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APPENDIX A: DERIVATIONS AND PROOFS FOR THE BASELINE MODEL
A.1l. Task Model Microfoundation and Details

THIS APPENDIX provides a microfoundation for the aggregate production function in
equation (2). The Appendix also provides a derivation of equation (9) and primitive con-
ditions to ensure Assumption 1 holds.

Each skill type z works in a different sector that produces output Y,. The economy
produces a final good Y using these sectoral outputs according to a Cobb-Douglas aggre-
gator

Y=A[]Y? with ) n.=1.

Here, n, denotes the importance of the sectoral output produced by skill type z in pro-
duction. The productivity shifter 4 captures the role of factor-neutral technological im-
provements.

The production of sectoral output Y, involves the completion of a unit continuum of
tasks u, which are then combined via a Cobb-Douglas aggregator:

1
InY, = / InY,(u)du.
0
These tasks can be produced using capital and skill-z labor as follows:

Ul () + k. (u) ifuel0,q,l],

V(u) = {lpzez(u) if u e (a, 1].

The threshold «, summarizes the possibilities for the automation of tasks performed by
workers of skill z. Tasks u € [0, «,] are technologically automated and can be produced by
capital k,(u) or labor £,(u). The remaining tasks are not technologically automated and
must be produced by labor.
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2 B. MOLL, L. RACHEL, AND P. RESTREPO

The unit cost of producing a task with capital is R and that of producing it with labor is
w, /¢ .. Denote by p,(u) the price of task ), (u), and by p, the price of sector z output Y.
Cost minimization in the production of sector z output implies that the quantity of task u
used is given by

p-Y:
p=(u)
Assumption 1 implies that all tasks u € [0, «,] are produced with capital. It follows

that for those tasks, p,(u#) = R and the quantity of capital required to produce ), (u) is
p.Y./R. It follows that the total amount of capital used in sector z is

yZ(u) =

azszz

K, =
R

(19)

Assumption 1 implies that all tasks u € (a., 1] are produced with labor. It follows
that for those tasks, p.(u) = 7= and the quantity of labor required to produce Y. (u) is
p.Y./w,. It follows that the total amount of labor of skill z used in sector z is

1- a2)szz
w, )

With perfect competition, the price of sector z output equals the marginal cost of pro-
duction. Because tasks are combined via a Cobb-Douglas aggregator, the price is given

by the dual In(p,) = fol In(p, (1)) du. It follows that

= R* (¢—> - (21)

Combining the formula for p, in (21) with capital and labor demand conditions (19)
and (20) gives the production of sector z as a function of the total capital and labor used

in this sector, K, and £,:
Kz “ zzz 1mes
yzz(_) (‘/’ ) . 22)
a, 1—a,

We now turn to aggregate output. We normalize the price of the final good to 1, so that
the demand for sector z output satisfies p,Y, =7.Y.
Using equations (19), we can compute the demand for capital in sector z as

K. — a,p.Y, _ amzY_
R R

Adding this formula across sectors, it follows that the total amount of capital used in the
economy is

Y
K=a— 23
aR’ ( )

where recall that « := ) __a,7,. The share of capital allocated to sector z is therefore
equal to

a1,

o

K.=K (24)
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Substituting this formula into (22), we get

z “ sz 1mes
n:@%)(ﬁﬂ) . (25)

Substituting sectoral outputs into the aggregate production function, we obtain the for-
mula in equation (2), with

A:i=Aa™ l_[(nz(l - az))inZ(lfaZ) l_[ nr. (26)

PROOF OF THE EXPRESSION FOR PRODUCTIVITY GAINS FROM AUTOMATION: The for-
mula in equation (2) can be written as

K o lngz nz(1-az)
Y=A[]n" (= e :
Unz (a) U(TTZ(l_OZZ))
It follows that

dmyznm<5>—m(—ﬁﬁi—)+ade
a n.(1—a,)

= nzln<z> - 11’1<¢Izz> +adlnK
R w,

= nzln((pw;e) +adlnK > 0.

z

The third row substitutes factor prices for their marginal products. Subtracting adInY
from both sides of this equation and dividing through by 1 — « yields the formula in (9).
Q.E.D.

LEMMA 2—Lemma ensuring adoption of automation technologies: Suppose that for all
z, the following inequality holds:

43 1 Ez z
(p+ po+8) FiATiaTs > wnv(l—aw’
1—a,)n. l_[(gv(pv)ﬁ

(27)

where A is defined in (26). The equilibrium will involve the adoption of all available automa-
tion technologies. The above inequality holds for values of A above a threshold A.

PROOF: We assume that all automation technologies are adopted and verify that in
equilibrium, the condition above ensures that w} > . R*.

