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THIS SUPPLEMENT consists of four parts: (i) the robustness of findings in the main paper
with respect to several main assumptions, (ii) an alternative interpretation of intergen-
erational Pareto and its implication on quasi-hyperbolic discounting, (iii) a result with
forward and backward individual exponential discounting, and (iv) a discussion of the
choice domain of the main paper. The supplement uses definitions and notations from
the main paper.

S1. DISCUSSION OF THE MAIN ASSUMPTIONS

Our main findings are built upon three sets of assumptions: (i) the assumptions about
individual preferences, (ii) intergenerational Pareto and strong non-dictatorship, and
(iii) the assumptions about the planner’s preference. In the first, we have assumed that
a parent’s discount function and instantaneous utility function are inherited by his off-
spring. This assumption may or may not be realistic. It is helpful to understand how our
results depend on it. In the second, intergenerational Pareto only has bite when all indi-
viduals from the current and future generations agree. It is useful to understand to what
extent intergenerational Pareto can be strengthened. In the third, we have required that
the planner have an EDU function. This assumption imposes restrictions on how the plan-
ner can aggregate individual preferences. We examine what results still hold if we drop
this assumption.

We first state a more general version of Lemma 1, which also follows from Harsanyi
(1955) and Fishburn (1984) directly.

LEMMA S1—Harsanyi (1955): Suppose each generation-t individual i’s utility function
takes the following form:

T
Ui(p) =Y _ 8is(7 — Dui(p-, 7),

T=1

and the planner’s utility function in period t takes the following form:

T
Ui(p) =Y _8:(t = Du(p,, 7),

=t
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in which 8;,(-) and 6,(-) are discount functions, and u;(-, ) and u,(-, T) are normalized
instantaneous utility functions. The planner’s preference (7).t is intergenerationally Pareto
if and only if, in each period t € T, there exists a finite sequence of nonnegative numbers
(@((I, $))ien 5= SUCh that

N T
Ui=Y > w,9)U,.

i=1 s=t

We stick to the assumptions about individuals’ and the planner’s utility functions in the
main paper, unless stated otherwise.

S1.1. Inheriting Discount Functions and Instantaneous Utility Functions From Parents

One maintained assumption about individual preferences is that each generation-f in-
dividual /’s discount function 6; and instantaneous utility function u; are independent
of . We show in this subsection that this assumption can be removed without changing
our main findings. We analyze two cases below. In the first case, for any i € N and finite
t, suppose generation-¢ individual i’s discount function is 8;, and instantaneous utility
function is u;; that is, we still assume that individual instantaneous utility functions do not
depend on time. Fixing each generation-¢ individual i’s discounting utility function for
any i € N and any natural number t, our result may require us to vary the time horizon 7.
The result below shows that we can establish a positive result that is similar to Theorem 2.

THEOREM S1: Suppose each generation-t individual i’s discounting utility function has an
instantaneous utility function u; and a discount function 8;, such that (A2) and (A3) hold
and (u;);en is linearly independent. Let the planner’s instantaneous utility function u be an
arbitrary strict convex combination of (u;);cn. Then,

1. for each & > max;, 8}, the planner is intergenerationally Pareto and strongly non-
dictatorial;

2. for each & such that for some i, t, § < &; , there exists some T* > 0 such that if T > T*,
the planner is not intergenerationally Pareto.

We will prove this theorem as a special case of Theorem S2 below. Theorem S1 shows
that social discounting should still be more patient than the most patient individual’s long-
run discounting when individual discount functions may change across generations. Since
generation-¢ individual i’s discount function is now §;, rather than §;, the cutoff for the
social discount factor becomes max;, 6;,. The second part of the theorem can be under-
stood as follows. Suppose the social discount factor 6 is below some generation-¢ indi-
vidual 7’s long-run discount factor. Then, as we increase 7', this planner will eventually
violate intergenerational Pareto.

One may wonder why we still assume that generation-¢ individual i’s instantaneous
utility function does not depend on ¢. Let us assume that generation-¢ individual i’s in-
stantaneous utility function is u; .. The example below shows that this assumption will lead
to a trivial negative result that has nothing to do with discounting.

EXAMPLE S1: Suppose N = 1. Let generation-1 individual’s instantaneous utility func-
tion be u;, which is linearly independent of generation-2 individual’s instantaneous util-
ity function u,. Since the planner has an EDU function, her instantaneous utility func-
tion should never change. In the first period, the planner’s instantaneous utility function
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for period-1 consumption can only be u;, because only the generation-1 individual cares
about period-1 consumption. The planner’s instantaneous utility function for period-2
consumption, however, must depend on both u; and u, due to strong non-dictatorship,
which means that the planner’s instantaneous utility function for period-2 consumption
must differ from u;. Therefore, it is impossible to require that the planner be intergener-
ationally Pareto and strongly non-dictatorial.

As can be seen in the example above, it seems inevitable that the planner’s instanta-
neous utility function should depend on time; that is, the planner’s instantaneous utility
function for period-r consumption should depend on 7. Indeed, one way to restore the
positive result is to allow the planner’s instantaneous utility function to be u(-, 7).

