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Algorithm 1a. Value function iteration

Initialization.
a. Choose an approximating function V' (-; b) ~ V
b. Choose integration nodes, ¢;, and weights, w;, j=1,...,J.
c. Construct a grid I' = {kp, zm}M_,.
d. Make an initial guess on b1,

Iterative cycle. Computation of a solution.

At iteration i, perform the following steps:
Step 1. Computation of values of V on the grid.
Form=1,...,M:
a. Solve for k), satisfying
W (1= 8)km + znf (k) = kp) = B Y J_y @ Vi (K}, 2 exp(e); bD).
b. Find ¢, satisfying
cm=0=8km+ zmf(km) — k.
c. Find value function on the grid
U =u(cm) + B ZJJ'=1 wjf/\(k;n, zhexp(e)); bD).
Step 2. Computation of b that fits value function on the grid.
Run a regress1on to find b:
b= arg miny, Zm 1 10 — V (km, zm: b)|.

Step 3. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2: end Step 2 if

1M KD =k, D -9
M Zm:l | = (k;n)(i—ml) | <107,

b. Use damping with ¢ = 1 to compute b(+D = (1 — £)bD + ¢b.

Algorithm 1b. Value function iteration with precomputation

Initialization.

b. Precompute {Zy, ..., Z,} using (12).

Step 1. Computation of values of V on the grid.
Atiteration i, form=1,..., M:
a. Given b, find b’ from (11) and compute V; (k. , zb: b'D).
b. Solve for k), satisfying
W (1= 8k + zmf (k) = Kpy) = BVi (s 20 D).

d. Find value function on the grid
O = (em) + BV (ks 2 /D).
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Algorithm 2a. Endogenous grid method

Initialization.
a. Choose an approximating function V' (-; b) ~ V
b. Choose integration nodes, ¢;, and weights, w;, j=1,...,J.
c. Construct grid I" = {k},,, zn}M_,.
d. Make an initial guess on b1,

Iterative cycle. Computation of a solution.

At iteration i, perform the following steps:
Step 1. Computation of values of V on the grid.
Form=1,...,M:
a. Compute W(km, Zm; b)) = Z 1 w]V(km, zhmexp(e)); b))
and Wy (k}, zm: bD) = YI_ Vi (K}, 2l exp(e)): bD).
b. Find ¢,y = v/~ 1[BWl(km, Zm; D).
c. Use a solver to find k,, satisfying
(1= 8)km + zmf(km) = cm + k.
d Find value function on the grid
O = u(em) + BW (Kjp, zns bO).
Step 2. Computation of b that fits value function on the grid.
Run a regress1on to find b
b= arg miny, Zm 1 10m — V(km, zm:; D).
Step 3. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2: end Step 2 if

1 M Je) D = (k) =D 9
MZm:ﬂ%ldO .

b. Use damping with ¢ = 1 to compute b(+D = (1 — £)bD + £b.

Algorithm 2b. Endogenous grid method with precomputation

Initialization.

b. Precompute {7, . .., Z,} using (12).

Step 1. Computation of values of V on the grid.
Atiteration i, form=1,..., M:
a. Given b, find b'® from (11) and compute W (k.,,, z5; b'®)
and Wl(km, zh '),
b. Find ¢, = /" [ BW (k),,, zbn; b/ D).

d. Find value function on the grid
O = u(cm) + BW (i, 203 B'D).
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Algorithm 3a. Envelope condition method

Initialization.
a. Choose an approximating function V' (-; b) ~ V
b. Choose integration nodes, ¢;, and weights, wj, j=1,...,J.
c. Construct grid I' = {kyn, zm}M_,.
d. Make an initial guess on b(1.

Iterative cycle. Computation of a solution.

Atiteration i, perform the following steps:
Step 1. Computation of values of V on the grid.
Form=1,...,M:
a. Use b to compute V] (kp, zm; bD).
b. Compute the corresponding values of ¢, using
cm =" Wi (ks 25 BO) (1 = 8+ z f ()71,
c. Find &}, using
k/m =1 =08)km+ zmf (km) — cim-
d. Find value function on the grid
D = ulem) + B Y1y @V (k). zimexp(e)): bD).
Step 2. Computation of b that fits the value function on the grid.
Run a regression to find b:
b= argminy Z%:l B — V (ks Zm: D).

Step 3. Convergence check and fixed-point iteration.

a. Check for convergence fori > 2: end Step 2 if
() = () -9
o e = e <10

b. Use damping with ¢ = 1 to compute b1 = (1 — £)b® + ¢b.

