0 − β̂(0)

]∣∣∣∣
2

π(τ) dτ
)1/2

+Op
(

(Mnδmn)γ
2/2Im�n√
n

)
�

Note that Assumption 5(ii) implies that

(∫ ∣∣∣∣E[
ψ̂Sn(τ�β0) − ψ̂Sn

(
τ� β̂(0)

)] − dE
(
ψ̂Sn(τ�β0)

)
dβ

[
β0 − β̂(0)

]∣∣∣∣
2

π(τ) dτ
)1/2

=Op(Mnδn)�

By definition of the weak norm, (
∫

|BdE(ψ̂Sn (τ�β0))
dβ

[β0 − β̂(0)]|2π(τ) dτ)1/2 = ‖β̂n − β0‖weak.

Furthermore, ‖β̂n −β0‖weak =Op(δn) by assumption. Overall, the following bound holds
for (E.6): (

∫
|Bψ̂n(τ) − Bψ̂Sn(τ� β̂(0))|2π(τ) dτ)1/2 ≤ Op( 1√

n
) + Op(δn) +

Op( (Mnδmn)γ
2/2Im�n√
n

). Rearranging (E.8) to apply the stochastic equicontinuity result again
yields

(∫ ∣∣�Sn(τ� β̂(0)
) −�Sn

(
τ� β̂(1)

)∣∣2
π(τ) dτ

)1/2

≤
(∫ ∣∣�Sn(τ�β0) −�Sn

(
τ� β̂(1)

)∣∣2
π(τ) dτ

)1/2

+
(∫ ∣∣�Sn(τ�β0) −�Sn

(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

=Op
(

(Mnδmn)γ
2/2Im�n√
n

)
�

Using the bounds for (E.6) and (E.8) yields the bound for (E.5):∣∣∣∣
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))[
B

(
�Sn

(
τ� β̂(0)

) −�Sn
(
τ� β̂(1)

))]
π(τ) dτ

∣∣∣∣
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≤Op
(

(Mnδmn)γ
2/2Im�n√
n

)
Op

(
max

(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

))
�

To bound (E.6), apply the mean value theorem up to the second order:∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
BE

(
ψ̂Sn

(
τ� β̂(0)

) − ψ̂Sn
(
τ� β̂(1)

))
π(τ) dτ

= −
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B
dE

(
ψ̂Sn

(
τ� β̂(0)

))
dβ

[
εnu∗

n

]
π(τ) dτ

+ 1
2

∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B
d2
E
(
ψ̂Sn

(
τ� β̂(h̃)

))
dβdβ

[
εnu∗

n� εnu
∗
n

]
π(τ) dτ

= −
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
εnu∗

n

]
π(τ) dτ+Op

(
ε2
n

)
+

∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))

×B
[
dE

(
ψ̂Sn

(
τ� β̂(0)

))
dβ

[
εnu∗

n

] − dE
(
ψ̂Sn(τ�β0)

)
dβ

[
εnu∗

n

]]
π(τ) dτ�

where the Op(ε2
n) term is due to the Cauchy–Schwarz inequality and Assumption 5(ii):

∣∣∣∣
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))1
2
B
d2
E
(
ψ̂Sn

(
τ� β̂(t̃)

))
dβdβ

[
εnu∗

n� εnu
∗
n

]
π(τ) dτ

∣∣∣∣
2

≤ ε2
n

2

(∫ ∣∣B(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))∣∣2
π(τ) dτ

)∫ ∣∣∣∣Bd
2
E
(
ψ̂Sn

(
τ� β̂(t̃)

))
dβdβ

[
u∗
n�u

∗
n

]∣∣∣∣
2

π(τ) dτ�

It was shown above that(∫ ∣∣B(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))∣∣2
π(τ) dτ

)
=Op

(
max

(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

)2)
�

Also, by Assumption 5(ii), (
∫

|Bd2
E(ψ̂Sn (τ�β̂(t̃)))
dβdβ

[u∗
n�u

∗
n]|

2π(τ) dτ) =Op(1).
Finally, applying the Cauchy–Schwarz inequality to the last term of the expansion of

(E.6) yields

∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))[
B
dE

(
ψ̂Sn

(
τ� β̂(0)

))
dβ

[
εnu∗

n

] −BdE
(
ψ̂Sn(τ�β0)

)
dβ

[
εnu∗

n

]]
π(τ) dτ

≤
(∫ ∣∣Bψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

)∣∣2
π(τ) dτ

)1/2

× εn
(∫ ∣∣∣∣BdE

(
ψ̂Sn

(
τ� β̂(0)

