Supplementary Material

Supplement to “Information structure and statistical

information in discrete response models”: Technical report
(Quantitative Economics, Vol. 9, No. 2, July 2018, 995-1017)

SHAKEEB KHAN
Department of Economics, Boston College

DENi1s NEKIPELOV
Department of Economics, University of Virginia

In this technical report, we derive optimal convergence rates and efficiency
bounds for a class of models studied in Khan and Nekipelov (2010). These models
include the triangular discrete response models and simultaneous models.

SB.1. OPTIMAL RATE FOR ESTIMATION OF THE INTERACTION PARAMETER
IN A TRIANGULAR DISCRETE RESPONSE MODEL

The fact that the information associated with the treatment effect coefficient param-
eter, «g, is zero (Theorem 2.1 in Khan and Nekipelov (2010)) does not imply that this
parameter cannot be estimated consistently. We now provide the convergence rates of
the semiparametric estimator for «(. This will prove useful when we consider specific
distributional assumptions in Section SB.3.

We begin with a definition of the optimal rate following Ibragimov and Has'minskii
(1978). Let G characterize a class of joint densities of error terms (U, V') (denoted g(-, -))
and single indices X and X (with density function f(-, -)). By P ¢ we denote the proba-
bility measure associated with the product of two densities f and g. Suppose that @ is a
consistent estimator for parameter «. First, we recall that for the class of distributions
G, we define the risk using a positive (rate) sequence r;, and a constant L as

R(ét, 1y, L) = sup Ppg(ralad —ag| = L).
fgeg

Using this notion of the risk, we introduce the definition of the convergence rates for the
estimator.

DeriNITION SB.1. (i) We call the positive sequence r, the lower rate of convergence for
the class of densities G if there exists L > 0 such that

liminfinf R(&, ry, L) > pg >0 for some constant py.
n—oo &
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(ii) We call the positive sequence r, the upper rate of convergence if there exists an
estimator &, such that
llm limsup R(ay, ry, L) =
L—0oo p—soo
(iii) The positive sequence r;, is the minimax (or optimal) rate of convergence if it is
both a lower and an upper rate.

We derive the upper convergence rate by providing an estimator that attains the up-
per rate of convergence in Definition SB.1(ii). The convergence rate of the estimator re-
lies on the tail behavior of the joint density of the error distribution. We formulate as-
sumptions that restrict the “thickness” of tails of the error distribution in addition to
Assumption SB.1, which requires that the density of this distribution is smooth and the
random shocks U and V' are independent from the covariates X; and X.

AssumpTION SB.1. (i) The single indices X1 and X have a joint distribution with the
full support on R? that is not contained in any proper one-dimensional subspace. The
parameter of interest is in the interior of a convex compact set A.

(ii) The shocks (U, V) are independent of X1 and X and have an absolutely continu-
ous density with full support on R? and joint c.d.f. G(-,-). The partial derivative &G(“ v)
exists and is strictly positive on R?.

(iii) Foreach t € R and fixed vy and 8, there exists function q(-, -) with E[q(X1, X)) <
oo that dominates “C1He0)
AssuMPTION SB.2. Denote the joint c.d.f. of unobserved payoff components U and V as
G(-,-), where Gy(-) is the marginal c.d.f. of V. Let G be the class of distributions of errors
g(-, ) and covariates f(-, -) that satisfy the assumptions of Theorem 2.1 in the main text
and the following additional conditions:

(i) There exists a nondecreasing function® v(-) such that for any |t| < oo,

1 IG(X1 +1,X)\* .
S g[(T) GXH LX)

x (Gy(X) — G(X; +1, X))‘1(|X1|, 1X| < c] < o0,

(ii) There exists a nonincreasing function B(-) such that for any |t| < oo,

lim B(c) sup Ef4[log(G(X1+1t,X)
c—+00 1,866

% (Gu(X) = G(X1 +1,X)))[IX1],1X] > ¢] " <00,

1We use the same c to trim the support of covariates X and X for notational and algebraic convenience
only. Our analysis has a straightforward extension to the case where the relative tail behaviors of X; and X
are different. In that case v(-) will be a function of two arguments.
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where Ey,, denotes the expectation operator with respect to densities f and g. This as-
sumption allows the inverse joint cumulative distribution function to be nonintegrable
in the R2 plane (its improper integral diverges). It is, however, integrable on any square
with finite edge and its integral can be expressed as a function of the length of the edge.
The following theorem outlines our main result on the optimal rate for the parameter in
the triangular model.