In steady state, we have that p + po > r*, which can be seen from the fact that r* =
p + podj,. Using the fact that r* 4+ 6 = a X, we can rewrite p + po > r* as

o

K/Y)y > —— .
(K )>p+pa'—|-5

(28)
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Turning to wages, we have that
w'=(1-a, Z— Y*

le( Olz)

=1 -a)y «41 w(K/Y)' T "H(%E ) e

>% et [Jee) 5 o+ por 0%,

where the last line uses inequality (28).
Finally, because ¢.(p + po + 8) > . R*, a sufficient condition to ensure w? > ,R* is

A-a)n: o e
T o 1—[(%

This inequality is equivalent to (27). Finally, the definition of .4 in (26) implies that (27)
holds for large values of A4, concluding the proof of the lemma. QE.D.

A.2. Propositions for Baseline Model A
PROOF OF LEMMA 1: Let x,,:=w,/r + a., denote effective wealth. Equation (1) can

be rewritten as
00 clf(r
max f e P 2L dt
0

{Cz,t,xz,t}rzo 1 — g
st.X,,=rx,,—c¢,,, and x,, > 0. (29)
The Hamiltonian associated with this maximization problem is

1-o

H(c,, x.,A,) = 1c + A(rx. —c2), (30)
— g

where A, is the costate for effective wealth.
We can write the candidate solution given in Lemma 1 as (time arguments are ignored
to save on notation)

)'czzr_pxz, c2=<r—r_p>xz. (31)

g o

We will show that the unique solution to this system of differential equations starting from
X, = w,/r solves the maximization problem in (29).

Theorem 7.14 in Acemoglu (2009) implies that this candidate path reaches an optimum
if there exists a costate variable A, such that:

1. the path satisfies the restrictions x, = rx, — c,, and x, > 0;

2. the following necessary conditions hold:

c;’ = )\za
p)\z - )(z =rA;;
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3. the maximized Hamiltonian M (x,, A,) = max. H(c, x,, A,) is concave in x, along
the candidate path;
4. the transversality condition holds. That is, for the candidate path, we have

lim e ”x,A, =0.

§—>00

and for all other feasible paths, ., we have

lim e ”x,A, >0.
S—=>00
To prove condition 1, note that starting from any x, , > 0, we will have x, > 0. Moreover,
for any path satisfying equations (31) the flow budget constraint holds:

r—p
rx, —C,=rx,—\r— X,
g

r—p
= xz

o

=X,.

To prove condition 2, define A, := (r — (r—p) /o) 7x,7 > 0 (here we used the condition

r > (r — p)/o). By construction, ¢;” = A,. Moreover,

. r—=p\ 7 _, r—p\ " ...
p/\z—)\2=p<r—T> X; +<r—T) ox. %,

X, r—p\ 7
o)
X, o

To prove condition 3, note that

o—1

A

maxH (c, x., A.) = s + A (rx. — AZ_‘L’),

which is concave (linear) in x,.

To prove the first part of condition 4, note that along the candidate path, x, grows at a
rate —£, and A; at a rate p — r. It follows that the first part of the transversality condition
holds if

r—
—p+—p+p—r<0,
o

which is equivalent to the condition r > (r — p) /0.
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The second part of the transversality condition follows from the fact that, along any
feasible path, we have x, > 0.

It follows that the candidate paths given in Lemma 1 provide optimal paths for con-
sumption and asset accumulation in a steady state. QE.D.

PROOF OF PROPOSITION 1: The main text presents the derivations of the supply curve
(equation (6)) and the demand curve (equation (7)).

The supply curve (K /w)* increases from zero to infinity as  increases from p to p+ po.
For r < p, households supply no capital. For r > p + po, households amass a divergent
amount of capital.

The demand curve (K/w)* decreases from («/(1—a))/(p+6) > 0to (¢/(1—a))/(p+
po + 8) >0 as r increases from p to p + po.

These observations imply that equation (4) has a unique solution 7* and that this unique
solution lies in (p, p + po). In fact, 7* can be computed analytically as

= —((1—=a)8 - p —apo) +\/((12—a)5 —p—ap0)2+4(1 —a)p8‘ 32)

The equilibrium return r* determines the remaining aggregates as follows. First, the
capital-output ratio is given by

The output level is given by

a

. ﬁ o T-a nz(laz)
Yi=A (NS) l_l(w) :

These two equations combined imply

»—‘

_ ﬁ a nz(l az)
K= ars () Tew ™5 (33)

Turning to wages, we have that w; = (1 — a,){ Y™, which implies

* N: , L nz(l az>
wi=(1 - a. Z“‘“‘“<r+a> [T

Finally, equation (5) can be derived from the household side. As explained in the main
text, in steady state we must have

O:r _p<K* w) pK*
r

o

This expression can be rearranged as

* + 77*K* + .
= o = oa’,,.
pTp K+ pT POy
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Note that the condition r* > (r* — p)/o, which is needed to ensure the households’
policy functions are an optimum is equivalent to p + paj,. (o — 1) > 0, which we assume
holds throughout.