))
dβ

[
u∗
n

] −BdE
(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]∣∣∣∣
2

π(τ) dτ
)1/2
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=Op
(
εn max

(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

)
δn

)
�

Using inequality (E.1) together with the bounds above and the expansions of (E.2) and
(E.3) yields

0 ≤ −εn
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

− εn
∫
B

(
ψ̂n(τ) − ψ̂Sn

(
τ� β̂(0)

))
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

+Op
(
ε2
n

) +Op
(

(Mnδmn)γ
2/2Im�n√
n

max
(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

))
)

+Op
(
εnMnδn max

(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

))
+Op

([
(Mnδmn)γ

2/2Im�n
]2

n

)
�

Since εn = ± 1√
nMn

, dividing by εn both keeps and flips the inequality so that

∫
B

(
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

)
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

+
∫
B

(
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

)
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

=Op(εn) +Op
(

(Mnδmn)γ
2/2Im�n

εn
√
n

max
(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

))
)

+Op
(

max
(
Mnδn�

1√
n
�

(Mnδmn)γ
2/2Im�n√
n

)
δn

)
+Op

([
(Mnδmn)γ

2/2Im�n
]2

εnn

)
�

By construction, εn = op(1/
√
n) and Assumption 5(i) implies that (Mnδmn)γ

2/2Im�n = o(1),
so that all terms above are o(1/

√
n). To conclude the proof, note that

∫
B

(
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

)
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

+
∫
B

(
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

)
B
dE

(
ψ̂Sn(τ�β0)

)
dβ

[
u∗
n

]
π(τ) dτ

=
∫ [
ψβ

(
τ�u∗

n

)(
B

[
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

]) +ψβ
(
τ�u∗

n

)(
B

[
ψ̂n(τ) − ψ̂Sn(τ� β̂n)

])]
= op(1/

√
n)� Q.E.D.
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APPENDIX F: ADDITIONAL RESULTS FOR THE APPLICATIONS

F.1. Verifying the Primitive Conditions in the First Application

Recall the data generating process used in Sections 4 and 5:

yt = μy + ρy (yt−1 −μy) + σt (e1�t +ϑye1�t−1)�

σ2
t = μσ + ρσσ2

t−1 + κσe2�t �
(10)

The following verifies (1) the identification condition, that is, for any L ≥ L, to be de-
termined, Assumption 1(ii) holds if f has sub-exponential tails, as required in Assump-
tion 1(i), and (2) that Assumption 2 is satisfied. Geometric ergodicity can be verified by
checking if Assumption 2.1 and the additional condition in Theorem 3.1 of Cline and
Pu (1999) hold. Using their notation, α(·) is linear and γ(·) is a product so the required
conditions are verified.

Identification. Assume e1�t ∼ f with E(e1�t) = 0�E(e2
1�t) = 1 and e2�t ∼ f2 a non-

negative, known distribution with finite moment of order p for any p ≥ 1, and E(e2�t) =
var(e2�t) = 1. Assume ρσ ∈ [0�1), μσ ≥ 0, and κσ > 0. For L≥ 1, let yt = (yt� � � � � yt−L) and
ψ(τ�θ� f ) = ∫

exp(iτ′yt)f (yt � θ� f ) dyt ; note that ∂τψ(0� θ� f ) = iE(yt) = i(μy� � � � �μy) so
that μy is identified. Similarly, any joint moments of yt can be recovered from the CF ψ.
It suffices to show that moments spanned by yt can be used to identify (θ� f ). The coeffi-
cient ρy is identified by the moment condition E([yt − μy − ρy (yt−1 − μy)]yt−2) = 0. Take
ỹt = yt −μy − ρy (yt−1 −μy); we have ỹt = σt[et +ϑyet−1].