THEOREM SB.1. Suppose that Assumptions SB.1 and SB.2 hold. Suppose that ¢, — oo is
nB>(cn)

v(cn)
the optimal rate for the estimator for parameter o in the model described in (2.3) in the
main paper.

a sequence such that = 0(1) with n/v(c,) — oo. Then, for this sequence, /ﬁ is

Proor. We first prove the following lemma.

LeMmwma SB.1. Suppose that the choice probability functions are estimated via an orthog-
onal sequence

H(K)('a )= (Hk(xla x))ll::()
and

inf [P"2(xq,x) — W HE (x1, 0)| = O(K™)
weRK

with
P22 (xy, x) = HE (x1, %), yi, ;2 €{0,1},

where w are the estimated coefficients of the OLS regression of yy, on the elements of
HE) (x1, x). We assume that K — oo as n — oo such that n/(Klogn) — co. The esti-
mator is then constructed by defining the likelihood with support restricted to the set
{Ix11, |x] < cu}. Suppose that a sequence c,, is selected such thatv(c,)/n — 0, K" /v(c,) — 0,
and v(c,)K?*/n — oo. Then, for any sequence &, with the function I(a) corresponding to
the maximand of (SB.2) such that

. R A v(cy)
IK,c,(@0,n) = suplg ¢, (@) — Op( nn )’

we have

n
v(cy)

|a3,n —ag| =0,(1).

Proor. We introduce the “uncensored” objective function
I(a; y1, y2, %1, X) =p1y2 log P (xy + @, %) + (1= y)y2 log PV (xy + a, x)

with Q(a) = E[l(«a; y1, 2, X1, X)] and 13,111 as defined on the following page. Denote

. 12
la) = p ;l(a; Viis Y2i» X145 Xi)-
=
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Also use the censoring function w,(-) = 1{] - | < ¢,}:
€@ y1, y2, X1, X) = Y1205 (x1 + @) 0p(x) log P (x1 + o, %)
+ (1= y)yr0a(x1 + @) 0n(x) log P (x1 + @, x)

and

. 1 <
o) = p D e yiis yai» 10, Xi).-
i=1

Now consider the decomposition of the objective function
I(a) — £(ap) = R + Ry + R3 + Ry + Rs + Ry,
where
Ry =l(e) — {(a) — E[l()] + E[{(w)],
Ry =i(a) — i(ap) — E[(a)] + E[E(ap)],
Ry =E[l(0)] - E[{(@)],  Ri=E[l(a)] - O(a)
Rs=—E[l(ap)] + Q(ap),  Rs=Q(a) — Qla).
Term R;. For convenience, we introduce new notation denoting
P )= @n(x1) @ (X)[Hy, (cn) = Hyy (x1) ][ M1y (cn) — Hi, (1)]

and introduce vectors pX(z) = (pKl(z),..., pXK(2)). Alsolet ) = (1 - y;;)(1 - y»;) and
d% = (d?o, e, dgo)’. Let A(z) = E[d"|z] and A = (A(z}), ..., A(z,))’. We can project this
function of z on K basis vectors of the sieve space. Let 8 be the vector of coefficients
of this projection. As demonstrated in Newey (1997), for P = (pX(zy), ..., pX(z,)) and

QO=PP/n,
A K
10— 0l =0p(\/;),

where his {y(K) = C and Q is nonsingular by assumption with the smallest eigenvalue
bounded from below by some constant A > 0. Hence the smallest eigenvalue of 0 will
converge to A > 0. Following Newey (1997), we use the indicator 1, to indicate the cases
where the smallest eigenvalue of Q is above % to avoid singularities. We also introduce

mKk(z) = @n(x1) 0n(X)[Hy, (x1) — Hiy (—cn) | [Hi, (¥) — Hiy (—cn) ]
We then can write the estimator
P (xy,x) =m& ()0~ 'Pd"/n.
Note that

m&'(2)(B — B) =mK'(2)(Q71P'(d — A)/n+ Q1P (A - PB)/n). (SB.1)



Supplementary Material Discrete response models 5

We can evaluate the component in the second term as

n

K /1 2
|P(A—PB)/n| = Z(; > pKk(z) (Azi) - pK<zi>’B))
k=1

i=1
<VKCK->=0(K*™)

provided our assumption regarding the sieve space (Assumption SA.2 in Supplemental
Material A). As we demonstrate, this result allows us to concentrate on the first term
and ignore the second one. For the first term in (SB.1), we can use the result that the
smallest eigenvalue of Qis converging to A > 0. Then application of the Cauchy-Schwarz
inequality leads to

¥ ()07 P (d™ - 4)| < |07 mE ()| | P(d™ - 4) .