Turning to the comparative statics exercises, we can rearrange (4) as

(1—%)(r*+a) .

po+p—r* 1—a’

The right-hand side of this equation is increasing in r*, and the left is increasing in a. It
follows that r* is increasing in .
The household accumulation rate is given by (r* — p)/o, and so it also increases with «.
The net capital share satisfies the identity in equation (5), and so it increases with c.
Denote the capital-output ratio by (K/Y)*. We have

. _ K/Y)
Aper = 1— S(K/Y)*
Rearranging this equation and using the fact that r* = p + poa’_,, we obtain

net?

*

net , 34
T (P + D) G4

o

(K/Y) =

which is an increasing function of a* ,, and hence «.

net?

Finally, turning to output, from equation (2) we have
1 o
dlnY*= ——dInTFP, + ——dIn(K/Y)".
11—« 11—«

Because dInTFP, > 0 and dIn(K/Y)* > 0 following any increase in the «.’s, we have
that automation always increase output. Q.E.D.

PROOF OF PROPOSITION 2: Equilibrium factor prices imply that relative wages satisfy

w, _ (l_az) M- ev

w, (1—a,)n b,

It follows that an increase in «, reduces w,/w, for v # z.
Turning to the wage bill, we can add up individual wages for all z to obtain

w=(1-a)Y.
It follows that
1

—

1 e
Inw=——— InTFP, + —— dIn(K/Y)*.
dlnw 1_aandaz—|—1 dln a+1_adn( /Y)
We now show that the terms dInTFP, and dIn(K/Y)* are both decreasing in p and
converge to zero as p increases. Because the term —(1/(1 — «,)) )_ 7, da, is negative,
this establishes the existence of the threshold p.
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We first analyze the term d In TFP,. This is given by
dInTFP =Zn ln< ) Zn ( )—n IH(A>
¢ 2 ’ lﬁ R : : T’z(l - az) ’

where we used the formulas for equilibrium factor prices. It is enough to show that K*
is decreasing in p and that K* converges to zero as p increases. Because K* is given by
(33), it is enough to show that r* is increasing in p and that * converges to infinity as p
increases.

The fact that r* increases in p follows from equation (4). An increase in p contracts the
supply of capital, which results in a higher r*. Moreover, equation (32) shows that r* — oo
as p — oo. Note that the formal limit of d In TFP, as p — oo is zero, since as K* declines,
we eventually reach a point where Assumption 1 starts failing and increases in «, do not
affect productivity.

We now turn to the term dIn(K/Y)*. We have that

a=(K/Y) (p+ poag, +9).

Differentiating this expression, we obtain

1= poas, dlnal,, JIIn(K/Y)* (35)
C p+poa,+8 dna dlna
Moreover, equation (34) implies that
dIn(K/Y)" P dlnag,, (36)
dlna  p+(po+d)a, dlna

Solving equations (35) and (36), we obtain

JIn(K/Y)* 1
dna o 1+ po-a:;et p+(p0-+6)a:et
p+poag, +96 p

We now show that the elasticity ””:;1(1(7/’/)* converges to zero as p rises. A sufficient con-
net

dition for this to be the case is that &, is nondecreasing in p, which holds when 6 =0 and
ai., = a. To show this is the case more generally, start from the fact that « = R(K/Y).
Rewriting the right-hand side in terms of «,,, we obtain

net?

*
net

p+(po+8)al,

o

a= (p + poag, + 5)

This equation can be rearranged as
6(1—a
o(1- 20 )
p + po—anet + 8

This equatlon defines o*
creasing in o

*.. implicitly as a function of a and p. The left-hand side is in-
and intercepts the right-hand side (the 45-degree line) from above at a

net
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single equilibrium point. An increase in p shifts the left-hand side upwards, which results
in a higher equilibrium value for o, as claimed.

The above argument shows that there exists some p such that, for p > p, dlnw < 0.
To conclude the proof, we show that p > 0. This follows from the fact that, for p =0,
dlnw > 0.

To show this, note that for p =0 we get
da 1
din(K/)Y)y = — =— .da,
n(K/Y) = — a;n a

and, therefore,

1«

_ 1 1 a 1
dlnwz—Eandaz—l—mdlnTFPa—l- ;Xz:nzdaz

1
= 1 dll’lTFPa > 0. QED

—

PROOF OF PROPOSITION 3: Below we derive the effective wealth distribution, the
wealth distribution, and the income distribution. To save on notation, we do not include
asterisks when denoting steady-state objects.