However, there is another way to restore the positive result, which is the second case we
want to analyze. For any i € N and finite ¢, suppose generation-¢ individual i’s discount
function is 6;, and instantaneous utility function for period- consumption is u;(-, 7); that
is, if the planner’s instantaneous utility function for period-r consumption has to depend
on 7, let us make the same assumption for individuals. Note that individual instantaneous
utility functions now depend on time, but in a manner different from Example S1. The
planner’s discount function is again exponential.

These assumptions are particularly suitable in our setting. Recall that each individual
only lives for one period, and he cares about future consumption based on altruism. Imag-
ine that u,(-, 7) is generation-7 individual i’s actual consumption utility—that is, the util-
ity that generation-r individual i derives by consuming rather than from altruism. Now,
generation-¢ individual #’s utility function is

T
Uii(p) =Y 8:i(T — Dui(p-, 7),

T=t

which means that when the generation-¢ individual i altruistically cares about generation-
7 individual /’s consumption, he values the consumption in exactly the same way that
generation-r individual i will value it for himself.

THEOREM S2: Suppose each generation-t individual i’s discounting utility function has
instantaneous utility functions (u;(-, 7)), and a discount function 6;, such that (A2) and
(A3) hold and (u;(-, T));cy is linearly independent for each T € T. Suppose, for some positive
(A)ien such that Y, A; =1, the planner’s u(-, 7) =Y,y Ai;(+, 7) forany 7 € T. Then,

1. for each & > max;, d;,, the planner is intergenerationally Pareto and strongly non-
dictatorial,

2. for each & such that for some i, t, § < &;, there exists some T* > 0 such that if T > T*,
the planner is not intergenerationally Pareto.

PROOF: Part I This part is similar to Part I of Theorem S1. First, we prove a lemma for
one-individual aggregation.

LEMMA S2: Assume that N = {i}. Suppose each generation-t individual i’s discounting
utility function has instantaneous utility functions u;(-, 7) and a discount function 8;, such
that (A2) and (A3) hold. Let the planner’s instantaneous utility function be u;(-, ) for
any 7 € T. For any 8 > max, &}, the planner is intergenerationally Pareto and strongly non-
dictatorial.
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PROOF: We want to show that for any 6 > max;, 6}

;1> there exists a finite sequence of
positive numbers (w,(i, 5))cr,s>, such that

T T
Uip)=Y 8 'u(p.,m) =Y 0,i,)U;(p)

7=t s=t

for each t € T. Given any 6 > max, 6}

i 1» we can construct (w,(i, §))ser,s=, according to the
following formula recursively:

1 ifs=t,

w,(i,5) = § S1

’ Y6 8i(s—1=7) =8, (s—D]w (i, 1) ifs>t. G0
T=t

Note that by assuming 6 > max, 67, w,(i,s) >0 forany s > ¢ and ¢ € T. Then,

*
it

T T T
Uip) =) (i, HUi(p) =Y _ 0,(i,8) Y _ 8i.(T = )u(p,, )

s=t s=t T=§

T T
_ Z(Z .07 — ), (i s)) u(pr. 7).

We want to prove that U,(p) = ZTT:[ 8 'u(p,, ). Clearly, for 7 =1¢, Y|, 8;(1 —
S, (i,8) = w,(i, t) =1 = 8. Suppose, for some 7 > ¢, we have proven that Y ._ 8; (7 —
s)w,(i, s) = 6. We want to prove that for 7+ 1,

T+1

Y St 1 —5)w,(,5) =" (S2)

s=t
To prove (S2), we only need to notice that according to (S1),

7+1

D 8t + 1), )

s=t

=0, T+ 1)+ ) 8i,(t+1—5)w,(,s)

s=t

= [68.:(1—5) = (1 + 1= 9)]w,(i, ) + Y 8:5(7+ 1= $),(i, 5)

s=t

=8 81— 9w,li,s)=8""".

s=t

By induction, we know that }'_ 6, (7 — s)w,(i,s) = 8" for all 7 > ¢, and hence U,(p) =
> 8 u(ps, 7). Q.E.D.
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Next, for any social discount factor 6 > max; max, 6}

i Wecan find (@;,(8))seT,ieN s>t such
that

T

T
Y w0 )Uis(p) =Y 8 'ui(p., 7)

s=t T=1
for each i € N. Then, we know that

N

T N T
Uip) =YY Ao, )Uis(p) =Y Y 8 Nui(p,)

i=1 s=t i=1 7=t

T N T
== Z 677: Z /\iui(pﬂ T) = Z 8Titu(p7" T)‘

T=t i=1 =

T=t

Part I1 We prove it by contradiction. Suppose there exists an intergenerationally Pareto
planner with social discount factor 6 < o7, for some i = i* and ¢ = ¢*. By intergener-
ational Pareto, for each ¢ € T, there exists a finite sequence of nonnegative numbers
(w,(i, 8))ien 5= such that the following equality holds:

N T
S u(pr, ) =Y Y w,(i,$)8;.:(1 = $)ui(p., 7) (S3)

i=1 s=t

for any 7 > t. When 7 = ¢, the above equation reduces to

N
w(pe, 1) =) (i, Dui(ps, 7) (S4)

i=1

foranyreT.