Then
|07 m¥ ()] < SVE
and
K n 2
[P - 2)] = z(zpwz»(d?o-mz»))
k=1 \i=1
< \/Emkax ;pKk(Zi)(d?o - A(Zi))‘-
Thus,
A1 CK 1<
|mX' ()0~ P'(d™ — 4)/n| < - i;‘p“(z,-)(d?o — A(z))|.
Denote
5/2
n—M_~—F—— ="7Yn K
Mn = W Tk Yn/

for any 6 € (0, 1]. Next we adapt the arguments for proving Theorem 37 in Pollard (1984)
to provide the bound for

P<sup % HmK/(z)Q_lP/(dOO —4)| > K,un>.

For K nonnegative random variables Y;, we note that

K
P(maxY; > Kc) = Y P(Y; > o).
l
i=1
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> 7")7

where we used our definition of y,, = Ku,. This inequality allows us to substitute the tail
bound for the class of functions P;l (-, -) for a tail bound for fixed functions

P = [ PXF () (d® - A0)))}.

Then we can apply the inequality from Theorem 37 in Pollard (1984) to obtain
1< 2ny? _y
P(ﬁ 1 ”") <20p(- T+ an ).
i

As a result, we find that

Using this observation, we find that

P(sup % ||mK/(z)QA*1P/(d00 )| > KMn) ZP<

1 n
‘; > E(d - A@)

i=1

KK (zj)(d™ — A(z)))

Ly Kio \A=1pr( 700 2nYa | oy
P<sup;||m (2)Q7'P'(d" - 1) >K/un> §2Kexp<—c—2" + Ay, )
Z

Then, provided that n/log K — oo and y' < 1, we prove that the right-hand side of this
inequality converges to 0. This means that

sup | P11, ) = proj (P!, mIHi) | = 0p (nFH).
(x1,x)eX

From the second term, we provide the evaluation

sup sup|proj(P(x1, x)|Hg) — P (x1, x)| = O(K™").
PllcH X1,X

Therefore, if K" /n(1=9/2 - oo, then the “bias” term will be negligible. Next we note that
similar evaluations can be provided for PY. As the density of (U, V) is strictly positive
on R?, the probabilities are bounded away from zero on any bounded subset of R?, and
we can make the same evaluations for log PH(.) and log PY%(.). As a result, we can attain
the rate

sup|i(a) — (@) — E[i(a)] + E[Z(a)]‘ = op(n_(l_a)/z).
Term R3. Consider the approximation bias term. Note that we can express
E[l(@)] = E[0a(x1 + @) 0a(x) (P! (x1 + &, x) log Py (x1 + @, )
+ POU(xy + @, x) log P2 (x1 + a, 1)) -
Similarly, we can express
E[i(&)] = E[wn(x1 + @)@, (x)(P" (x1 + a, x) log P (x1 + @, x)
+ PY(x1 4 o, x)log P (x1 + a, x)].
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One can attain a uniform rate

sup|| P (x1 + @, x) — P (x; +a, x) | = O,;(@—FK’),

X1,X

given the quality of approximation by selected sieves. We can then evaluate the entire

term
K
|R3| = 0(,/; +K1").

Terms R4 and Rs. Consider term R4. We can evaluate this term as

|E[é(a)] - Q()] < 4'/ ) / " Pk + a, 1) log P (x1 + a, 1) f (31, x) dxr dx

We can then apply the Cauchy-Schwarz inequality and continue evaluation as

|E[{()] = Q(a)| < 4ETy1y2]

Cn Cn
/ / logP“(x1 +a, x)f(x1,x)dxq
-0 J —00

< CB(cn)

from Assumption SB.2.
Term R;. We use the following assumption regarding the population likelihood func-
tion.

AssumpTION SB.3. The population likelihood function Q(-) is twice continuously differ-
entiable and uniquely maximized at «y with a negative definite Hessian.