Effective wealth distribution: Denote the stationary density of effective wealth condi-
tional on a given skill type z by f.(x). f, satisfies the Kolmogorov Forward Equation
(KFE):

0=-a.("ZLar.00) - pho)

on (w,/r,00). We guess and verify that f is Pareto, that is, f,(x) = c{x~¢~! for some
constants ¢ and {. Substituting in the guess

r—

0=1¢ pch‘g‘l — pclx~1,

r—p

0 = g - P7

1 r—p

- = = Opet-

{  po
Since f,(x) = ¢{x ¢! must integrate to 1 on (w,/r, 00), we must have ¢ = (w,/r)7¢.
Hence, this is a Pareto distribution with tail parameter ¢ = $ and scale parameter
x.(0)=w,/r.

Because the distribution of effective wealth is Pareto, the conditional counter-CDF for
effective wealth of each skill type z is of the form:

X

e
Pr(effective wealth > x|z) = ( ) b , X>=w,/r (37

w,/r
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Wealth distribution: We now derive the counter-CDF for wealth. Recall that effective
wealth x is x := a + w,/r. Therefore,

> 0.

_ 1
a+w,/r\ e
- , a

Pr(wealth > a|z) = Pr(effective wealth > a + w,/r|z) = < ;
w,/r

To find the unconditional distribution, we add across the different skill-types, which yields

1
a4 w,/r\ e
w,/r '

Pr(assets > a) = Z Zz<

Income Distribution: We now derive the counter-CDF for income. The income of a
person with effective wealth x is rx. Therefore,

Pr(income > y|z) = Pr(effective wealth > y/r|z) = ( Y/ /r ) " , V> w..
w,/r

To find the unconditional distribution, we add across the different skill-types, which yields

max{y, wz})_wlel

w,

Pr(income > y) = Z(

Finally, when 6 = 0, we have a,; = @ and % = a. When § > 0, Proposition 1, implies
that 7 is increasing in a. Q.E.D.

APPENDIX B: DERIVATIONS AND PROOFS FOR THE EXTENDED MODEL
B.1. Derivations and Lemmas

Before presenting the proofs, we generalize the model in the text so that investors could
also face a borrowing constraint of the form

where 6 € (0, 1] parameterizes the extent to which investors can pledge their capital.*

The results in the main text follow in the special case with 6 = 1. We also provide a lemma
characterizing investors policy functions.

LEMMA 3—Achdou, Han, Lasry, Lions, and Moll (2022): Let r; = krx + (1 — K)rp.
Investors’ policy functions are given by

1
p+(oc—r— E(a’ — 1)y’

Cz,t - xz,t7
g

min ! K778
K = 5 s
1-6" y?

“The usual formulation used in the literature is —b, , < 6a,,. Relative to this, our formulation assumes that
human wealth is pledgable, which makes the model more tractable.



UNEVEN GROWTH 11

which imply that effective wealth follows a random growth process:

1
rn—p+ 5(0’ — 1) yr*i?

dx,,= X, dt+ kvx, , dW,.

g

PROOF: Using the definition of effective wealth and the fact that in a balanced growth
equilibrium wages and tax revenue grow at a constant rate g, we have

.+ T
W: + dt.

d-xz,l = daz,t + dbz,t + 8

rp—§

Substituting the investors’ budget constraint in place of da., + db., and rearranging
terms, we obtain

w,+T

rg—§&

dx,,=rp (az,, +b,,+ ) dt + (rg —rg)a, . dt +va,, dW, —c,,dt

=rpx,, dt+ (rx —rz)a,, dt +va,,dW,—c,, dt.

Let k denote the share of effective wealth held in equity, so that a, , = kx,,. We can
rewrite the budget constraint as

dx,, = (rx,, —c;;)dt +vkx,,dW,. (38)
In what follows, we drop the subscript z and time ¢, and examine the savings problem

in terms of the state variable x—effective wealth. The HJB equation for this problem is

’ 1 2,22,/
0= c>o,,<$),%)/((179)]f(c’ v(x)) + (rx — c)v'(x) + VKXY (x).

Using the Duffie-Lions aggregator and guessing v(x) = Ax'~/(1 — vy), the HIB equation

becomes
pAx'" pAx'™Y c
AVA=7)

1-0o
- Y 2 24 1-
ax + (rix —c)Ax™" — Zv°k"Ax' .
1—0  cookeoya-0] 1— 0o ) (r ) 2

The optimal consumption and portfolio choice are given by

l-o 1 I’K—I’B}

1, 1 .
c=p AN "Trx, K=II1111{

1-0 y?