Since u(-, 7) =) .y Aiu;(-, 7) for any 7 € T and (u;(-, 7));en is linearly independent,
w,(i,t) = A; > 0, for any i and ¢. Multiply 6"* to both sides of equation (S4) and combine
it with equation (S3). We obtain

N N T
> 0T ui(pr ) =Y ) @i, $)8.(T — Hui(p,, 7).
i=1

i=1 s=t
Since (u;(-, 7))~ , is linearly independent, the above equation is equivalent to

@, (6, )8 Ui(pry ) =Y @, (i, $)8;5(T — )ui( s, T)

s=t

foranyie N,teT,and 7> t.
Let i =i* and ¢ = ¢*, and rearrange the above equations. We have
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(l)t* (l*, t*)ai*’t* (T - t*) + Z wt* (l*) S)ai*,S(T - S)
_ .S:t*+1 (SS)

w,(i*,7)

Tl (T — 1"
> /\’+*(Tt) — 81,*’[* (T _ t*)

for any 7 > t*. However, we also know that é < lim,_,,, /6 ,«(7), there exists T* such
that for any 7 > T*, 6 < /8 +(7), which contradicts (S5). O.E.D.

When we assume u(-, 7) = ), Au;(-, ), we have assumed that A;’s do not depend
on 7. In the social choice literature, some economists have argued that with normalized
individual utility functions, equal utilitarian weights should be used (see Karni (1998),
Dhillon and Mertens (1999), and Segal (2000)). To some extent, this is consistent with
our assumption that A;’s do not change over time, although in our case, A;’s may not
be 1/N. In general, one may want A;’s to depend on time. In that case, the fact that the
planner’s discount function is exponential will impose restrictions on how A;’s may change
over time.

S1.2. Strengthening Intergenerational Pareto

The premise of intergenerational Pareto requires that the current generation and future
generations reach a consensus. A natural way to strengthen intergenerational Pareto may
be to require that the planner prefer one consumption sequence over another if more
than a certain fraction of current- and future-generation individuals agree.! However, in
this case, how the planner aggregates individual preferences may differ somewhat from
utilitarian aggregation.

Therefore, we strengthen intergenerational Pareto in the following simple way without
deviating from standard utilitarianism. Let I/ C N x T be an arbitrary subset of individuals
across generations. Let us weaken the premise of intergenerational Pareto by requiring
that the planner prefer a consumption sequence p to q whenever individuals in / agree.
Intergenerational Pareto and the strongly non-dictatorial property are adapted as follows.

DEFINITION S1: The planner’s preference (7,).r is I-intergenerationally Pareto if for
any consumption sequences p, q € A(X)7, in each period t € T, p =—;, q for all (i,s) € I
with s > ¢ implies p —; q, and p >, q for all (i, s) € I with s > ¢ implies p >, q.

DEFINITION S2: We say that the planner is /-strongly non-dictatorial if for each t € T,

U.(p) = ft(Ul,t(p), cos Urr (), Uni(P)s - -, Uar(P)s - UN,T(p))

for some function f; that is (strictly) increasing in U, ; for any (i, s) € I.

It is straightforward to show that under /-intergenerational Pareto, the planner’s utility
function can be written as a weighted sum of the utility functions of individuals in . Be-
low, we show that under some assumption about /, positive results can still be established
after strengthening intergenerational Pareto.

This strengthening can certainly be applied to current-generation Pareto as well.
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The following example shows why we need an additional assumption. Suppose N = 2
and individual instantaneous utility functions, u; and u,, are linearly independent. As-
sume that I = {(2, 1), (1, 2)}; that is, the planner will give generation-1 individual 1 and
generation-2 individual 2 zero weights. Then, the somewhat trivial negative result, as in
Example S1, appears again. To see this, note that in period 1, the planner’s instantaneous
utility function for period-1 consumption must be equal to u,, because only generation-
1 individuals care about period-1 consumption and generation-1 individual 1 has been
ignored. We have assumed that the planner has an EDU function, in which her instanta-
neous utility function never changes. Now, first, in period 1, the planner’s instantaneous
utility function for period-2 consumption is a strict convex combination of u; and u,,
which must differ from u;; second, in period 2, following the same logic, the planner’s in-
stantaneous utility function for period-2 consumption must be equal to u;, which is again
different from u,. Therefore, it is hopeless to derive any positive result.

The theorem below imposes a simple assumption to avoid the example above, which
turns out to be strong enough for us to establish a positive result. For each ¢ € T, let
I,:={i e N :(i,t) € I} be the set of generation-¢ individuals who may not be ignored by
the planner, and let Z:=J,., I,.

THEOREM S3: Suppose I C N x T, and each generation-t individual i’s discounting utility
function has an instantaneous utility function u; € {u®}%_, for some linearly independent ©-
tuple of instantaneous utility functions (u®)%_,, and has a discount function §; such that
(A2) and (A3) hold. Assume that co({u;}icr,) = co({u’}%_,) for any t € T. Let the planner’s
instantaneous utility function u be a strict convex combination of (u;);c;,. Then,

1. for each & > max; 67, the planner is I-intergenerationally Pareto and I-strongly non-
dictatorial,

2. for each & < miny &7, there exists some T* > 0 such that if T > T*, the planner is not

I-intergenerationally Pareto.