Algorithm 3b. Envelope condition method with precomputation

Initialization.

b. Precompute {7, ..., Z,} using (12).

Step 1. Computation of values of V on the grid.
Atiteration i, form=1,..., M:
a. Given b9, find b’ from (11); use b to compute W (kp, zpn; b@)
and use b’ to compute V (k/,,, zk: b'D).

d Find value function on the grid
m - u(cm) + BV(kyyp va b/(l))
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Algorithm 4a. Euler equation algorithm parameterizing O

Initialization.
a. Choose an approximating function O(:b)~ Q.
b. Choose integration nodes, ¢;, and weights, w;, j=1,...,J.
c. Construct grid I" = {k, zm}M_,.
d. Make an initial guess on b1,

Iterative cycle. Computation of a solution.

At iteration i, perform the following steps:

Step 1. Computation of values of Q on the grid.
Form=1,...,M:
a. Use b') to compute Q(ky, zpm: b'?D).
b. Find &, using ~ .
iy = (1= 8)kim + zmf (km) — '~ (Z52e ) -
c. Find the values of ¢, on the grid

Gn=BY ] 00k, zhexp(e;); b1 = 8+ 2f (k)]
Step 2. Computation of b that fits the Q function on the grid.
Run a regressmn to find b:
b= argminy, Zm 1 1Gm — Q(km, Zm; b)||.
Step 3. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2: end Step 2 if

1M R — (k)Y -9
M Zm 1| (K} ) | <10

b. Use damping with £ = 1 to compute b+ = (1 — £)b®) + £b.

Algorithm 4b. Euler equation algorithm parameterizing Q
with precomputation

Initialization.

b. Precompute {Zy, ..., Z,} using (12).

Step 1. Computation of values of Q on the grid.
Atiteration i, form=1,..., M:

a. Given b, find »'® from (11); compute Q(kym, zm; b®) and Q(km, zb @),

c. Find the values of g,,, on the grid
= BO(K,,, 2y D' D)1 — 8+ zf (k).

5
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Algorithm 5a. Euler equation algorithm parameterizing O and K

Initialization.
a. Choose approximating functions K (-; v) ~ K and Q(-; b) ~ Q.
b. Choose integration nodes, ¢;, and weights, w;, j=1,...,/J.

c. Construct grid I' = {kyn, zm}M_,.
d. Make an initial guess on vV,

Iterative cycle. Computation of a solution.

Atiteration i, perform the following steps:
Step 1. Computation of values of Q on the grid.
Form=1,...,M:
a. Use v to compute K (kyn, zm; v'D).
b. Find ¢, using
cm=1=8km+ zmf(km) — I/{(kma Zm; UU))-
c. Find the values of g,, on the grid
Gm =u'(cm)[1 = 8+ zmf' (km)].
Step 2. Computation of v that fits the capital function on the grid.
a. Run aregression to find b:
b = argmin, Y, [Gim — QCkm, zms b1
and compute Q(k,, zm; b).
b. Compute the values of next-period capital on the grid
7, = pEELY QR 20D (1 54 () R e, 2 0.
c. Run a regression to find v
U = argmin, Zf‘n/lzl ||7<\;n - E(km, Zm; V).
Step 3. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2: end Step 2 if

1M k)= (k) D -9
M Zm:l | - (k;n)(i—wi) | <107".

b. Use damping with £ = 0.15 to compute v'+D = (1 — £)v) + 0.
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Algorithm 5b. Euler equation algorithm parameterizing Q and K
with precomputation

Initialization.

b. Precompute {Zy, ..., Z,} using (12).

Step 2. Computation of v that fits the capital function on the grid.
a. Run a regression to find E,
b=argminy, ), 1Gm — QCkm, zm: b,
and compute Q(km, Zm; 3).
Given b, find b’ from (11), and compute Q(K (kpm, zm; v, 25,: b).
b. Compute the value of next-period capital on the grid

7 0K m>Zm; (,-)751;/\, 174 [
iy = BOR L ani v i) (1 — 5 4 2f () K (s 2 )

Algorithm 6. Euler equation algorithm parameterizing K
(not compatible with precomputation)

Initialization.
a. Choose approximating functions K (-; v) ~ K.

Step 1. Computation of values of k' on the grid.
Form=1,...,M:
a. Use vV to compute K (kp,, zm; v?) and
ki = K(K (kpmy zm; vD), zhyexp(e); v, j=1,...,J.
b. Find ¢, j using
== 8K (km» zm: VD) + 2o f (K (ks 2im; v®)) — Ko i+
c. Find the values of ¢,, on the grid
W (em) =B Y]y @' (¢, M1 =8+ zh exp(e)) f (K (km, zm; v )]
d. Find the values of k), on the grid
Ky = (1= 8k + znf (ki) = G
Step 2. Computation of v that fits the capital function on the grid.
a. Run a regression to find v:
U= argmin, Z%Zl ||7c\;n — E(km, Zm: V).