Plugging into the HJB equation and canceling terms, we get

P _ p (AT
-0 1—0c\ AY0

11-0 1

=2 2.2
Ty — —ypiKT.
2

1-0o
) +"1—P%A_
1-o

1
This is an equation in ¢/x = p%A_ v 1=y which yields

1
p+(o—1)r — 5(0’ — 1)y’

c/x=
o
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The policy function for c,, follows from this expression, and the behavior of x, , follows
after plugging this policy function in the the budget constraint in equation (38). Q.E.D.

B.2. Propositions for Extended Model
PROOF OF PROPOSITION 4: Lemma 3 implies that investors accumulate wealth at a rate

rw —
=2 (39)

(o

Lemma 1 applies to the remaining households, whose wealth then grows at a rate

r'p—p
—

MH =
In what follows, we will describe the BGE in terms of r, and rg. In particular, we define
h(rw — rg) = rx — rg and m(ry — rg) = k implicitly as the solution to

1 1 h
rW—rB:mh—I-E(U—l)yvzmz, m:min:—,—z}.

We can then write the return to capital and portfolio choice implicitly as
rx = h(rw — 1) + s, k=m(ry —rg),

where 4 is a continuous and increasing function and m is continuous and nondecreasing.
Denote by X, the aggregate effective wealth of investors and by X, the aggregate ef-

fective wealth of the remaining households, and bond holdings by B; and By, respectively.

Optimal household saving behavior combined with the dissipation shocks implies that

X, =w X, —p(K+B)),  Xy=puXy— pBy.

Moreover, because the value of capital installed in firms must be equal to the total capital
owned by investors, aggregate effective wealths are given by

w+T w+T
X;=K+B+x . Xy=By+(1-x)
s —§& s —§&
Human wealth now depends on the sum of wages and transfers, whose present discounted
value is obtained by dividing them by rz — g to account for their growth over time. It is

convenient to analyze the BGE in terms of capital and bonds normalized by the value of
human wealth, which are constant along a BGE:

k- K b — B, b — By
@D /-9 @+D/s-g) T @+1)/(5—8)
_ Along a BGE, the effective wealth of investors grows at a rate g, so that X, =gX, and

Xu = gXu. The effective wealth of investors grows at a rate g if and only if ry > p 4+ og
and the BGE values of k, and b; satisfy

(222 = g) o+ 20 = plhs + 1), (40)
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In addition, because a fraction k = m(ry — rp) of investors wealth is held in equity,
m(rw —r)(k, + b+ x) =k,. (41)

Likewise, the effective wealth of households grows at a rate g if and only if r5 > p + 0g
and

(“22 = &) ou+1-20 = pbu. @)

orrg<p+ogandby=0.

We now characterize the production side of the economy. We focus on a balanced-
growth equilibrium in which Assumption 1 holds, so that output is given by (2). Because
of markups, total wage payments are now given by

l—«

1)

w= Y,

which implies that firms pay a share (1 — ) /¢ of their revenue to labor; while the remain-
ing share of revenue 1 — (1 — a)/¢ constitutes gross capital income, which is taxed at a
rate 1 — 7 (recall that we assumed a gross tax on capital income) and must cover for the
depreciation of capital. Thus, we can compute the after-tax gross income from capital as

Up+®K:41—ﬂ<l—lig)Y

Tax revenue from capital taxation, and thus the lump-sum transfers, are equal to

1_
T:TQ— “)K
®

We can combine the equations for after-tax gross capital income and labor income and
transfers to obtain an expression of the demand for financing by firms:

~

(0% rg—§&

k,= = .
l—ah(rW—rB)+rB+8

(43)

A balanced-growth equilibrium is characterized by constant values for ry, g, k,,, b1, by
that solve equations (40), (41), (42), and (43) and where rp is endogenous and ensures
market clearing in the bonds market

b1+bH :0

In this case, we will assume that p+ (o — 1)g > 0, which is a sufficient condition to ensure
that the equilibrium exists and features finite wealth.

We start with the case in which investors are risk neutral (y = 0 in the Duffie-Lions
aggregator) and their borrowing constraint does not bind. We will provide necessary and
sufficient conditions for this to be the case below.

Because we assumed that the borrowing constraint does not bind, it must be the case
that ry =rgx =rg =r*.
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Adding equations (40) and (42), we obtain

(52 - &) e 1= (44)

Solving for k, and substituting into equation (43) shows that an equilibrium is fully deter-
mined by a level of returns that satisfies

1—(p+(0c—-1Dg)/(r'—g) @ 1
o(p+g +p—r" T l-ar 46 (45)

The left-hand side of this equation is increasing in r*; while the right-hand side is decreas-
ing in r*. Moreover, at r* = p + og, the left-hand side is lower than the right-hand side;
and at 7* = p+ o (p+g), the the left-hand side converges to infinity and exceeds the right-
hand side. This implies a unique solution exists and satisfies r* € (p + og, p+ o(p + g)).