PROOF: Part I With an abuse of notation, let @ :={1,...,0}. Foreach 6 € 0, let I? :=
{i € N : u; = u®}, which is the set of i’s whose instantaneous utility function is u’. For each
0eO@andteT,let I?:={iel’:(i,t) €I} be the set of generation-¢ individuals who
may not be ignored by the planner and whose instantaneous utility function is u’. Let
IH = UteT It‘9

We prove this part in four steps. First, we aggregate individuals in each I/ into a new
“family” 6. Each generation-¢ family 6 has instantaneous utility function u’(-) and the
following discount function:

8/ (1) = L > 8i(r):;

1!
| t et

that is, if a generation-# individual i may not be ignored by the planner, his discount
function 8;(-) enters family 6’s generation-¢ discount function 6%(-) with a weight equal
to that of other generation-# individual(s) in /{. Note that generation- families’ discount
functions may change as ¢ changes.

Next, we prove a lemma on one-family aggregation that is similar to Lemma S2.

LEMMA S3: Assume © = {6}. Suppose each generation-t family 6’s discounting utility
function has an instantaneous utility function u®(-) and a discount function 8°(-). Let the
planner’s instantaneous utility function be u®(-). For any 8 > max.,o 8%, the planner is inter-
generationally Pareto and strongly non-dictatorial.
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PROOF: We want to show that for any 6 > max;.;¢ 67, there exists a finite sequence of
positive numbers (@?(s))er s>, such that

T T
Uip)=) 8 (p) =) w!(s)U!(p)

T=t s=t

for each ¢ € T. Given any 8 > max;.z¢ 87, we can construct (w?(s))cr -, according to the
following formula recursively:

1 ifs=t,
0 s—1
= S6
() 2[5-83(s—1—7)—8f(s—'r)]wf(7') if s>t (56)
T=t
Note that if § > max, max, Biff(;” , then w/(s) > 0 for any s > ¢ and ¢ € T. We also know
that
Si(t+1) 5 si(t+1)
dsr+D) Y s 5:0) Y 8i(r)max N
&(r+1) et et iel? el
87(m) Y8 Yosm Y 8i(m)
iel? iel? iel?
5; 1
< axw <max0; <maxJo;.
iel? 6,‘(’7’ iel? iez?
Therefore, max, max, 5;;(0;:)1) < max;.z+ 87. Hence, by assuming 8 > max;.zs 67, ®’(s) >0
for any s > ¢ and ¢ € T. The rest of the proof is the same as in Lemma S2. QE.D.

S 0
Thus, for any social discount factor 6 > maxyce max;.zo 67, we can find (! (5))er,pc0,5>
such that

T

T
Y (U= 8 u’(p.)

s=t T=I1

for each 6 € ©. Consider any positive numbers (A?)§_; such that Zg ,A? = 1. Together
with the weights (0?(s)),cr.6c0.5=: We have found above the planner’s utility function be-
comes

T T
Uip)=Y_ Y Nl U!(p)=Y_ > A8 'u"(p.)

0@ s=t 0O 1=t

= Z 5 AU (p,) = Z 5" u(p,),

0cO

(S7)

in which u(p,) =3, A’u’(p.) can be any strict convex combination of (u?)ce.
Last, we back out the weights (w,(i, 5))er.icn.s= and show that the planner has an EDU
function, is /-intergenerationally Pareto, and is /-strongly non-dictatorial under these
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weights. We construct (w; (i, §))er.ien.s=¢ according to the following formula:

0 if (i,5) ¢ 1,

@) =1 |116|w(s)>0 if (i, 5) € 1.

Then,

ZZw,u ) Uis(p) = ZZwt(z s)Za (1= )ui(p-)

s=t i=1 s=t i=1

T
ZZZ’\G f(S)ZBi(T—S)M,-(pT)

s=t 0€0 jcrf

_ZZ)\" (’(s)ZZ| R (1 —s)ui(p,)

s=t 66 T=s jeIf
—ZZN’ ”(s)Zaﬂ(T—sm ()
s=t 0e®
r T
=SS Nl UP) = Uip) = 3 8 u(p,).
s=t 0cO =t

The first equality follows from the definition of U, ;. The second equality follows the con-
struction of (w, (i, §))cr.ien 5= The fourth equality follows the construction of 8%(-). The
fifth equality follows from the definition of U’. The last two equalities follow equation
(S7).

Part II We prove it by contradiction. Suppose there exists an [-intergenerationally
Pareto planner with social discount factor 6 < min;.; 6;. By /-intergenerationally Pareto,
there exists a finite sequence of nonnegative weights (w,(i, $))cr.ien.s=: Such that the fol-
lowing equality holds:

' u(p) =Y (i, 5)8:(1 — s)u;(p-) (S8)

s=t ielg

for each ¢ € T and 7 > ¢. Combining equation (S8) with the normalization assumption,

5H=i2wt(i, 9)8i(1=5)= Y w,(i,5)8:(1—5) (59)

s=t iely iels

foreachte T and 7 > t.

We assume that arg min,.; 6* = {i*}. The proof can be easily extended to the case with
multiple minima. The following two claims must hold:

1. i* € Z; that is, there exists t* € T such that i* € I «.

2. There exists 77 such that for any 7 > max{T}, t*}, 6; (1 —t*) < §;(t—t*) forany i € 7.
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Consider the period-t* planner. Let ¢t = #* in equation (S9), and suppose 7 >
max{T;, t*}. We have

T

51 = Z Z (i, $)8:(T — 5) > Z oy (i, t*)ﬁi(T — t*)

s=t* ielg ielf

> Z [or (l, t*)8,* (T — t*) > 6,‘* (’T — t*)

H *
ielf

However, we know that 6 < 6%. Then, there exists 7, such that for any 7 > 75, 6 < \/55.
Therefore, if T > max{T;, T,, t*}, there must be a contradiction. Q.E.D.