Compute two more moments: E(ỹ2
t ) = E(σ2

t )(1+ϑ2), and E(ỹt ỹt−1) =ϑE(σtσt−1). Un-
like the MA(1) with time-invariant volatility, these two moments alone are not sufficient
to identify ϑ because |E(σtσt−1)|≤ E(σ2

t ), strictly with time-varying volatility.
Consider three additional moments: E(ỹ2

t ỹ
2
t−2) = E(σ2

t σ
2
t−2)(1 + ϑ2)2, E(ỹ2

t ỹ
2
t−4) =

E(σ2
t σ

2
t−4)(1 + ϑ2)2, and E(ỹ2

t ỹ
2
t−2ỹ

2
t−4) = E(σ2

t σ
2
t−2σ

2
t−4)(1 + ϑ2)3; the main idea here is

to lag twice each time to only measure dependence in σ2
t ; lagging once would pick up au-

tocorrelations due to the MA(1) component. Let σ2 = E(σ2
t ); we have E(σ2

t ) = μσ+κσ
1−ρσ ,

E([σ2
t − σ̄2][σ2

t−2 − σ̄2]) = ρ2
σ
κ2
σ var(ut )
1−ρ2

σ
, and E([σ2

t − σ̄2][σ2
t−4 − σ̄2]) = ρ4

σ
κ2
σ var(ut )
1−ρ2

σ
. Tak-

ing a ratio, we can identify ρσ ≥ 0 by assumption:
E(ỹ2

t ỹ
2
t−2)−E(ỹ2

t )2

E(ỹ2
t ỹ

2
t−4)−E(ỹ2

t )2 = E(σ2
t σ

2
t−2)−E(σ2

t )2

E(σ2
t σ

2
t−4)−E(σ2

t )2 = ρ2
σ .

We will assume ρσ > 0 in the following. Similarly, using moments of ỹt , we can com-
pute E(σ2

t )2

E(σ2
t σ

2
t−2)−E(σ2

t )2 = (μσ+κσ )2

κ2
σ

1−ρ2
σ

(1−ρσ )2ρ
2
σvar(e2�t); since f2 is known, this identifies the ratio

(κσ +μσ)/κσ since the indivial terms are non-negative. Now, E(ỹ2
t ) = μσ+κσ

κσ (1−ρσ )κσ (1 +ϑ2)
identifies the product κσ (1 + ϑ2). The moment E(ỹt ỹt−1) does not have a closed-
form expression but can be approximated by expanding

√
σt around the mean σ2 =

(μσ + κσ)/(1 − ρσ): E(σtσt−1) � E([σ̄ + 1
2σ̄ (σ2

t − σ̄2)][σ̄ + 1
2σ̄ (σ2

t−1 − σ̄2)]) = 1
4σ̄2 E([σ2

t −
σ̄2][σ2

t−1 − σ̄2]). The coefficients κσ�ϑ are then separately identified using the sys-
tem of equations: E(ytyt−1) = ϑ 1

4σ̄2 E([σ2
t − σ̄2][σ2

t−1 − σ̄2]), E(y2
t ) = σ̄2(1 + ϑ2), and

E(y2
t y

2
t−2) − [E(y2

t )]2 = ρσ (1 + ϑ2)E([σ2
t − σ̄2][σ2

t−1 − σ̄2]), using the same approach as
for identifying the parameters of an MA(1) model with time-invariant volatility. This
implies that L = 5 lags are sufficient to identify θ = (μy�ρy�ϑy�μσ�ρσ�κσ). If the un-
known distribution f has sub-exponential tails, then its moment generating function is
analytic on some interval and the distribution is determined by its moments. The idea
is to solve for the moments of e1�t recursively from moments of yt . We already assume
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TABLE F1

ESTIMATES, STANDARD ERRORS, CONFIDENCE INTERVALS WITHOUT THE DELTA METHOD.

1/τ̂n se(1/τ̂n) 95% CI for τ 1/γ̂n se(1/γ̂n) 95% CI for γ

k= 1 0.001 0.004 [128�35�+∞) 0.029 0.013 [18�52�266�65]
k= 2 0.020 0.008 [28�81�204�99] 0.050 0.012 [13�61�38�78]
k= 3 0.018 0.006 [32�95�158�60] 0.079 0.021 [8�43�26�19]
k= 4 0.019 0.005 [34�17�107�94] 0.096 0.025 [6�97�21�11]
k= 5 0.015 0.005 [38�77�245�53] 0.084 0.022 [7�90�24�69]

that E(e1�t) = 0�E(e2
1�t) = 1. The third moment E(ỹ3

t ) = E(e3
1�t)E(σ3)(1 + ϑ3), where

the last two terms can be computed from knowledge of θ. Using the binomial theo-
rem, E(ỹkt ) = E(σkt )

∑k

j=0C
j
k−jE(ek−j

1�t )E(ej1�t)ϑ
j . With k= 3, this pins down the third mo-

ments; for k = 4, the only unknown is the fourth moment, etc. Hence, once θ is known,
(E(ỹ3

t )� � � � �E(ỹkt )) identifies (E(e3
1�t)� � � � �E(ek1�t)) for any k≥ 3. Since f is determined by

its moments, it uniquely determines the distribution itself so that (θ� f ) is jointly iden-
tified. With ergodicity, this implies limn→∞ E(ψ̂n(τ) − ψ̂sn(τ�β)) = 0, ∀τ if, and only if,
β= β0.