We now derive conditions for 6 that ensure the borrowing constraint does not bind.
Denote by k* the value of k, in the balanced growth equilibrium above, which is given by

a r'—g
kf=—e—2,
"TIoar 46

and is independent of 6 by construction. Equations (40) and (42) imply that investors
must borrow and amount

b*=(1-x)k,
from households, and so we must have

k: 1K
ki—b"+x xki+1

*

K =

It follows that the borrowing constraint will be slack if and only if

1 1 k&
= & 0>1-—y

N k+1
1—0~ xk,+1 = K

= 0.

Note that 6 < 1, as claimed in the proposition. B

We now turn to the case in which investors are risk averse and/or 6 < 6 and we have a
closed economy. In what follows, we will assume that ry > p + g, which must hold in any
equilibrium. To see this, notice that for ry < p 4+ og, investors do not accumulate wealth
and the supply of capital is zero, which cannot be the case in a BGE.

Combining equations (40) and (42), we obtain a supply of (normalized) capital

_ pom(ry —rp) N
"o(ptg)to—rw

(40)

Combining this with the demand for firm financing in equation (43) yields the market
clearing condition in the capital market:

a rp—§8 pom(ry —rp)
D - _ —0 47
x(rw, 3) =G h(rw—rs)+r5+6 o(p+g) +p—rw™ &)
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where Dy (rw, rp) is the excess demand for capital, and the curve D (ry, rg) = 0 defines
the locus of points for which the capital market clears. Likewise, the market clearing
condition in the bond market is given by

po(m(ry —rg) — 1)X+X rg—p—
o(p+g+p—rw 0(p+g)+p

Dg(rw,r) = ( —x)=0, (48)

where Dp(ry, rp) is the excess demand for bonds, and the curve Dg(ry, rz) = 0 defines
the locus of points for which the bond market clears.
The following lemmas characterize the behavior of these loci.

LEMMA 4: The curve Dk (rw, rg) = 0 gives a continuous and upward sloping locus in the
(rw, rg) space defined for ry € (g, p+ o(p+g)) and rz € (g, rw). Moreover:

1. as ry | g, the locus converges to the point (g, g);

2. asry t p+ o(p+g),the locus converges to the point (p+ o(p+g),p+o(p+g)).

LEMMA 5: The curve Dg(ry, rg) = 0 gives a continuous and initially decreasing locus in
the (rw, rg) space defined for ry € (p+ 08, p+ o(p + g)) and rg < ry . Moreover:

1. as ry | p+ og, the locus converges to the point (p + og, p+ 08);

2. asryw t p+ o(p+g), the locus converges to the point (p + o(p + g), '), where

~ 1
fg:=p+o(p+g8g) — E(O'-l— 1)yv.

3. let y:=2pr=(1-x).
o if yv* > ¥, then ry — ry increases from zero to a maximum of (o + 1)yv* along
the locus Dg(ry, rg) =0;
o if yv? < ¥, then ry — ry increases from zero up to a maximum and then decreases
and reaches 1 (o + 1)yv* along the locus Dg(ry, rz) = 0.

The proof of these lemmas is technical and relegated to Appendix F.

The two lemmas combined imply that the loci D (rw, r5) =0 and Dg(ry, r5) = 0 are as
depicted in Figure B.1. The lemmas imply that at r,, = p+ og, the locus for Dg(rw, r5) =0
is above that for D (7w, rg) = 0 (recall that, by assumption, p + og > g). On the other
hand, at ry = p + o(p + g), the locus for Dk (ry, rg) = 0 is above that for Dy (ry, r5) = 0.
The intermediate value theorem then implies that these loci intercept at a point r};,, rj; and
an equilibrium exists. Moreover, as the figure shows, rj, >r; > gandr;, € (p+ og,p +

o(p+28))-
Finally, the characterization of the tail properties of the income and wealth distribution
follows as a corollary of Proposition 6. Q.E.D.