7
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APPENDIX B: ECM AND EULER EQUATION ALGORITHMS FOR SOLVING A GROWTH
MODEL WITH ELASTIC LABOR SUPPLY

In Algorithms 7 and 8, we provide a description of ECM and Euler equation algorithms,
which we use to solve the neoclassical stochastic growth model with valued leisure de-
scribed in Section 2.

Algorithm 7a. Envelope condition method

Initialization.
a. Choose an approximating function Vib)y~V.
b. Choose integration nodes, ¢, and weights, w;, j=1,...,J.
c. Construct grid I' = {k,, zm}%:r
d. Make an initial guess on b1,

Iterative cycle. Computation of a solution.

At iteration i, perform the following steps:
Step 1. Computation of values of V on the grid.
Form=1,...,M:
a. Use bV to compute V; (kp, zpm; bD).
b. Solve for /,,, that satisfies
B( = L)1 = 8+ zm f1 (ks L)1 = Vi ks 23 D)z fo (ki ).
c. Compute the corresponding values of ¢, using
d. Find &}, using
k=1 —=8)km~+ zmf(km, ln) — cm.
e. Find value function on the grid
O = u(Cm, L) + B Z§:1 ij(k;n, zhexp(e)); bD).
Step 2. Computation of b that fits the value function on the grid.
Run a regression to find b:
b= argminy, Z%:l [V — f/\(km, Zmi D).

Step 3. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2: end Step 2 if

1M kD= (k)i -9
M Zm:l | (k’m)U—ml) | <1077

b. Use damping with ¢ = 1 to compute b(+D = (1 — )b + £b.

Cm =u1_1[
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Algorithm 7b. Envelope condition method with precomputation

Initialization.

b. Precompute {Zy, ..., Z,} using (12).

Step 1. Computation of values of V' on the grid.
Atiteration i, form=1,..., M:
a. Given b", find bV from (11); use b to compute V; (kp, zm; b®)
and use b'® to compute V (k! , z5; b'®).
e. Find value function on the grid
D = (Cs ) + BV (K 2 B'D).

9
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Algorithm 8a. Euler equation algorithm parameterizing Q

Initialization.
a. Choose an approximating function O(:b)~ Q.
b. Choose integration nodes, ¢;, and weights, w;, j=1,...,J.
c. Construct grid I" = {k, zm}M_,.
d. Make an initial guess on b1,

Iterative cycle. Computation of a solution.

At iteration i, perform the following steps:
Step 1. Computation of values of Q on the grid.
Form=1,...,M:
a. Use b to compute Q(kp, zm: bD).
b. Solve for /,,, that satisfies
B — L) ™M1 = 8+ zm f1(kn, L)1 = Ok 2 6z fo (K, ).
c. Compute the corresponding values of ¢,, using

_ =1y BA=ly)~*
Cm_ul [meZ(kr:ln,lm) :

d. Find k), using

k=0 —=8kmnm+ zmf(km,lm) — cm.

e. Find the values of g, on the grid

Gn=BY ] 00k, zhexp(e)); D)1 = 8+ zfi (K, L))
Step 2. Computation of b that fits the Q function on the grid.

Eun aregression to find b:

b =argming 3p1_; 1gn — Qkm, zm; b)|I-
Step 3. Convergence check and fixed-point iteration.

a. Check for convergence for i > 2: end Step 2 if

M k), (i) _ k., (i-1) _
3 S | < 1072, A
b. Use damping with ¢ = 1 to compute b*+D = (1 — £)b¥ + ¢b.
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Algorithm 8b. Euler equation algorithm parameterizing O
with precomputation

Initialization.

b. Precompute {Zy, ..., Z,} using (12).

Step 1. Computation of values of Q on the grid.
Atiteration i, form=1, ..., M:

a. Given b, find ' from (11); compute Q(kum, zm; b?) and Q(k’,,, z5; b'D).

m

e. Find the values of g, on the grid
G = BO(K}y, 23 'L = 8 + 2fo(kim, L)
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ArPENDIX C: EULER EQUATION ALGORITHM FOR SOLVING THE MULTICOUNTRY MODEL

In this section, we describe the Euler equation methods that we use to analyze the mul-
ticountry model in Section 3.