Data Generating Process. Condition y(i): ‖gobs(y1�β1�σ) − gobs(y2�β1�σ)‖ =|ρy|‖y1 −
y2‖ ≤ ρ̄y‖y1 − y2‖, which implies the strict contraction property if |ρy| ≤ ρ̄y < 1. For
condition y(ii), ‖gobs(y1�μ1�ρ1�ϑ1�σ) − gobs(y1�μ2�ρ2�ϑ2�σ)‖ ≤|μ1 − μ2|+|ρ1 − ρ2|×
|y1| + σ|ϑ1 − ϑ2| × |e1|, which satisfies the desired bound if |yt−1|, σt , and |et−1| have
bounded second moments. This is implied by restrictions on the parameters θ and the
distribution f . For condition y(iii), note that the

√· function is Hölder continuous with
exponent 1/2 so that ‖gobs(y1�β�σ1) − gobs(y1�β1�σ)‖ ≤ |et + ϑet−1|× √

|σ1 − σ2|, and

E(|et + ϑet−1|2) ≤ 3(1 + ϑ
2
) if |ϑ| ≤ ϑ and E(e2

t ) = 1. Hence, the assumptions on the
DGP are satisfied.

F.2. Additional Results for the Second Application

Table F1 reports estimates for 1/τ�1/γ instead of τ�γ in Table 4. CIs are reported for
τ, γ by transforming [1/τ̂n ± 1�96se(1/τ̂n)].

APPENDIX G: ADDITIONAL RESULTS

G.1. Convergence Rate in the MA(1) Model

The following derives the rate of convergence for the MA(1) process: yt = et +ϑet−1,

et
iid∼ f , first when S = +∞. Here β= (ϑ�f ) ∈ [−1�1] ×F . Take L≥ 1; then, the joint dis-

tribution yt = (yt� yt−1) uniquely identifies β. Let h(τ� e�ϑ) = eiτ1e1+iϑτ2e2+iτ2e2+iϑτ2e3 . The
CF of yt isψ(τ;β) = ∫

h(τ� e�ϑ)f (e1)f (e2)f (e3) de1 de2 de3, forL= 1 where τ = (τ1� τ2).
Let βk = (ϑ0� fk) and β̂n be an exact minimizer of Qn; then, by triangular inequalities in
L

2(π),
(∫ ∣∣ψ(τ; β̂n) −ψ(τ;β0)

∣∣2
π(τ)dτ

)1/2

−
(∫ ∣∣ψ̂n(τ) −ψ(τ;β0)

∣∣2
π(τ)dτ

)1/2
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≤
√
Qn(β̂n) ≤

√
Qn(βk)

≤
(∫ ∣∣ψ(τ;βk) −ψ(τ;β0)

∣∣2
π(τ)dτ

)1/2

+
(∫ ∣∣ψ̂n(τ) −ψ(τ;β0)

∣∣2
π(τ)dτ

)1/2

�

The last term is Op(n−1/2) plus (
∫

|ψ(τ;βk) −ψ(τ;β0)|2π(τ) dτ)1/2 ≤ (L+ 1)‖fk − f0‖TV

because the exponential has modulus 1 and the density f appears L+ 1 times in the CF.
This is related to the bias accumulation discussed in the main text. From this, we deduce
the convergence rate under the distance implied by the CF:

(∫ ∣∣ψ(τ; β̂n) −ψ(τ;β0)
∣∣2
π(τ) dτ

)1/2

≤ 2
(∫ ∣∣ψ̂n(τ) −ψ(τ;β0)

∣∣2
π(τ) dτ

)1/2

+ (L+ 1)‖fk − f0‖TV�

which is a Op(max[n−1/2� log[k]2r/bk−r]), since ‖fk − f0‖TV = O(log[k]2r/bk−r) under the
smoothness and tails assumptions. Because here S = +∞, we can use k log[k]−2/b �
n−1/2r , which gives