PROPOSITION 6: Let x denote effective wealth and define normalized wealth by

- w
X=x/—.
I'p

Let fy(X) and f;(X) denote the PDFs of the distributions of normalized wealth for households
and investors. The distribution of normalized wealth for households is given by

fu(®) =LuX 4" for¥=1, (49)
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~ ° i
r capital market 45° line
B clearing Dy (rw,rp) =0
* * less risk averse investors

"

*
Tw—Tp

_- bond market
clearing Dp(rw,rp) =0

. more risk averse investors

>

9 pt+og p+a(p+g) Tw

FIGURE B.1.—Typical configurations of the locus for Dk (ry, rg) =0 and Dg(ry, rg) =0.

where
1 _Is—p—o0g
{n po ’
and the distribution of normalized wealth for investors is given
1
—— X" for¥>1,
fi@ =y ety (50)
— 5% forxel0,1),
1/8p = 1/{n J 0.
where
oKk*v? ok’
1 U +.\mw—p—0g— > + 2022 p
— = >0
{p 2po
and
2.2 2.2\ 2
1 rW—p—ag—UKzV —\/<rw—p—ag—(mzy> +202Kk*V?p
— = <0.
In 2po

Moreover, the distribution for investors’ income flows has a Pareto tail with index 1/ p.
PROOF: The evolution of (normalized) effective wealth for households is given by
X = (y — 8%,
where

g —p
Mp =

(o

and X, resets to 1 with probability p.
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The Kolmogorov-forward equation characterizing fy in steady state is then given by

0=—0.((un — )xfu(x)) — pfu(x) + pp(x — 1), (51)

where () is the Dirac’s delta function (a mass of 1 at 0). To solve this differential equa-
tion, we guess and verify that

fu(x)=Cyx~7' forx >1.
Plugging this guess in the KFE equation (51), we obtain
0="{u(puy — g)Crx 4™ — pCyx~%~', for x > 1.
This implies

i:MH—g:”B—P—O'g
n p po

as claimed in the proposition. Moreover, because the density fy(x) must integrate to 1,
we obtain

1= / Cfog”fl dx = CH = gH-
1

The evolution of (normalized) effective wealth for investors is given by
dx, = (u; — g)x, dt + kvX, dW,,

where

and X, resets to 1 with probability p.
The Kolmogorov-forward equation characterizing f; in steady state is then given by

0= —0.((11 — 80XF(0) + 30 (P () ~ P + pox—1),  (52)

where () is the Dirac’s delta function (a mass of 1 at 0). To solve this differential equa-
tion, we guess and verify a piecewise solution of the form

fi(x)=Cpx~7', forx>1,
and
fi(x) =Cyx "1 forxe(0,1),

which allows for the possibility that the distribution might be different to the left and to
the right of the reinjection point (note also that the process for effective wealth implies
that x > 0).

Plugging this guess in the KFE equation (51), we obtain

1
0=Cp(pr— g)Crx™ P + (Lp — 1){p§V2K2Cpx_{P_1 — pCpxP71 forx > 1.
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This implies a quadratic equation for {» given by

1
0={p(pr—8)+(&p— 1)§P§V2K2 - p.

Because the integral of f;(x) must converge on (1, 00), {p must be equal to the unique
positive root of the above quadratic equation, which is given by

K212 K212 2
<T—M1+g>+ ( > —M1+g> + 2k p

KV

G =

Multiplying the numerator and denominator by

K22 K212 2
( > —M1+g>— ( 3 —M1+g> + 2k p

and rearranging, this formula yields

K2V2 N K2V2 2 N 5 S
e —8—— v
1 Mmr—8 ) 7t 3 Kvep
& 2p ’
which is the same as the formula provided in the lemma.

Likewise, plugging our guess for x € (0, 1), we obtain the same quadratic equation for
{y given by

1
0={n(pr—8)+ (v — 1)§N§v2:<2 —p.

Because the integral of f;(x) must converge on (0, 1), {5 must be equal to the unique
negative root of the above quadratic equation, which is given by

K2V2 K2V2 2
1 _“’_g_T_\/(“’_g_T) + 2622 p

{n 2p ’

which is the same as the formula provided in the lemma.

Finally, we turn to the constants Cp and Cy. First, because f;(x) must be continuous
at x = 1, we obtain Cp = Cy. Second, because the density f;(x) must integrate to 1, we
obtain

1 00 1
1= C x‘gN‘ldx—l—/ Cox o ldxy = Cpr=Cy=———.
/0 " G RS VI Ve

Turning to the income distribution, Lemma 9 shows that, over a short period of time ¢,
the income received by an investor with effective wealth x, can be approximated as

Ver =Xz 0(rit + KV«/;M),
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where u ~ N (0, 1). For large y, we have that

Pr(y., > y) « / Lt ko )y p(u) du oy,
_nvt

KV

where ¢ (u) is the pdf of a standard normal, and the second equality follows from the fact
that [ (r;t + kv+/tu)*r ¢ (u) du is a finite constant for any value of £, > 0 (which in turn
follows from the fact that the normal distribution has finite moments). Thus, the income
distribution also has a Pareto tail with tail index 1/{p. O.E.D.