Consider the class of functions indexed by « € 4 such that given
£(a, y1, y2, x1,0) = [y1y2log P! (x1 + @, x) + (1 = y)y2log P (x1 + @, 1)
X wp(X1+ a)wn(X),
then
Fno={f=te,) = l(ap, ), la — a| = 5}

Provided that the density of errors is twice differentiable in mean square with bounded
mean-square derivatives, there exist bounded functions P'! and P°! such that functions
in class F, s have envelope

Fus= 1{|X1 +agl <cn+ S}Wn(x)

iy P (1= y)y,PY 5
X piI pol :

Then, by Assumption SB.2, we can evaluate

(E[F2 )" = O(v(c)'%).
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Consider the reparametrization of the model a = oy + ﬁ for a sequence r, — oo.
Take & € [0, nr,] for some large 7 and split the interval [0, nrn] into “shells” S, j = {h :
2/=1 < |h| < 2/}. Suppose that h is the maximizer for /(g + - L "), Then if | 4| > 2 for some

M, then h belongs to S, ; with j > M. As a result
R " R h .
P(|h|>2 )S Z P sup ({{ag+— ) —I(ag) ) =0).
) X hes, In
J=M, 2l <qry €n,j

We now use the results from the evaluation of the terms Ry, R3, R4, and Rs, taking into
consideration that

O(a) — Q(ag) < —Hla — ap|?

for some H > 0 due to the differentiability of Q(-) and the restriction on its Hessian at «y
in Assumption SB.3. We can evaluate

R h .
P( sup <l(a0 + —) — l(ao)) > 0)
heS,,; Tn

< P( sup IRa| = IRy| + Rs| + |Re] +IRs| + Rl
/’ZES,,,]'

222 [K
—P<sur> IR2| = — +O< —+K1"+B(cn)‘1>>,
heSy,; T n

n

where we use that the difference of absolute values is smaller than the absolute value of
the difference. Then we use the Markov inequality to obtain that

P( sup <i(a0 + ﬁ) — i(ag)) > 0)
heS,,; Tn
(ao + h> — () — |: <a0 + h >i| +E[é(a0)]
222 K
>+ 0<\/ —+ KT+ B(cn)‘1>
7 n

n

E[ sup
heSy,;

] .

Using empirical process notation, we define the covering integral as

8
J(8,F) :supfo J1+10gN (el Fllg., . L2(Q)) de
0

where Q is the probability measure, F is a class of functions with the envelope F, and
N () is the covering number of the considered class. Provided the finiteness of the cov-
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ering integral of the class 7, s, we can use the maximum inequality to evaluate

é(ao + rﬁ) — (o) — E[é<ao + rﬁﬂ +E[é(a0)]u

12 2
SJ(l’F”’h/rn)E[Fr%,h/rn]/ ZO(V(Cn)l/Zr—).

n

E[ sup /n

heS,,,,-

Assuming that r,8(c,) ! = o(1), r,/K/n=0(1), and r,K~@+D/2 _ 0, then

P( sup (i(ao + ﬁ) — i(ao)) > 0) < 0(2—f+2r,, _”(C”)),
/’lESn’j rn n

This implies that
P(lh>2M) < 0(2—M+3r,1 @)
n
The right-hand side converges to 0 for M — oo if r, = /7. O

SB.1.1 Proof of convergence rates in triangular model

First, consider the evaluation from the proof of Lemma SB.1:

p( sup <z<a0 + ﬁ) - i<a0>) > 0)

heSy,; Tn

N h A A h A

K(ao + r—) —Ll(ag) — E[ﬂ(ao + r—>i| +E[€(a())]‘i|
2j—2 :

2r2 +0<\/§+K‘("+”/2 +B(cn)‘1>

n

E[ sup
hES,,’,‘

Using the maximum inequality as before, we can conclude that the ratio can be evalu-

ated as
o A N 1/2
P( sup <l<010 + ﬁ) - l(a0)> > 0) < 0(2—]+1m>‘
heS,,; 'n ﬁ

We note that evaluation here is different, because, unlike in Lemma SB.1, here we allow
rB(cy) = O(1). This allows us to obtain

P( n |iz|>2M)50(2M+2rn @>
v(cy) n

Thus, if L =2M, then
n oo 4 v(cy)
(s> 1) =o(zm )
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Provided that we choose r;, @ =1, we assure that for the maximal risk,

h
lim limsupR<a0 + —, rn,L) =0.
L—o n—soco ¥,

n

This means that r, is the upper rate.
To derive the lower convergence rate, we use the result from Koroselev and Tsybakov

apy
(1993). Denote the likelihood ratio as A(Py, P;) = cﬁo—f,l. Then the following lemma is the
Py

result given in Koroselev and Tsybakov (1993).

LeMmwmA SB.2. Suppose that a(l) =a(Py) and a% =a(P»), and let A > 0 be such that
Pp,(A(P1, P2) > exp(—A)) = p>0

and |a} — af| > 2s,. Then, for any estimator &, we have

max P(|&g,, — gl > $n) > pexp(—A/2).
PlsP2

We can now use this lemma to derive the following result regarding the lower rate for
the estimator of interest.
The log-likelihood function of the model is

nl(a) =nt(a) + né(a)

with
n

. 1
e(a) = p Z{YU log P! (x1; + a, ;) + (1 — y1;) log P* (x1; + a, x7)}
i—1

x yail{|x1il > cu, |Xi] > cu}.
Note that we use the same distribution of covariates x; and x. For ¢, — oo, pick?
Py(-,)=P(,) and Pi(, ) =P, )on(-)on().