Algorithm 9a. Euler equation algorithm parameterizing Q" and K"

Initialization.

a. Choose approximating functions K”(-;v")~ K", h=1,..., N, and Q"(-; b") ~ Q".
b. Choose integration nodes, €; = (s}, ces, sj.v), and weights, wj, j=1,...,J.
c. Fix simulation length 7 = 2000 and (k, z9) = (1, 1), where 1 =(1,...,1) e RV,

d. Draw and fix a sequence of productivity levels {zt}t 1,..T using (40).

e. Construct integration nodes, z,,1,j = (z}ﬂ’j, t+1 j) with zt+1 i= (zt )P exp(sh)
f. Make an initial guess on (v1)V, ..., (v")D,

Iterative cycle. Computation of a solution.

At iteration i, given (v1)@, ..., (v)®:

Step 1. Computation of values of Q on the simulated points.

Fort=1,...,T:
a. Use kf‘H =K"(k¢,z,; ")), h=1,..., N, to recursively calculate {k; 1}, .7

b. Compute {¢,};—o,. .7 satisfying cth = (Z]}Ll cth)/N.
c. Compute gl from
qr=u(chn - s+t k.
Step 2. Computation of v" that fits the values of capital on the simulated points.
a.Runa regressmn to ﬁnd ",
b =argmings Y iy 13! — 0" (e, 23 b,
and compute 0" (k;, z;: bh)
b. Compute the values of next-period capital on the simulated points

J Ah 5h
~n 2j=1 @ Q" (kry1,2041,j:6™) hoer by rh oy =
kt+l B ’ ]Qh(kt,m;bﬂ) . [1_8"'21 f/(kt K" (ki,ze;v™), h=1,...,N.

c.Runa regression to find v":
o =argming Y [k, — K" (ke, 2 ") D).
Step 3. Convergence check and fixed-point iteration.

a. Check for convergence fori > 2; end Step 2 if

h
Z Z | t+1 —(k; 1)1 | 10—10
TN t=1 Lih=1 kh 6D :

b. Use damping with § = 0.1 to compute (v")D = (1 — &)(v")D + &,
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Algorithm 9b. Euler equation algorithm parameterizing Q" and K"
with precomputation
Initialization.
b. Precompute {Zy, ..., Z,} using (53).
Step 2. Computation of v" thatﬁts the values of capital on the simulated points.
a.Runa regressmn to find b",
b = argminy, Zm 1 ||C]t Qh(kt, 2 bM)|,
and compute ¢ Qh(k,, Zt; bh)
Given b, find ' from (47), and compute Q" (k. 1, z7; (b"y).
b. Compute the values of next-period capital on the simulated points
k1,205 (b
R, = LU0 5 g gl (KK ki, 20", h=1, N
Algorithm 10. Euler equation algorithm parameterizing K"
(not compatible with precomputation)
Initialization.
a. Choose approximating functions K (-;v")~ K", h=1,...,N.
Step 1. Computatlon of values of k ', on the simulated points.
Fort=1,.
a. Use kh = Kh(kt, z;; (WMD), h=1,..., N, to recursively calculate {k,;1},—0,...7

b. Compute {¢/},—o, _ 7 satisfying cf = (S cl)/N.
c. Compute kt+2 = = K"(kyy1, 20 exp(ej); (W) D).

. . N
d. Find {¢;41,j}/=0,..., 7 satisfying cfﬂ,j =0 cf’H,j)/N.

Step 2. Computation of v" that fits the values of capital on the simulated points.
a. Compute the values of next-period capital on the simulated points
for h=1,.

k= BZ 1w,u(ct+1,>(u (etNTHL =8+ (2P exp(el) f' (k) DIK" ey, 205 07).

b.Runa regress1on to find v":
' =argmin YL, ||kl+1 — KMk, 25 (0 D).
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TaBLE C.1. Accuracy and cost of the Euler equation algorithm for the multicountry model: GSSA
parameterizing K.

Polynomial Precomputation M1 M2 GH(2)
Degree Lq Loo CPU Ly Lo CPU Ly Leo CPU Ly Loo CPU
1st -2.77 —1.81 61 -2.77 —-1.80 92 -2.77 -1.80 105 -2.77 —1.80 86
2nd —3.88 —2.61 223 —3.88 —2.61 418 -—3.88 -2.61 621 -3.88 -2.61 389
3rd —4.94 -3.55 382 —4.95 -3.55 614 —4.95 -3.55 818 —4.95 -3.55 567
4th —6.05 —4.68 574 —6.04 —4.67 840 —6.04 —4.67 1499 —6.04 —4.67 1241
5th -7.15 -5.79 738 —-7.15 -5.78 938 -7.15 -5.78 1875 -7.15 -5.78 1551
N=5