PROOF OF PROPOSITION 5: The equilibrium equations for ry, rg, «, k,,, b;, and by are

1
rB+K'(VK—I‘B)-f-E(O'—l)’)/VZKZ—p
( _g)‘(k11+b1+)():p'(kn+b1)’

g

I'n —
("2 g) - Gut1-20=p bu,
K‘(kn+b1+X):kn5

?(”K —”B) =K,

b1+bH=O,
a rB—g
— =k,.
1—a rK—|—5

Fora=0,wegetry=rg=p+og, k=k,=by=5b;=0
Linearizing the system of equations around this equilibrium, we get

drB drB

— x=p-(dk,+db;), — (1—x)=p- dby,
dr<~)(=dkn, dry —drg = yv*dk,
-1
dby +dby =0,  die, =P FT=D8,
p+og+o
which yields the solution
p+(c—1)g
drg = +— —2q,
= [pa X ] progte
-1
drs = po- pr(e—lg
p+ag+6
1 _
dee L pH(@=Dg
X ptog+éo

It follows that for small values of « we can approximate all equilibrium objects as

pt(o—1g
p+og+o

7

rK=p+og+[pcr+ " }
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p+(oc—1)g
rg=p+0og+po- ———2q,
BEP gETp pt+og+o
1 p+(0—1)8
X p+ag+8
p _Pt@—Dg
" ptog+d

Let o, denote the capital share net of growth and depreciation in equation (16). By
definition, this is equal to k,/(k, 4+ 1), and so for small values of « we get the approxima-

tion o, = k, which implies o, = %
We conclude that

.
rk=p+og+ po—+7 Wpets

rg=p+0og+po-a,,

as claimed in the proposition.
Finally, the formula for the return gap in equation (13) implies

1
rW - p O'g pa—anet + X2 net ’)/V

Using this expression for the return gap, we can compute the tail index for inequality
as

o1 1 1 1 >
PO, + Fanetzyyz Xz ®net 2 V + \/(pa-a:ct + Fa:ctzyyz - Fa:clz 2 ) + ? flthO-ZVZP

¢ 2po

*2
1_

For small values of «, this can be linearized as

1 _ *
g net net \W'
1+ [14+2—
2% Q.E.D.

Proposition 5 provides explicit formulas that are valid for small values of . We now
provide an additional proposition characterizing the comparative statics of our extended
model away from & = 0.

PROPOSITION 7: Suppose that investors are risk averse andjor 0 < 6. There exists a thresh-
old & € (0, 1] such that, for @ < &, the balanced-growth equilibrium in the closed economy is
unique, and following an increase in &, we have that:

o The return to wealth r},, the return gap ry, — p — og, and the return spread ry — rj; all

strictly increase, and the portfolio share of capital «* weakly increases;

e Top tail inequality 1/{* in (15) strictly increases.
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Capital market 7 45° line

’B clearing DK(Tw, rg) =0
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_- Bond market
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Gy

9 p+og p+a(p+g) Tw

FIGURE B.2.—Effects of changes in the demand for capital on r},, and r.

PROOF OF PROPOSITION 7: Let 7 denote the point at which 7y — rp is maximized
along the locus Dg(ry, rg) = 0. This definition implies that 7y = p + o(p + g) if y»* < ¥,
and iy <p+o(p+g)if y? > 7.

We first show that there exists a threshold a such that, for @ < &, there is a unique
equilibrium, and this equilibrium satisfies r}, < ry .

Suppose there are multiple equilibria, and let r;f (&) denote the value of 7, in the equi-
librium with the highest return to wealth. In this equilibrium, the locus for Dg(rw, r3)
cuts the locus for Dg(rw, rz) from below, and so an increase in « shifting the locus for
Dy (rw, rp) outwards results in a higher rj (&). Moreover, as @ — 0, rjf (@) — p + og,
which implies that for small values of all @, we have r;, < ry in any equilibria. Finally,
note that as @ — 0, the locus for D (rw, rz) converges to the 45-degree line and so we
will have a unique equilibrium. This follows from the fact that, as shown in Lemma 5, the
locus for Dp(ry, r3) = 0 moves away from the 45-degree line for ry € (p + og, Fw), and
retains a gap of at least (o + 1)y»? from there on. It follows that we can pick a & such
that, for @ < @, the equilibrium is unique and satisfies rj, < 7.

For @ < &, the equilibrium will look as in Figure B.2, and increases in & will result in
a higher r},. Moreover, because rj;, < ry, we have that the gap rj; — r} rises following an
increase in automation (so long as @ remains below a). Q.E.D.
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