Following from our previous analysis for such choices of P;(-) and P;(-), the correspond-
ing likelihood maximizers satisfy

a1 — aal = O(B(cn)).
We can then express
A(Py, Py) =exp(nly(ar) — nly(a))
= exp(nf(a)) — né(az) — né(az))
= exp(n[{(ay) — £(az) — €(ay) + (a)] — né(az) — n(E(az) — £(a))).

2The selected P; may not be a probability measure; however, it bears the properties of the measure, such
that characteristics of the measure such as a Radon-Nykodim derivative are still well defined.
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We note that
f(ay) — f(a) — £(ar) + £(a) = 0,(1)
and
é(ap) = 0,(1).

As a result, the last term dominate as n — oco. Then log A(P1, P») is bounded from be-
low as n approaches infinity if and only if n(¢(a;) — (1)) is bounded. We note that ay
maximizes £(«). This means that

1
t(ar) = tlay) = =5 H(ex) (e - a1)? +o(laz — aql).

Invoking the Cauchy-Schwarz inequality, we can evaluate H(c,) = O(v(c,)"!). As a re-
sult, we find that

nB(cn)2>

v(cy)

n[ﬁ(az) — E(al)] = O<

This means that %ﬁ:;z = O(1), suggesting that for large n, there exists a lower bound on
the likelihood ratio. By invoking Lemma SB.2, we obtain the desired result. O

SB.2. OPTIMAL CONVERGENCE RATE FOR STRATEGIC INTERACTION PARAMETER
IN A STATIC GAME MODEL

In this section we show that the proposed estimators achieve the optimal rate of conver-
gence in the triangular model.
Step 1. Consider the family of normalized Hermite polynomials and denote

h(x) = (N2l 2e 5 Hy(x),

where H;(-) is the /th degree Hermite polynomial. Also denote
X
Hi(x) = / hi(z)dz.
—00

We note that this sequence is orthonormal for the inner product defined as

(f, & =/ f(x)g(x)dx.

We take the sequence ¢, — oo, define the function w,(x) = 1{|x| < ¢,}, and estimate the
probability that both indicators are equal to 0 (y; =y, =0) as

K(n)

Pl(x1, x)= Y apn,on(x)[Hy (en) = Hi, (1) Jon(0)[Hiy (en) = H, (0)].
I, =1
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The estimates can be obtained via a regression of
wn (X[ My, (en) — Hiy (x1) |@n(X)[Hiy (cn) — Hiy (x)]

on the indicators (1 — y;)(1 — y»). Then the estimator for the joint density of errors can
be obtained from the regression coefficients as

K(n)
8n(x1,X) = Y @ @n(x1) iy (X1) @05 (X) 1y, ().
I, =1

Step 2. Using the estimator for the density, we compute the fitted values for condi-
tional probabilitiesof yy =y, =land y; =0, y, =1 as

K(n)
Pl(x1+a,x) = Z appon(x1 + o) [ My, (x1 4 a) — Hyy (—cn) Jon(0) [Hy, (x) — Hy, (—cn)]
I,h=1

and
K(n)
Pol(xi+a,x)= Y appoun(n +a)[Hy(cn) = Hiy (1 + @) o (0)[Hy, (x) — Hiy (—ca)]-
l,lh=1
Using these fitted probabilities, we can form the conditional log-likelihood function
L@ Y1, Y2, X1, X) = y1y200(x1 + @) 0n(0) l0g Py (x1 + @, %)
+ (1= y)y20n(x1 + @ wn(x) log P! (x1 + o, ).

Then we can express the empirical score as

1— P ,
iy 1=y ] n AT OT) e+ @) on(x).

S(a;y]ay27x]5x):[/\ - A
P,ll(xl—i-a,x) P,?l(xl—i—a,x) da

This expression can be rewritten as

Pt x)

0, (X1 + ), (x)y, n Pl(c,, x) P (x) + a, x)
S(CY;)H,}’z,xl,x): A1 11 11 .
Py (Cu, X) (1 Py (x +a,X)>7>n (x1 +a, x) dat
P (Car X) P (Cnr X)

Setting the empirical score equal to zero, we obtain the estimator for « as

. l¢
&, = argmax - Z I(ex; yris yais X1 Xi). (§B.2)

i=1
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SB.3. EXAMPLES OF CONVERGENCE RATES FOR COMMON CLASSES OF DISTRIBUTIONS

Here we illustrate how rates of convergence can depend on relative tail conditions by

considering particular parametric distributions of observed and unobserved variables.