Note that we assume co({u;};e;,) = co({u’}5_,) for any 7 € T. This is because we want
co({u;}ic;,) to remain constant across ¢ to rule out the example we discuss before the
theorem, and we want to assume that there is no redundant type.

The theorem seems different from our previous results that have only one cutoff for the
social discount factor, but in fact it has a one-cutoff version that is similar to our previous
positive results. However, the expression of the cutoff will become rather complicated.?
The current version is easier to understand, and clearly shows that if the social discount
factor is higher than the highest long-run discount factor among individuals who are not
ignored in some generation, then we know that the planner is intergenerationally Pareto
and strongly non-dictatorial. Again, this is not the only way to establish positive results. If
the planner’s instantaneous utility function is allowed to vary in a general way by taking
the form of u,(-, 7), then the additional assumption we need can be weaker.

S1.3. Utilitarianism and Long-Run Social Discounting

The main question of this paper is, if a planner has an EDU function, under what
conditions is she intergenerationally Pareto/utilitarian and strongly non-dictatorial? The
fact that an intergenerationally Pareto/utilitarian planner has an EDU function certainly
imposes restrictions on how the planner may aggregate individual preferences. On the
one hand, economists often assume that a planner has an EDU function, and there are
many reasons to believe that this is normatively appealing. Therefore, understanding the
answer to our main question is important.

On the other hand, there are other ways to examine the planner’s aggregation problem.
For example, sometimes economists may believe that the planner’s utility function should
be equal to the simple average of individuals’ discounting utility functions. However, be-
cause it is unlikely that the planner’s discount function is exponential in this case, a choice
about what to assume for the planner must be made.

A natural question arises: If we now want to allow the planner to aggregate individual
preferences in a flexible way—in other words, we only require that the planner be inter-
generationally Pareto/utilitarian and strongly non-dictatorial and do not require that her
utility function be an EDU function—what insight from our main findings remains true?
The following result shows that under this different requirement, the planner’s “discount

2The cutoff for the social discount factor in the one-cutoff version should take the maximum across types
and periods, and then for each type in each period, take the minimal individual long-run discount factor across
all individuals who have the desired type and are not ignored in that period.
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factor” should still be higher than the most patient individual’s long-run discount fac-
tor. The result assumes that 7' = 4+o00. Some notations and definitions for the case with
T = +o0 can be found in Section A.8.

THEOREM S4: Suppose T = +00, each generation-t individual i’s discounting utility func-
tion has an instantaneous utility function u; and a discount function §; such that (A2)
and (A3) hold, and the planner’s utility function in any period t € T is U, = Y- 8,(7 —
Hu.(p,, ) for some discount function &, and (normalized) instantaneous utility function
(u(+, T)) s>, SUCh that 87 =1lim,_ o, % =lim,_, ., /0,(7) exists. If the planner is intergen-

erationally utilitarian and strongly non-dictatorial, 67 > max; 67.

PROOF: Since U, = Zf; Yo, w.(i, s)U;,, we know that

N

8(T— D (pr,T) =YY 0,(i, $)8:(T — Hui(p,) (S10)

i=1 s=t
forany t € T and 7 > ¢. Let p, = x* in equation (S10). We have

N

S (r—0=) > w(i,)8(1—5) =) (i, N8;(1— 1) = w,(i", 1)8:(r — 1), (S11)

i=1 s=t

in which i* := argmax; 6;. Let 7 in (S11) go to infinity. We have 6} > max; &;.

Thus, if the planner is intergenerationally Pareto and strongly non-dictatorial, her long-
run discount factor should again be higher than the most patient individual’s long-run
discount factor. O.E.D.

S2. AN ALTERNATIVE INTERPRETATION OF INTERGENERATIONAL PARETO AND
A RESULT WITH QUASI-HYPERBOLIC DISCOUNTING

We say that the generation-¢ individual i has a quasi-hyperbolic discounting utility
(QHDU) function if his discount function satisfies

1 ifr=0
0,(7) = ) ’
(™) {B,a; ifrefl,...,T—1),

for some B; € (0, 1] and 6; > 0. In the literature of time inconsistency, economists some-
times ignore the B; parameter and use an EDU function with a discount factor §; as the
welfare criterion of individual i who has a QHDU function. The intuition is that because
B is the cause of time inconsistency, 8; should not enter the welfare criterion. We show
how our analysis provides some foundation for this practice.?

Consider Corollary 1. If we interpret the generation-(¢ 4 1) individual i in our model as
the future self of the generation-¢ individual i, Corollary 1 provides some foundation for
the use of this welfare criterion. Assume that individual i is the only individual (N =1)
and has a quasi-hyperbolic discount function. According to Corollary 1, we immediately
know that any EDU function with a discount factor that is (strictly) greater than §; is a

3Recent papers by Drugeon and Wigniolle (2017) and Galperti and Strulovici (2017) introduce results sim-
ilar to the one we present below.
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welfare criterion that is consistent with intergenerational Pareto; that is, if individual i in
every period ¢ agrees that one consumption sequence is better than another, the welfare
criterion says that the utility of the former is greater than the latter.