∫
|ψ(τ; β̂n) − ψ(τ;β0)|2π(τ) dτ)1/2 = Op(n−1/2), in line with Corol-

lary 1. For r = 2, this implies k � n−1/4, up to log-terms. Asymptotically, (
∫

|ψ(τ; β̂n) −
ψ(τ;β0)|2π(τ) dτ)1/2 � ‖β̂n − β0‖weak which implies the convergence rate in weak norm.
It involves the derivativeψβ(τ� f )[v], that is,ψf (τ�β)[v] = ∫

h(τ� e�ϑ){v(e1)f (e2)f (e3)+
f (e1)v(e2)f (e3) + f (e1)f (e2)v(e3)}de1 de2 de3 and ψϑ(τ�β) = ∫

[τ1e2 + τ2e3]h(τ� e�ϑ) ×
f (e1)f (e2)f (e3) de1 de2 de3, for L = 1. The local measure of ill-posedness τn is not
closed-form, making the rate in stronger norm intractable. For S < +∞, the term
supβ∈Bk(n)

(
∫

|ψ(τ;β) − ψ̂Sn(τ; β̂n)|2π(τ) dτ)1/2 = Op([k(n) log[k(n)]]2/
√
nS) also affects

the rate of convergence. Here, geometric ergodicity automatically holds, an MA(1) be-
ing m-dependent regardless of the MA coefficient.

G.2. Sieve Long-Run Variance

The following derives the formula for the sieve long-run variance σ�2n . For brevity of
notation, let Zt (τ) = ψ̂St (τ�β0) − ψ̂t (τ) and Zn(τ) = 1

n

∑
t Zt (τ). Let S�t = 1

2

∫
{ψβ(τ� v�n) ×

Zt (τ) + ψβ(τ� v�n)Zt (τ)}π(τ) dτ; the sieve score is S�n = 1
n

∑
t S

�
t , and the sieve long-run

variance is σ�2n = nE(S�2n ) = E(S�2t ) + 2
∑n−1

j=1
n−j
n
E(S�t S

�
t−j). For any j ≥ 0, we have

E
(
S�t S

�
t−j

) = 1
4

∫ {
ψβ

(
τ� v�n

)
E
[
Zt (τ1)Zt−j(τ2)

]
ψβ

(
τ2� v

�
n

)
+ψβ

(
τ� v�n

)
E
[
Zt (τ1)Zt−j(τ2)

]
ψβ

(
τ2� v�n

)
+ψβ

(
τ� v�n

)
E
[
Zt (τ1)Zt−j(τ2)

]
ψβ

(
τ2� v

�
n

)
+ψβ

(
τ� v�n

)
E
[
Zt (τ1)Zt−j(τ2)

]
ψβ

(
τ2� v�n

)}
π(τ1)π(τ2) dτ1 dτ2�

LetKj : L2(π) → L
2(π) be a linear operator such thatKjf (τ1) = 1

2

∫
{E[Zt (τ1)Zt−j(τ2)] ×

f (τ2) + E[Zt (τ1)Zt−j(τ2)]f (τ2)}π(τ2) dτ2, with the associated inner product in L
2(π):
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〈f1� f2〉π = 1
2

∫
{f1(τ)f2(τ) + f1(τ)f2(τ)}π(τ) dτ.1 Compactly rewrite the autocovariance:

E(S�t S
�
t−j) = 〈ψβ(·� v�n)�Kjψβ(·� v�n)〉π . Then, by linearity, σ�2n = 〈ψβ(·� v�n)�Knψβ(·� v�n)〉π ,

where Kn =K0 + 2
∑n−1

j=1
n−j
n
Kj is the long-run variance operator. Their sample counter-

parts are ψ̂β(τ� v) = dβψ̂
S
n(τ� β̂n)[v], 〈v1� v2〉n = 1

2

∫
{ψ̂β(τ� v1)ψ̂β(τ� v2) + ψ̂β(τ� v1)ψ̂β(τ�

v2)}π(τ) dτ, v̂�n such that 〈v̂�n� v〉n = dβφ(β̂n)[v] for any v. Let Ẑt (τ) = ψ̂St (τ� β̂n) − ψ̂t (τ),

Ŝ�t = 1
2

∫
{ψ̂β(τ� v̂�n)Ẑt (τ) + ψ̂β(τ� v̂�n)Ẑt (τ)}π(τ) dτ, and Ŝ�n = 1

n

∑
t Ŝ

�
t . Using an estimate

K̂n of Kn, we have ‖v̂�n�sd‖2 = σ̂�2n = 〈ψ̂β(·� v̂�n)� K̂nψ̂β(·� v̂�n)〉π = 〈v̂�n� v̂�n〉n�K̂n . Now, to esti-
mate the long-run variance operator Kn, take j ≥ 0 and let K̂j be such that K̂jf (τ1) =
1
2

∫
{1
n
[
∑n

t=j+1 Ẑt (τ1)Ẑt−j(τ2)]f (τ2) + 1
n
[
∑n

t=j+1 Ẑt (τ1)Ẑt−j(τ2)]f (τ2)}π(τ2) dτ2; then K̂n =
K̂0 + 2

∑n−1
j=1 ω(j/Tn)K̂j , where ω and Tn are the HAC kernel and bandwidth.