To evaluate function v(-), we consider the one-dimensional case. Let F(-) be the c.d.f.
of the errors and let ¢(-) be the probability density function (p.d.f.) of the covariates.
We note that in the one-dimensional case, %G(xl + t, x) corresponds to F(xj + ¢) and
G(x1+t,x)(Gy(x) — G(x1 + t, x)) corresponds to F(x1 + ¢)(1 — F(x1 + t)). Thus, given
that we evaluate

2
v(c) = O(E[(%G(Xl +1, X)) GX+1t,X) " (Gu(X)—G(X; +1, X))’1’|X1|, | X| < cD

In the one-dimensional case this leads to

B ¢ F(x1+1)?
vie)= O(/c F(xi+ 01— F(x1 + 1)) d’(xl)dxl)‘

For our considered distributions, F(x; + ¢) is symmetric in x + ¢, meaning that v(c) will
be majorized by the choice ¢ = 0. Next we notice that

Fe?  _ Fap 1
F(x))(1=F(x1) 1—F(x1) = 1=F(x1)

Note that for our considered distributions, the right and left tails behave equivalently
and, thus, we can consider integration only over positive x;. We conclude that we can

evaluate
_ < P(x)
M= 0(/0 1= F(i+0 dx])'

We evaluate the term of interest as

C c X
¢ (x) / e
————dx= dx.
o 1—F(x) * 0 1+e* o

A change of variables z = ¢* allows us to rewrite this expression as

C

¢ dz
/1 1+z=0(c)'

Given that we have a two-dimensional distribution, we can select v(c) = c2. Next we
evaluate function B(-), whose leading term can be represented as

[ g1+

ex

———dx=0(e™°).
(1+¢%)° ™
Therefore, we can select B(c) = e~ ¢ and the optimal rate will be ,/n/c2 with ¢,e /n =

O(1). For example, we can select ¢,, = §,/logn for some 0 < § < 1, delivering convergence
rate \/n/logn. Similar arguments can be used for other distributions. Examples are in
Table SB.1.
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TaBLE SB.1. Elements of the optimal rate for various distributions.

Covariate Distribution

Error Distribution Logistic Normal

Logistic v(c)=c?, Blc)=e° v(e)=1,B(c)=e"
Rate ~ \/n/logn Rate ~ /n

Normal v(c) = e”z, B(c)=cte¢ v(c)=c*, Bleo) = ce=¢
Rate ~ n'/4 Rate ~ /n/logn

SB.4. SEMIPARAMETRIC EFFICIENCY BOUND IN THE TRIANGULAR MODEL
WITH INCOMPLETE INFORMATION

The semiparametric efficiency bound provides the minimum variance for the finite-
dimensional parameters over admissible sets of nonparametric components of the
model. We take the triangular model with incomplete information constructed in Khan
and Nekipelov (2010). We follow Ai and Chen (2003); note that the model is represented
by a system of semiparametric conditional moment equations:

Pii(x1, x) = Elyysly, x] = / 1{x1 - u+a¢<ﬂ) > 0}@(ﬂ)g<u, v) dudv,
g ag
P(x1, %) = Elys|x1, x] = / <1>(%“)gu<v) v, (SB3)

Q(xl,x)zE[y1|x1,x]=/l{x1—u—i—a@(ﬂ) >O}g(u,v)dudv.
o

These equations fully characterize the conditional distribution of the outcome variables.
We can rewrite this system of equations in an equivalent form as

g

ml(xl,x;a,g)=E[y1y2—/l{x1—u—i—a@(x_v) >O}
X—0v
x ‘P(—)g(u, v)dudlel,x} =E[p1(y, x; a,g)‘xl,x],
g

my(x1, x; @, 8) = E[yl - / l{xl —u+ a@(x—_v> > O}g(u, V) dudv:| (SB.4)
o

=E[p2(y, x; a, g)‘Xl,x]’

X —V
m3<x1,x;a,g>=E[yz—/<I>< ~ )gu<v>dv|x1,x}=E[p3<y,x;a,g>|x1,x]-
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Consider the derivatives of these moment equations with respect to parameter a:
2
— J —
%:-/(P(x v) —G(xl—i-a@(u),v)dudv,
do o v o
d —v\ d -
ﬂz_/(D(x v)—G<x1+a¢<u>,v>dudv,
da o )dv o

dms
do
Then considering the space of densities that are uniformly manageable, we take a direc-
tion in this space 4 and

%[h]:—/l{xl — u—}—a@(x_v) >O}€D(x_v)h(u, v)dudv,
dg o o

dd—?[h]:—/l{xl - u+a‘1’<ﬂ> >0}h(”>v)d”dv’

o

%[h]:—/cb(ﬂ>hv(v)dv.
dg o

We introduce the vector with elements

P1(x1, x,u,v) = 1{x1 —u+ a@(x — v) > O}(@D(x — U)g(u, v) — h(u, v)),

o (o

=0.