The following result is stronger than Corollary 1. It shows that §; is indeed the smallest
discount factor such that the corresponding EDU function is consistent with intergenera-
tional Pareto.

PROPOSITION S1: Suppose each generation-t individual i has a QHDU function with an
instantaneous utility function u, B; € (0, 1), and 8; € (0, 1). Then,

1. for each & > min;é;, the planner is intergenerationally Pareto and strongly non-
dictatorial;

2. for each & < min,; §;, there exists some T* > 0 such that if T > T*, the planner is not
intergenerationally Pareto.

PROOF: The second part follows from Theorem 1. We only prove the first part.

LEMMA S4: Assume that N = {i}. Suppose individual i has a QHDU function with pa-
rameters B; € (0, 1), 6, € (0, 1), and u. Then, there exists a cutoff 6(T) for each T such that
the planner is intergenerationally Pareto and strongly non-dictatorial if and only if 6 > 6(T).
In addition, 8(T) is (strictly) increasing with a limit ;.

PROOF: The planner is intergenerationally Pareto and strongly non-dictatorial if and
only if there exists a finite sequence of positive weights (w,(i, §))er.s=: such that the fol-
lowing equation holds:

7—1

o (i, T)u(p.) + Y 0:,(8)B:8] " u(p,) =8""u(p.) (S12)

s=t
forany ¢t € T and 7 > ¢. We can solve (w,(i, $)) 1.5, from (S12) as follows:
1 ifm=0,

- % doa-pytsiem" ifl<m<T -t
fp=1

w (i, 1 +m) = (S13)

677’1

Note that w,(i, ) =1 > 0, and the planner is intergenerationally Pareto and strongly non-
dictatorial if and only if (w,(i,  + 1)) 1<m<r— 1S POSItive.

We can rewrite the second equation of (S13) as w,(i, t + m) = F,,(8|B;, 8;), in which F
is a degree-m polynomial of a single indeterminate 6 with parameters ;, §;. Define

S(Bi,8;, T):={8 R, : F, (8B, 8;) >0foranyl <m < T —1}.

Therefore, the planner’s preference is intergenerationally Pareto and strongly non-
dictatorial if and only if 6 € S(B;, 6;, T).

We want to show that S(B;, 6;, T) is an interval that (strictly) shrinks to [§;, +00) as T
increases. First, we prove that there exists a unique root/cutoff x,, € (0, 6;] for F,,,(6|8;, 6;)
such that F,,(x,,|8;, 6;) =0, F,,(6|8;:, 6;) <0 for é < x,,, and F,,(8|B;, 6;) > 0 for 6 > x,,.
We know that F,,(0|8;, 8;) = —(1 — B)" 16" < 0, F,,(8:|B:, 8:) = (1 — B;))"8™ > 0, and
F,, is continuous. Therefore, the existence of x,, is guaranteed by Bolzano’s theorem.
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Also note that the function G,,(6|8;,8;) := 6 "F,,(8|B;, ;) has the same root as
F..(81B:, 8;), and G,,(8|B;, 8;) is (strictly) increasing in & because

m k
dG,(0)  Bi Zk(l — Bi0:)

b " 1-8 s > 0.

k=1

By Rolle’s theorem, there cannot be more than one root. Hence, the uniqueness is proved.
Second, we prove that the cutoff sequence (x,,),, is (strictly) increasing and converges
to 8;. Noting that

Gm+1(8|Bi7 3i) - Gm(6|Bi7 3:‘) = -

B [(1—-Bn&7"" 0
1—35[ 5 } =%

we have G, (x,,|Bi, 6;) — G (x,,]Bi, 6;) < 0. By the definition of (x,,,) ., G (x| Bi, 6;) =
Gi1(Xmy1lBis 8;) = 0. Therefore, G i1 (x| Bis 8:) < Gu(XmlBis 8:) = Grp1(Xpnia1|Bis 6:)-
We also know that G,,(8|B;, 8;) is (strictly) increasing. Hence, x,,,; > x,,. Now that (x,,),
is bounded and (strictly) increasing, the convergence follows from the monotone conver-
gence theorem.

The only remaining part is to prove that the limit of the cutoff sequence is ;. Suppose
lim,, .. X, = x. Then, x,, < x for all m > 1. Since G,,(8|B;, ;) is (strictly) increasing, we
have

G (xX,1Bi, 0i) < G (x|Bi, 6)

& 0<l-y Z(I—B)Sh ~h
’hl
P~ _ (514)
& 1_Bi2_:(1—3i)h5th<1
N Z[(l—ﬁ)ﬁ] 1-B;
h=1 Bi

for any m > 1.
Given that “=£2% > 0, we must have < 1; otherwise, Y [1=£2%1" diverges as
m increases. Now, let m in (S14) go to mﬁnlty We have

S[(A-B087" 18
Z[ X }5 Bi

h=1

A-Bi)d;

(1—-Bd; 1 _1=B (S15)
X 1_(1—/3i)5i - B
X
< 8,‘ <X.
In addition, since x,, < 8; for all m, we have x < §;. Therefore, x = §;. O.E.D.

Lemma S4 states that for any finite 7, in each period ¢, the planner can aggregate each
individual i from the ¢th generation to the T'th generation so that the aggregated utility
function is an EDU function with a discount factor that is slightly below ;. Then, we can
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apply the if part of Proposition 2 for N exponential discounting individuals, and obtain a
social discount factor 6 > min; 6;. QO.E.D.