1st —-2.86 —1.94 75 -2.86 —1.93 184 —-2.86 —1.93 687 —-2.86 —1.93 396
2nd -3.99 -2.81 319 —-3.99 -2.82 958 —3.99 —-2.82 3955 -—-3.99 -—-2.82 2456
3rd —-5.10 —-3.84 2550 -—-5.13 —-3.83 8893 -—5.13 -3.83 7349 -5.13 -—-3.83 12,221
4th —6.18 —4.89 7033 —-6.31 —4.92 16,640 - - - - - -
N=10

1st -2.87 —1.89 125 -2.87 —1.89 515 -2.87 —1.89 4889 -—-2.87 —1.89 18,263
2nd —4.00 —2.80 666 —4.01 -2.78 2681 —4.01 -2.78 23,610 - - -
3rd —4.99 —-3.88 14,837 —5.18 —3.92 14,232 - - - - - -
N =20

1st -3.12 -2.09 152 -3.12 -2.08 1803 —-3.12 —-2.08 32434 - - -
2nd —436 —3.26 3303 —4.40 -3.32 13,204 - - - - - -
N =30

1st —-3.15 -2.08 221 -3.16 —2.08 4688 - - - - - -
2nd —4.22 —-3.22 13,543 - - - - - - - - -

Note: The main result columns correspond to variants of GSSA that evaluate integrals by using the precomputation
method, the monomial integration methods with 2N and 2N2 + 1 nodes, and the Gauss Hermite quadrature method with
two nodes, respectively; the statistics L and L are, respectively, the average and maximum of absolute residuals across op-
timality condition and test points (in log 10 units) on a stochastic simulation of 10,000 observations; CPU is the time necessary
for computing a solution (in seconds).
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APPENDIX D: EULER EQUATION ALGORITHM FOR SOLVING THE AIYAGARI MODEL

In this section, we describe a solution algorithm for Aiyagari’s (1994) model analyzed in
Section 4. We focus on the algorithm for solving the individual problem in which the pre-
computation results appear. The rest of the algorithm is standard and relies on stochas-
tic simulation and a bisection technique as in Aiyagari (1994).

Algorithm 11a. Euler equation algorithm parameterizing O and K

Initialization.
a. Given K, compute R = aK* ! —sand W = (1 — a)(K)“.
b. Choose an approximating function K (-; b*) ~ K and Q(-;v*) ~ Qfort e {1,...,J}.
c. Construct grid I' = {kyn, zm}M_,.
d. Make an initial guess on K (-; b)(D.

Iterative cycle. Computation of a solution.

Atiteration i, perform the following steps:
Step 1. Computation of values of K on the grid.
Form=1,...,M:
a. Find ¢y, ¢ using
cme =Wze+ (14 Rk — K (- bY).
b. Compute gn,¢ = ¢, (1 + R).
c. Run a regression to find v for ¢ € {1, ..., J}:
ot = argmin, S 1Gm,e — QUi ).
g. Find k], , using R A
ko =Wzi+ (1 + Rk —u = BY; myQk), ;)]
Step 2. Convergence check and fixed-point iteration.
a. Check for convergence for i > 2; end Step 1 if

(em,0) D =(c,, )P _10
S S 1 | <107
b. Use damping with ¢ = 0.5 to compute

(K(:b9)HD = (1 - £)(K (b)) D + &k, )P,

maX,, ; |
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Algorithm 11b. Euler equation algorithm parameterizing
O with precomputation

Initialization.

Iterative cycle. Computation of a solution.

Step 1. Computation of values of K on the grid.
Atiteration i, form=1,..., M:

d. Given?',1=1,...,J, find (3*)’ from (67).
e Find &, , using R
ko =Wze+ 1+ R)kp — " BO(K, ,; @))].

m,L°

Algorithm 12. Euler equation algorithm for
Aiyagari’s (1994) model parameterizing K
(not compatible with precomputation)

Initialization.

b. Choose an approximating function I?(-; bHy~Kforeefl,...,J}.

Iterative cycle. Computation of a solution.

Step 1. Computation of values of K on the grid.
Atiteration i, form=1,..., M:

Fore={1,...,J}:

b. Compute k;;l,jzl?(k;il;bf)forj:{1,...,]}.

c. Find C;n,j forj={1,...,J} using

cl/nJ = I/I//\Zj + 1+ R)k;n,@ - k:;w-.

d. Find k;, , using

Ko =Wze+(1+Rkm—u ' [BY; mji(c), )Y+ RIL.

Co-editor José-Victor Rios-Rull handled this manuscript.
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