X —v

Po(x1, X, U, v) = l{xl —u+ a@( ) > O}(g(u, v) — h(u,v)),

17[[3(x19 X, U, 'U) = _h(u7 U),

and denote
é’l(xlrx’ M,U):]_{xl _M+aq)<x_v> >O},
g
§2(x17x: u, v)zl{xl_l/l‘i‘a@(x_v) >0},
g
&B(xy, x,u,v) =1,
and
§1(x1,X,M,v)=l{x1 —u—i—a(I)(x_v) >0}@<x—v)’
(e o
f2(x1>x>uav)=1{3€1—u—}—(x(D(x_v) >0},
g
&3(x1, x,u,v)=1.
We express

o

Dp(x1,x) = (:;—Z - é—?[h] =/€D<x — v>¢(x1,x, u,v)dudv,
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which is a linear functional of 4(-, -); in fact,

Dy(x1,x)= /@(%)5@1, x,u,v)g(u,v)dudv

_ / (D(x ; v){(xl,x, u,v)h(u,v)dudv.

Next we find the conditional covariance matrix

Py 0 P
1 o(1-0) PQ
S0 =Py |11 € 1- Py P : (SB.5)
» PQ ,_Pa-P)
Py Py

The semiparametric efficiency bound will be associated with the “least favorable” direc-
tion 4. To find this direction one needs to solve the minimization problem
min E[Dy(Xy, X)'3™ (X1, X)Dj(X1, X))
heG—go
It is convenient to define the least favorable direction as & = g2 to ensure that the solu-
tion is positive and also require that [ ¢*(u, v) du dv = 1. Then the minimization problem
becomes a constrained optimization problem. The considered minimized functional is
quadratic and we can express the necessary condition for its minimum as

E[@(E){Oﬁ X, u,v) SN X, X)Dje (X, X)] FA=0,
g

where A is the Lagrange multiplier and #* = ¢*? corresponds to the optimal solution. Fi-
nally, we can transform this equation by isolating the terms for ~#* and g and introducing
notations

K (u, v,/ 0) = E[@(X; v>¢<X; v )g(xl, X, u,v) 37X, X)£(Xy, X, o, v’)i|

and

_ _ /
R(Z/l,v, u/,v/):E[d)<X U>Q)<X v)g(XlaXa M,v)/zil(Xl,X)g(Xl,X, u/,U/):|-
o o
Thus,
/K(u,v, u V)R (V) du/dv/=A+fR(u,v, w',v)g(u',v')du' dv'.

Given that K(u, v, u/,v’) is a nonseparable symmetric kernel. Thus it has an infinitely
countable set of eigenfunctions with real eigenvalues. The Fredholm integral equation
above has a solution. This solution to this equation that is strictly positive and normal-
izes to 1 yields the semiparametric efficiency bound

Q=E[Dp(X1, X)' 371 (X1, X)Dpe (X1, X))



Supplementary Material Discrete response models 17

SB.5. SEMIPARAMETRIC EFFICIENCY BOUND IN THE STATIC GAME
WITH INCOMPLETE INFORMATION

The following result states that the optimal convergence rate for the estimator for the
strategic interaction parameters in the incomplete information game is parametric with
a limiting normal distribution and the minimum variance of the estimator converging
at the parametric rate corresponds to the semiparametric efficiency bound.

The conditional distribution of observed actions is fully characterized by three ex-
pectations:

E[Y1|x1, x2],

E[Y3|x1, x2],
and

E[Y1Y2]x1, x2].