When T = +00, we can assume in Proposition 4 that individuals have QHDU functions
and obtain a similar result.

S3. THE CASE WITH BACKWARD DISCOUNTING

The result we introduce below shows that if individuals exponentially forward and
backward discount consumption, our main results continue to hold. Before proceeding,
it should be noted that backward discounting has no revealed-preference foundation.
Whenever we observe an individual choosing, the past is sunk; there are no choices (yet)
that allow the individual to alter the past. Therefore, we do not know how individuals
think about the past from actual choice data.

However, economists have considered the possibility that individuals backward dis-
count (see Strotz (1955), Caplin and Leahy (2004), and Ray, Vellodi, and Wang (2017)).
Below, we analyze our aggregation problem with exponential discounting individuals who
backward discount. Instead of assuming that U;,(p) does not depend on past consump-
tion, we assume that the generation-¢ individual i discounts both past and future by the
same discounting factor 6;.

DEFINITION S3: The generation-¢ individual i has an exponential forward and back-
ward discounting utility function if his utility function has the following form:

T

Ui(p)=Y_ 8" ui(p.), (S16)

=1

in which the discount factor §; € (0, 1), and u; is the individual i’s instantaneous utility
function.

Note that the negative result, obviously, would continue to hold if we had assumed that
each generation-¢ individual i’s utility function was

T

Ui(p) =Y 87 'ui( ).

=1

In that case, the individual i’s offspring has exactly the same preference as the indivdual i.
This is problematic, however, because the generation-2 individual i will value period-1
consumption even more than his own period-2 consumption.

The result below demonstrates that the assumption that the planner has an EDU func-
tion and intergenerational Pareto are compatible when individuals exponentially forward
and backward discount consumption. The typical negative result in the literature only con-
siders the planner’s aggregation problem in period 1. The following result also focuses on
the period-1 aggregation problem to highlight the difference.

PROPOSITION S2: Suppose each generation-t individual i has an exponential forward and
backward discounting utility function with discount factor 8; and instantaneous utility func-
tion u; such that 6 := max; 8; < 1. Let the planner’s instantaneous utility function u be an
arbitrary strict convex combination of (u;);cn. Then, for each & € (8,671), the planner in
period 1 is intergenerationally Pareto and strongly non-dictatorial.
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PROOF: To prove the proposition, we consider the one-individual case first.

LEMMA S5: Assume that N = {i}. Suppose each generation-t individual i has an expo-
nential forward and backward discounting utility function with discount factor 8; € (0, 1)
and instantaneous utility function u. Then, for each & € (8, 8.1, the planner in period 1 is
intergenerationally Pareto and strongly non-dictatorial.

PROOF: We want to show that for any é € (6;, 8:71), there exists a finite sequence
of positive weights ® = (w (i, 1), w(i,2), ..., w(i, T)) such that the following equation
holds:

T

T
Ui(p) =Y 8 'u(p:) =) 0, )Us(p). (S17)
T=1

s=1

Plugging in U,(p) and U, ;(p), equation (S17) becomes

T T T T T
Yo up) =) 0@,y 8 u(p) =" w98 u(p.):; (S18)
=1 s=1 =1

=1 s=1

that is, for each 7 > 1,

T
5= (88 (S19)
s=1
Next, we can rewrite equation (S19) as follows:
A-&=3, (S20)
in which 6 = (1,8, 8,...,8"") and
8 & ... 8!
i 1 0; ce 8?72
A=| . : . :
S S S L
Note that A is invertible. In particular,

1 -3, 0 0

-8 1+8 -8 0 :
0 —&; 1+ 3? —0;

A_l _ 1 E 0 . .
2| .
1-6; 0
-6, 1+ 5? —90; 0

: 0 -8 148 -8,
0 0 -3, 1
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We have & = A" - 5. If we can show that @ > 0, the lemma is proved. Showing that & > 0
is equivalent to showing that w (i, 1) =1— 6,6 > 0, w (i, s) = 6 [ 8, + (1 + 8?)6 — 5;8°] >
Ofor2<s<T—1,and w(i,T) = —8;8""2 4+ 87! > 0, which can be verified because
8e(8;,8,7). Q.E.D.

Lemma S5 shows that we can aggregate each individual i from the fth generation to
the T'th generation into an EDU function with any discount factor § within (5;, 5.7 h.
Now we can prove Proposition S2. For any social discount factor & € (5, §7!), we can find
(w (i, §))ien.s=1 such that

T

T
Y 00U =) 5 u(p,)
s=1

=1

for each i € N. Consider any positive numbers (A;);cy such that ) ",_, A; = 1. Together with
the weights (w (i, 5));cn 51 We have found above, the planner’s utility function becomes

N T N T
Uip) =YY hoi(i, )Ui(p) =D > 8 Nuy(p.)
i=1 s=1 i=1 =1
T

T N
= Z 67_1 Z/\iui(pT) = ZST_lu(pT)7
T=t i=1

T=I1

inwhich u(p,) =) _,_y A:u;(p.) is an arbitrary strict convex combination of (u;);cny. Q.E.D.

S4. RISK RESOLUTION

The main model’s choice domain is A(X)”; that is, in each period, there is a lot-
tery/probability measure over X. In many dynamic economic models with uncertainty,
uncertainty resolves over time. Below, we discuss what may change if we let uncertainty
resolve over time, maintaining our assumptions about individuals’ and the planner’s utility
functions.