ASSUMPTION G1: Suppose (i) supβ∈Nosn
sup

v∈V 1
k(n)

|dβφ(β)[v] − dβφ(β0)[v]|= o(1), (ii)

for each k(n), any β ∈ Nosn, and any v ∈ V 1

k(n) , ψ̂β(·� v) ∈ L
2(π), sup

v1�v2∈V 1
k(n)

|〈v1� v2〉n −
〈v1� v2〉|= op(1), (iii) sup

v∈V 1
k(n)

|〈v� v〉n�Kn − 〈v� v〉Kn|= op(1), (iv) ‖K̂n −Kn‖op = op(1),

where ‖ · ‖op is the operator norm in (L2(π)� 〈·� ·〉π). Assumption G1(i)–(iii) is based on
Assumption 4.1 in Chen and Pouzo (2015a). Given Assumption 1(iii), Proposition 3.3 in
Carrasco, Chernov, Florens, and Ghysels (2007) implies Assumption G1(iv) holds under
Assumption G2 below.

ASSUMPTION G2: Suppose (i) ω : R → [0�1], ω(0) = 1, ω(−x) = ω(x), ∀x ∈ R, ω ∈
L

2(R), ω is continuous at 0 and all, but finitely many, values of x; (ii) T 2ν+1
n /n→ γ ∈ (0�∞)

for some ν for which ‖ων‖ <∞ and ‖f νY‖ <∞; ων and f νZ are the νth derivative of ω and
fY , the spectral density of (yt � yst) at 0.

PROPOSITION G1: Suppose Assumption G1 holds; then, |σ̂�n/σ
�
n − 1|= op(1).

Proposition G1 follows from Theorem 4.2 in Chen and Pouzo (2015a), where now
Step 2A in their proof ((Chen and Pouzo, 2015b), p. 9) requires ‖K̂n − Kn‖op = op(1)
as in Assumption G1(iv). The formula used in the main text is easier to implement,
but equivalent. For each j ≥ 0,

∫
real{ψβ(τ1� v

�
n)E[Zt (τ1)real[Zt−j(τ2)ψβ(τ2� v�n)]]}π(τ1)×

π(τ2) dτ1 dτ2 = 〈ψβ(·� v�n)�Kjψβ(·� v�n)〉π . Because E,
∫

and real are linear operators, they
arrange into〈
ψβ

(·� v�n)�Kjψβ
(·� v�n)〉π

= E

{(∫
real

[
ψβ

(
τ1� v

�
n

)
Zt (τ1)

]
π(τ1) dτ1

)(∫
real

[
ψβ

(
τ2� v

�
n

)
Zt−j(τ2)

]
π(τ2) dτ2

)}
�

Then, replace real[ψβ(τ1� v
�
n)Zt (τ1)] = real[ψβ(τ1� v

�
n)]real[Zt(τ1)] + im[ψβ(τ1� v

�
n)] ×

im[Zt(τ1)]. Next, let ϕ= (θ�ω�μ�σ) denote the parameter β in the sieve basis. For any v,
v′ dϕφ(β0) = 〈v� v�n〉 = v′real[

∫
ψϕ′ (τ�β0)ψϕ′ (τ�β0)π(τ) dτ]v�n so v�n = real[

∫
ψϕ′ (τ�β0) ×

1Notice that 〈v1� v2〉 = 1/2
∫

{ψβ(τ�v1)ψβ(τ�v2)}+ψβ(τ�v1)ψβ(τ�v2)}π(τ)dτ is also 〈ψβ(·� v1)�ψβ(·� v2)〉π .
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ψϕ′ (τ�β0)π(τ) dτ]−1 dϕφ(β0). Now, substitute v�n into 〈ψβ(·� v�n)�Knψβ(·� v�n)〉π to get the
sandwich formula. The same derivations applied to the sample quantities yield the for-
mula in the main text.
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