These expectations characterize the conditional moments that identify the strategic in-
teraction parameters:

Pr1(x1, x2) = E[Y1Y2]|x1, x2] = /P1(x1 —u,x2 —v)Pa(x1 —u, x3 —v)g(u,v) dudv,
Q(x1, x2) = E[Y1|x1, x2] = /Pl(xl —u, x2 —v)g(u, v)dudv,
P(x1,x2) = E[Y3]x1, x3] = /Pz(xl —u,x —v)g(u,v)dudv.
We can rewrite this system of equations in an equivalent form as
my(x1, X2; @, g) =E|:Y1Y2 - /Pl(Xl —u, Xo —v)Pr (X1 —u, X —v)

x g(u,v) dudv|x1,x2:|
=E[p1(Y, X, g)lx1, x],
my(x1, X0, 0,8) =E[ Y] — fP1 (X1 —u, X —v)g(u,v) dudv:| (5B.6)
=E[p2(Y, X: , 8)|x1, X2,
m3(x1, X2; &, §) = E|:Y2 Py (X1 —u, Xo —v)g(u,v)dudv|xy, x2:|
=E[p3(Y,X; e, g)lx1, x].

Under our assumption regarding the distribution of errors 1 and 7,, equilibrium beliefs
are monotone functions of the parameters. Previously, we derived the Jacobi matrix that
corresponds to the derivatives of the equilibrium beliefs with respect to the parameters
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as
P, P
je_ | dar daz | ayay Pi/ay a1 P
Py 9Py 1+ ajaparay \ axPy Pr/ar )’
day dap

where a; = o~ p (@ 1(P)).
We can express the Jacobi matrix of the moment vector m(-) with respect to the
finite-dimensional parameters a; and «; as

d ; a,
MZ/M(xl_u,xz—v)J“(xl—u, X3 —v)g(u, v) dudv,

do’
where
P, P
M=|1 0 |=(u,n2).
0 1

Then considering the space of densities that satisfy, we take a direction in this space 4
and obtain
dm()Cl, X2, «, g)

[A]= / Y(x1—u, xp —v)h(u,v)dudv,
dg

where

¥(q1,q2) = (Pi1(q1,92)P1(q1, 42), P1(q1, 42), P2(q1, Q2))/-

The semiparametric efficiency bound will be associated with a vector of two least favor-
able directions 4} and 4} such that 47 minimizes

E[Dp, (X1, X2)3(X1, X2) "' Dy, (X1, X2)],

where

dm(xy, x2;a, 8) B dm(xq,x2;a,8)
dozi dg

and X(-, ) is determined by (SB.5). We note that D, (x1, x») is linear in 4;. We can mini-

mize the considered objective function under the constraint that the solution has to be
a density function. This optimization leads us to the expression

Dy, (x1,x2) = [hi]

E[¢(X1 —u, X = v)'3(X1, X2)~' Dy (X1, X2)| + 4 =0,
where A is the Lagrange multiplier. We introduce notation
K(u,v,u',v)=E[Yy(X1 —u, X, — v)/Z(X1,X2)_1¢/(X1 —u', X, = )]
and

Ri(u,v,u’, V') =E[a//(X1—u,Xz—v)’E(Xl,Xz)_lp,i(Xl—u’, Xo =V (X1 —u/, X, —V)].
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Then we can find the least favorable direction for i = 1, 2 as a solution to
/K(u, v, V)W, V) du' dv' = A+ / R(u,v,u',v)g(u/,v')du' dv'.

The kernel function K(u,v,u’,v’) is positive, symmetric, nonseparable, and square-
integrable. Thus, the Hilbert space G has an orthonormal basis consisting of the eigen-
vectors of the integral operator with the kernel K (u, v, u’, v'), and the solution for A} will
be in this basis. The semiparametric efficiency bound isl then be constructed from

/

Dy (x1, x2) = (D (x1, x2), D (x1, X2))

We can express the bound as
_ ~1
Q= E[Dy(X1, X2)3(X1, X2) "' Djp= (X1, X2)] .

This result is not that surprising in light of the finding in Khan and Nekipelov (2010)
that, given that the information for the strategic interaction parameters is positive, the
semiparametric efficiency bound will be finite. The efficiency bound for a static two-
player game of incomplete information has been analyzed in Aradillas-Lopez (2010)
without allowing for player-specific unobserved heterogeneity that is commonly ob-
served by the players. Grieco (2010) allows for individual-specific heterogeneity, but
assumes a specific parametric form for both the payoff noise distribution and the dis-
tribution of unobserved heterogeneity. We provide the result that parametric inference
remains feasible even when the distribution of unobserved heterogeneity remains fully
nonparametric. Our efficiency result provides a semiparametric efficiency bound for the
generalized class of static games of incomplete information in Bajari, Hong, Krainer, and
Nekipelov (2010) as well as in Haile, Hortagsu, and Kosenok (2008) for the games with
quantal response equilibria considered in Palfrey (1985).
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