For simplicity, assume that 7= 2 and N = 1. In period 2, the choice object is again a lot-
tery over X. Sometimes, it will be called a period-2 lottery. To distinguish between choice
objects in the main paper and in this section, here we call X outcomes and period-1 choice
objects dynamic lotteries. A dynamic lottery is a lottery over X x A(X). For example, with
probability 1/2, a dynamic lottery p, yields a period-1 outcome x € X and a period-2
lottery g, € A(X); with probability 1/2, p, yields a period-1 outcome x’ and a period-2
lottery r, € A(X).

Now, the set of dynamic lotteries is A(X x A(X)), rather than A(X)%.* However, A(X)?
can be viewed as a subset of A(X x A(X)) that consists of all dynamic lotteries whose
period-2 lotteries are independent of (the realization of) period-1 outcomes.

The following simple example shows in what sense, in period 1, the planner’s aggrega-
tion problem under A(X x A(X)) is the same as under A(X)?. Continue our example of
P1, g2, 12 above. Let g, be a lottery that yields y, y' € X with equal probability. Let r, be

“For any metric space Y, let A(Y') denote the set of Borel probability measures on Y. We endow A(X) with
the Prohorov metric and X x A(X) with product topology.
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a degenerate lottery that yields z € X. First, consider the generation-1 individual. A nat-
ural way to extend our period-1 individual utility function on A(X)? to the new domain
A(X x A(X)) is as follows:

1 1
i(py) = Q(U(X, 1)+ 8v(q2,2)) + E(U(x/, 1) + 8v(r», 2))
_! 1)+6 L 2 Loty 2 L 1)+ 6 2
_E(U(xa )+ (EU()’, )+§U(y7 )))‘i_i(v(x: )+ U(Za ))7

in which 6 is the individual discount factor and v(-, 7) is the period-7 individual instanta-
neous utility function. Note that the above equation can be rewritten as

1 1 1 1 1
i(p) = (Ev(x, D+ zv(x’, 1)) + 8<Zv(y, 2) + Zv(y/, 2) + 7 v(z, 2));

that is, the utility of p; € A(X x A(X)) is equal to the following dynamic lottery: In period
1, the individual consumes a 50-50 lottery between x and x’, and in period 2, he consumes
a lottery that yields y with probability 1/4, y’ with probability 1/4, and z with probability
1/2.

It is not difficult to see the logic behind this observation. In general, given any p,; €
A(X x A(X)), we compute the marginal probability distribution of period-1 outcomes
and call it p; € A(X), and compute the marginal probability distribution of period-2 out-
comes and call it p, € A(X). Then, (p;, p») is a dynamic lottery whose period-2 lotteries
are independent of period-1 outcomes. It must be the case that Vi(p,) = Vi((p1, p2)),
because V] is a time-additively separable expected utility function.

Second, consider the generation-2 individual. Because we are examining the period-1
planner’s problem, which means the dynamic lottery’s risk has not resolved, how does the
planner evaluate the second generation’s utility of p;? Arguably,

- 1/1 1 1
I/Z(pl) = E(Ev(ya 2) + Ev(yla 2)> + EU(Za 2) (821)

seems to be a reasonable evaluation—with probability 1/2, the second generation’s utility
will be Jv(y,2) + Jv(y', 2), and with probability 1/2, the second generation’s utility will
be v(z, 2). Now, again,

B 1 1 1
Va(p1) =Va((p1s p2)) = P02+ Zv(y’, 2) + 70(2.2).

Therefore, p; and (p;, p;) are equivalent for the planner in period 1. The planner’s
period-1 aggregation problem under A(X x A(X)) is the same as under A(X)?>—there
is a bijection between time-addtively separable expected utility functions defined on the
domain with and without correlation. As long as the period-1 planner uses the same util-
itarian weights to aggregate individual utility functions, the planner’s preference will be
the same in both cases.

Move on to period 2 and continue our previous example of p; and (p;, p,). With either
A(X x A(X)) or A(X)?, the second generation’s utility function is defined on A(X), be-
cause individuals do not care about past consumption. Therefore, there is again a (trivial)
bijection between generation-2 individual utility functions defined on the domain with
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and without correlation. The planner’s period-2 preference will be identical in both cases
as long as she uses the same utilitarian weights for individuals.

The analysis above can be extended to the case with more periods and more individuals.
In this sense, focusing on consumption sequences A(X )7 without modeling how uncer-
tainty resolves over time is without loss of generality.

However, it should be noted that with p;, the period-2 lottery is either g, or r,. With
(p1, p2), no matter what the first generation consumes, the period-2 lottery is p,. There-
fore, there will be some ex post difference between p; and (p;, p,) about which gener-
ation consumes what. However, this difference should not affect the period-2 planner’s
aggregation problem.

Another issue to be noted is that in either the case with correlation or the case without,
we only study what the planner’s objective should be if she aggregates individuals’ prefer-
ences. This exercise does not require us to consider, for example, feasibility constraints.
If the planner’s problem is to maximize some objective under certain constraints, correla-
tion may be important in the feasibility constraints. For example, if there is a technological
advancement in the first period, we can anticipate a larger feasible set of consumption in
the future. This requires correlation in the constraints.
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